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Note on the Assessment of Flow 
Disturbances at a Blunt Body Traveling 
m.v. morxovn: | at Supersonic Speeds Owing to Flow 


Department of Aeronautics, 


The Johns Hopkins University, > 4 2 
snexc | Disturbances in Free Stream 


Mem. ASME 


For the purposes of assessing the magnitude of flow disturbances which would affect 


Jos 


conditions on a blunt nose of a body moving at su personu speeds, the detached shock 1s 


approximated by a purely normal shock. The disturbances downstream of the shock 
are expressed in terms of the “‘free-stream’’ disturbances by considering sinusoidal 
fluctuations. Pressure fluctuations generated by interactions of entropy-temperaiure 
disturbances with the normal shock may be considerable at high Mach numbers, but 
thetr effect on the transition of a laminar boundary layer to a turbulent one is a matter 
of Spec ulation Howeve conjectures that reflections of such pressure waves between 
the body and the shock wave might lead to high resonant amplifications are definttely 


dt spre ed 


Introduction The prese nt note is concerned with issessing the rt agnitude ol 
“ flow disturbances outside of the viscous layer which would affect 
hen a strong shock way is perturbed from its conditions on a blunt nose of a body moving at supersonic 
equilibrium configuration, the field downstream of the shock can spec ds For this limited obj etive it is permissible to approxi- 
be thought of as being compost d of t riginal field pilus pertur- mate the detached shock by a normal shock wavs Nonuniformi- 
bation fields of (a) entropy, (6) vortici ind (c) pressure and ties in the atmosphere ahead of a missile or in the air upstream 
irrotational velocity sound If the perturbations are small of a model in a wind tunnel or shock tube constitute the disturb- 
the three resulting fields are computable from separate systems ing fields which interact with the shock wave. The Fourier com- 
of linear partial differential equations, connected only through ponents, simulating this field, are characterized by their ampli- 
the boundary conditions on the shock wave and solid boundaries tude, frequency and orientation From studies of the work of 
Because of the linearity of these equations it is convenient to (Chang [3, 9], Ribner [4, 5], and Moore [6], one can assess the 
represent the perturbation field as a three-dimensional Fourier yeneral effects of the orientation of the disturbing (incoming 
integral! (see Batchelor [1 und reduce the problem by treating waves. For the problem at hand, i.e., estimate of magnitudes, it 
individual! Fourier ‘components Phis ipproach, for instance then appears conservative to consider the disturbing waves to be 
has been applied successfully to the problem ot the interaction of parallel to the normal shock wave The problem then reduces to 
a single vortex and a shock wave by Ram and Ribner [2 
For presentation at the Summer Conference of the Applied Me- 

Also, Principal Scientist, Aerop! es Research Staff. The Martin chanies Division, University Park, Pa., June 20-22, 1960, of Tue 
Company, Manned Vehicle Division, Baltimore, Md AMERICAN Socirery OF MECHANICAL ENGINEERS. 

4 revised version of a 1957 report prepared for the Missile and Discussion of this paper should be addressed to the Secretar 
Ordnance Systems Department of the General Electric Company ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
Philadelphia, Pa. until July 22, 1960, for publication at a later date Discussion re- 

The decomposition into the separate perturbation fields and their ceived after the closing date will be returned 
governing equations are derived rather nply in the first section of Nore: Statements and opinions advanced in papers are to be 
reference [8].4 understood as individual expressions of their authors and not those 

* Numbers in brackets designate References at end of paper of the Society Manuscript received by ASME Applied Mechanics 
teference [1], pp. 28, et seq Division, February 27, 1959. Paper No. 60—APM-10 





Nomencilature— 


amplitudes of dimensionless ’ multiplying factor, expressing je, ke, phase shifts of fluctuations due 
sinusoidal disturbances iden- damping of sound wave due to 2, Me to body presence, Equation 
tified by subscript reflection from body (9) 

local mean Mach number Hn — Ta 


specific heat at constant pres- pressure fluctuation, nondimen- 
= wave number of entropy fluc- 


speed of sound 


sure sionalized, Equation (1a); also 


specific heat at constant volume tuations, Equations (5) known as condensation 
detachment distance of shock = wave number of sound fluctua- local mean absolute pressure 


from body, Fig. 4. tions, quations (5) (Continued on next page) 
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an algebraic one. For this normal orientation, the vorticity field*® 
vanishes, of course. 

In the first part of the note, the ratio of amplitudes of the 
(downstream) generated pressure waves and entropy waves to 
the amplitude of the disturbing or “‘forcing’’ wave (upstream) are 
found as if the body causing the shock wave were absent. How- 
ever, there are reflections and rereflections from any body (or 
conditions at downstream infinity) which influence the shock- 
wave distortion and hence the level of disturbances. Such re- 
flected field could have an attenuating or an enhancing effect. 
The second half of the note is then concerned with the possibility 
of having resonance by reflection from a flat front of the body 
to the shock. For this purpose, upstream traveling pressure 
waves in the subsonic detached flow are introduced. They are 
again assumed parallel to the shock wave. The expectation is 
that the deviation from flatness and normality will cause scatter- 
ing of the waves (rather than focusing) so that the assumed 
simplified case would represent the most conservative estimate. 
Since this special reflection will be seen incapable of producing 
resonance, the more realistic models should yield more moderate 
results. 

Finally, the missile or model may be vibrating, as a result of 
earlier fast application of forces. Should the blunt surface 
oscillate about its mean position, pressure waves would be 
generated and propagated upstream toward the head shock. 
Once more, reflections and rereflections will be seen incapable of 
building up resonances in the (conservative) case of plane 
waves. 

For the purposes of the present assessment, real gas effects can 
be neglected. Consequently, the computations were based on 
tables of reference [7]. 


Transfer Relations Across a Normal Shock Wave 


It is most convenient to nondimensionalize the perturbation 
fields on either side of the shock with respect to the local mean 
flow properties, which are denoted by subscripts m, and m. In 
what follows we shall use Chang’s notation [3] and denote the 
upstream perturbation variables by subscripts minus and the 
downstream ones by plus, Fig. 1. 

If the perturbation fields are represented as increments dp, 6S, 


* For amplification of vorticity fields see Ribner [4] and Werner 
[10]. Vorticity oriented normally to the shock wave remains un- 
altered since velocity components parallel to the shock plane are pre- 
served. For sinusoidal vorticity fields parallel to the shock wave, 
equations (38) of Ribner [4] indicate amplification factors 1 to 3, 
depending upon the orientation of the shear wave and the Mach 
number. According to Werner [10], this factor may be somewhat 
higher when transient rather than uniform sinusoidal disturbances 
are considered. While such vorticity amplifications through the 
shock wave do not appear critical, one cannot rule out further ampli- 
fication (instability) in the stagnation region of the body such as con- 
jectured by Kuethe [11]. 


Shock 
ee, ve 


My 
Fig. | pm, Imm, | pm om Tm 
perturbation s- | perturbations + 
Ps 


du, and so on, from the mean values, we have for the nondimen- 
sional perturbation fields’ 
bp 


p(z,t) =- ; 
YP m 


Y = adiabatic exponent = 


6S s = 
. C, = specific heat at constant pressure (1b) 
C 
bu 
u(z,t) = . A = speed of sound (le) 


A 


m 


Furthermore, let the yz-plane be located on the mean position 
of the shock so that the displacement perturbation of the shock 
is the “small’’ quantity z, = y(t). Then the linearized equations 
for conservation of mass, of momentum in the z-direction, and 
of energy for the unsteady shock can be solved for the perturba- 
tions immediately downstream of the shock: 
oy 


1 
Ays- + Ayp- + Ayu + IT,, a — 
A,, Ot 


_ ov 
A,, ot 


1 oy 
A,, ob 


= Avs- + Anp- + Assu- + IIx 


Ans- + Agp- a Assu- + IT 


where all quantities are evaluated at z = O— or 0+, and 


Pm \? =a) ( ea.) ‘ 
An = -)} -(y -)Df1- M? 
(2=) (x , Pim 
_M’ —_ Pm — 2 
As - a 4(: Po.) + Cy 1)M?| 
P, \? { M 
+[1-(2=) (x 
res A 
1 — M* Pim M 


7 Reference [3], p. 2. 





Nomenclature 


dimensionless entropy fluctua- 


adiabatic exponent, C,/C, 


circular frequency of fluctua- 
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tion, Equation (1b) 

entropy 

time 

absolute temperature 

dimensionless velocity fluctua- 
tion, Equation (1c) 

mean flow velocity, Fig. 1 

co-ordinate in direction of flow, 
normal to shock and body 
face; origin at shock 


1960 


TAs: — ruAn tions 


transfer functions across shock, 
defined by Equations (2) and 
(3) 

transfer functions across shock, 
defined by Equations (2) and 
(3) 

absolute density 

displacement of shock from 
mean position 


+ 


m 
prime 


undisturbed free stream 

upstream of shock 

downstream of shock (including 
reflections), Fig. 4 

local mean flow property 

pertaining to upstream moving 
sound wave 
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[rem +0 -1 (1 - em) oa 
Pim 


It should be clear from the algebraic complexity of the coeffi- 
cients in this simplified case why the simplificatioa is desirable 
and why we take over Chang’s complete expressions of the trans- 


fer relationships. (When the perturbing waves are not parallel 
to the original shock, dependence on a lateral dimension (say y) 
enters with additional terms in equation (2), proportional to 
dy /dy, the local slope of the perturbed shock.*) 

Now, in accordance with our discussion in the introductory 
section, we can consider single Fourier components of the dis- 
turbing field, and the “‘response’’ to them. As an illustration we 
take a shock wave (missile) moving at speed U, through ai ai- 
mosphere which has small variations in absolute static tempera- 
ture, 67. Placing the origin of the co-ordinates on the shock 
wave, we see entropy disturbances approaching as function of 
time: 

6S 

‘= C, _ (4) 

The last parts of equation (4) stem from the linearization of the 
equation of state for constant pressure. In this co-ordinate 


* Here a misprint in Chang's equations was removed. 
* Reference [3], pp. 10-11. 
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system the linearized differential equations of motion tell us that 
the entropy wave is convected with the apparent speed U, 
toward the shock so that we may set for our forcing function: 


s— = a,¢'(@~ Uk- (5a) 
where k- is a measure of the “size’’ of the temperature (wave 
number) spots and a,- is the ‘‘driving amplitude.” There being 
no motion or sound disturbance in the “‘atmosphere’’ upstream 
of the shock, p- anc u- in equation (2) disappear. Thus one 
expects that the responses s,, ps, us, and dy/dt evaluated at 
the shock wave, z = 04, will have the time variation e~*¢"-. 
The entropy dis‘ urbance s, downstream of the shock is again 
convected with the mean stream, now denoted U withovt sub- 
script, so that it must have the form 


,ellz— UDk, (5b) 


& = a, 


The scale of the entropy spots is given by k, which is related to 
k. by kU = kU,. The response amplitude a,, however, 
cannot be found without solving for the derivative of the shock 
displacement, dy /dt. The displacement ¥(t) must have the form 


¥ = iaye~*Ue-t (5e) 


Since the amplitude ay is unknown, we must use all three equa- 
For pressure velocity waves traveling 
) relative to 


tions (2) simultaneously. 
downstream the velocity of propagaticn is (A,, + [ 
the shock so that the nondimensional sound perturbation down- 
stream should have the form 


z—(1+M)Anmt)lL (5d) 


p+ = a,+e'! 


us = aye’ (1+M)Amt)l, (5e) 
Here, the conditions on the shock, z = 0, relate the scale factor L, 
of the sound response to the scale factor of the driving perturba- 
tions: U,k- = (1 + M)A,L. At first glance, substitution of 
equations (5) into equations (2) would appear to lead to three 
equations in four unknowns, @,4, @y, @p+, @u+. However, one 
must remember that (5d) and (5e) must satisfy the linearized 
differential equations of motion in the downstream region [as 
(5b) already dees]. For downstream” moving waves, both the 
continuity and the momentum equations yield the same addi- 
tional piece of information, namely 


Apps = Aut (6) 


In other words, the dimensional form of this equation is the well- 
known sound relation dp = p,,A,éu. Algebraic manipulations 
then yield for the amplitude of the sound response: 


Tle; Ass = TI Aw As 


Ay+ Qu+ 


a, 7 IT, a Ils, . Px 


Thy( Ag - Aa) 
a, Au + Il; = ITs, 


The important functions 


Au, = An, > Ils, = Il» IT; =— ITs; = Px, 


and 


are shown in Fig. 2, as they vary with Mach number. It can be 
seen that rapid changes ip these functions (or their inverses) 
occur only in the neighborhood of Mach number unity (where they 
have no physical significance since the linearized perturbation of 
the weak shock relations has no meaning). The ratio (7a) is seen 
to decrease rapidly with Mach number in Fig. 3. We must re- 


%” We note that for waves moving against the stream such as those 
reflected from a flat body, the space-time factor in (5d) and (5e) 
would be el z—(M—1) Amt]! and that the amplitudes in (6) would have 
opposite signs; i.e., there is 180-deg phase shift between the velocity 
and the pressure waves, since velocity possesses an orientation. 
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23 - Ws = Pos 








5 
UPSTREAM MACH NUMBER My 


Fig. 2 Transfer functions across shock wave, Equations (2) and (3) 

member, however, that the driven amplitudes in equations (7), 

€.g., @p+, are nondimensionalized with respect to the downstream 

mean properties, whereas the “driving’’ amplitude, a,-, is non- 

dimensionalized with respect to upstream conditions. Since con- 

ditions in the free stream ahead of the shock are usually used as 

reference, the additional large ratio of pressure p,,/pimn would enter 
as a multiplier in equation (7a): 

Ops | 

YPim| 

|67'-| 

Tim | 


Ts An — TAn| Pp, 


| Tin — Ta | Pim 


The ratio of the ‘“‘percentage’”’ disturbances in equation (8a) rises 
steadily from the values of 57.5 at M, 2.5 to 148 at M 6 
ind to 365 at M, 10 (using Burcher’s [7] tables), largely be- 
cause of the increasing pressure ratio p,,/Pim, Fig. 3. However, 
the ratio in (7a) can, in the case of sound-fluctuation response to 
entropy disturbances be better interpreted as the ratio of the per- 
centage density variations (often called condensation) in the re- 
sulting sound and in the “driving’’ entropy spots: 

5P+ Pim 


= = 4 (isentropic ) 
YP m Pim Pim Pm 


Ops bp+ 


6s- dp- 


c, Pim 


= (isobaric ) 
| dps | | bps | 
ap+ | ¥Pm!| _ | Pn 
as- ds- | dp- 
‘ face 
{ C, | Pim | 
This ratio decreases from 8.1 at M; = 2.5 to 3.5 at M, = 6 
and to 3.1 atM, = 10. 
iarge density variations are encountered in the “free stream,”’ 
the resulting perturbation of density (or particle velocities ob- 
tainable via sound relations) will not be excessive. However, if 
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Fig. 3. Sound fluctuations resulting from oncoming entropy fluctuations; 
various representative ratios 


effects on transition to turbulent boundary layer were being con- 
sidered, one must remember that much lower sound levels promote 
transition in regions of slow velocity as occur on a blunt nose 
Reference of dp, to the local dynamic pressure (y/2)(p,,M?), is 
then probably more significant, or perhaps 6M, M From 


Fig. 3 we can see that 


is a decreasing function of M,, approaching 40+ as an asymptote 
The actual mechanism through which sound promotes turbulence 
in a laminar boundary layer is undoubtedly nonlinear in character 
and is still unknown. And so is the proper parameter or criterion 

Returning to equations (2), one can ask for possible free-stream 
disturbances other than those of entropy. Significant sound dis- 
turbances as such are unlikely to occur (except in wind tunnels 
where their orientation, however, is not parallel to the shock 
wave). Variations du— at constant pressure or variations in dp 


without motion are both rather artificial. However, solutions 


are easily obtained. The nondimensional ratios 


a,~ again decrease with M,, the first similarly to 


similar to (7) 
Ap+/ Ay- or apt 
(Response to free-stream 
Thus 


it appears that the entropy disturbances in free stream represent 


(7a’) and the second much faster. 


sound would be a linear superposition of the foregoing. ) 


the significant case. 


Effects Due to the Body 


Having obtained an estimate of the disturbances downstream 
of a strong shock for given perturbations of the free stream, the 
next question is whether the presence of a blunt body can enhance 
these disturbances through reflections. The entropy and the 
vorticity perturbations are merely transported downstream in 
the first-order approximations so that we need be concerned only 
with reflections of the correlated disturbances of pressure, 
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density, temperature, and irrotational velocity, designated as 
sound. In a duct where there are identifiable reflecting areas, 
such as openings, or bends, resonance may be set up irrespective 
of the presence of a steady flow through the duct. Since an up- 
stream traveling sound wave does reflect from a shock wave and 
is in turn rereflected from the blunt part of the body, a similar 
resonance cannot be ruled out a priort. Should such a resonance 


be possible for the simplified one-dimensional model, a more 


realistic analysis would be called for. The curvature of the body 


would tend to seatter the sound, but the curvature of the shock 


might help to focus it The variation of free-stream velocity [ 
between the shock and the body (which is safely neglected in the 
one-dimensional model, since generally U is considerably smaller 
than the speed of sound A,,) would be likely to spoil the phasing 
along the wave front and hence diminish any tendencies toward 
resonance 

We proceed then to set up the equations for the system summa- 
rized in Fig. 4. The upstream moving, reflected sound wave is 
and velocity waves of 


but 


represented by the (correlated pressure 


equal nondimensional amplitude a, opposite sign as 


mentioned previously.” It will be convenient to modify the form 


of the space-time dependence factor to 
Lasa=w+*] 
im(l—M 


which emphasizes the circular frequency w rather than the wave 


number An additional factor e’ is introduced in order to ac- 


count for the phase of the upstream moving sound wave, while e"* 


and e'™ indicate phases of the downstream moving sound and 


The 


also shift from 90 deg 


entropy disturbances phase displacement of the 


shock wave may and we shall allow for 


that by the v 


factor ¢ Again, we shall use the important cas 


of the upstream monochromatic entropy disturbance (with zero 


phase at the shock 
vr) 


] 


as the principal illustration e combined response the 


represents d as 


Od 


Since these expressions already satisfy the governing differential 
equations, it remains to put down the boundary conditions at 
the shock and on the body 


the transfer equations (2 


Substitution of equations (9) into 
shock at z 0 yield the 


across the 


conditions 


Ana, 


Ana, (106 


for the velocity and pressure unknowns which form a special 
subset. The condition on the reflecting body is for the velocity 


perturbation to vanish at z = d 
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twa twd 


in(l+M t the a = I-M) — 9 


Ay+ T Gye € “¢ 


(106 


The boundary conditions thus form a system of three complex 
equations in three complex unknowns or six real equations in the 
three unknown real amplitudes a,+, ay+’, and ay, and the three 
real relative phases le, ke, a:4 42. The condition on the body re- 
quires that the amplitudes of the opposite moving sound waves 
be equal in magnitude 


y+ —dy+" (lla) 


ind puts a clamp on their relative phases: 


2wd 


1 — M* 


115) 


where n is an arbitrary integer. Elimination of aye’” from (10a) 


106) leads to the solution equivalent to (7a) of the preceding 
wita the body effect added 


and 


section 


and P., again Il, — Il,,. We 


to evaluate the pressure on the body 


where P 


can now use equations 1] 


represents II + I 


at z d by substitution into (% 


twd 
lI—-M 


The real part of the equation gives us the desired criterion for the 


) 


(126 


possibility of resonance 


2A 


Quod 
2PxP cos ( 
‘(1 — M? 


Taking the ratio of this solution in presence of the body to that of 
7a) without the body, we can “praft”’ the body-factor F onto 


the computed results of the last section: 
2P2 


2wd 
Py? + Pz 2P.P cos ( 
A,(1 — M? 


As the parameter in the problem, the circular frequency w changes, 
the factor F varies between a maximum and a minimum, but 
This can be seen by observing 


(13a) 


never increares without bounds. 
from (12a) that the denominator [proportional to the determinant 
of the system of equations (10)] represents a vectorial difference 
of two vectors of magnitude of Px and P»* at a relative angle 
(phase) 

2wd 


A,(1 — M?) 


For a duct with flow-through, solved along similar lines, the 
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vectors are of equal magnitude and resonance corresponds to the 
frequency which makes the phase zero. Here, the vectors are 
always of unequal length, P.; and P.;*, so that the maxima and 


minima correspond to 
Qwd 
cos 
A,,(1 — M?*) 


becoming +1 in the denominator; i.e., to 
- Px 
F max = Be: Il: 


Px 


13c) 
“a tu 


Fain a 


A glance at Fig. 5, where Fy,x and F pin are plotted, shows us that 
the pressure fluctuations are heavily damped due to the presence 
of the body. This effect can be traced to the fact that |P.;*| is 
very much larger than P2; (sevenfold even at M, = 10). This 
in turn is a result of the presence of the shock-displacement terms 
in equations (10a) and (10b). Because of this “‘yielding’’ of the 
shock wave, the conditions at the shock are radically different 
from those at an open or closed end of a duct (which would 
correspond to vanishing I] or II, respectively). The shock 
wave in yielding makes impossible a phasing favorable to un- 
limited build-up of energy in the sound disturbances. 

It is of course possible to solve for the rest of the unknowns, 
but that is now of little interest. Instead, we can surmise from the 
foregoing physical causes of the damping that no resonance should 
occur when the body vibrates in such a manner that the blunt 
face oscillates perpendicularly to itself. The boundary conditions 

10a) and (106) would be homogeneous with a, vanishing. The 
solution, however, would be ‘“‘driven’’ by the nonvanishing right 
side of the boundary condition at the body, namely B, the non- 
dimensional amplitude of the velocity oscillation (now taken as 
having zero relative phase). The solution then proceeds as be- 
fore, and 


p.(d) bp(d) A,, dp(d) 1 
B ~ bu(d) YP m ~ bu(d) PuAm 
wd 
Pat + Pme 4ni—™?) 


— ~ (14) 


Put — Pe 4n-M% 


For sound without reflection, the ratio (14) would be unity, 
sccording to the usual relation between pressure and velocity 
in a plane sound wave. Hence the ratio (14) is again a factor 
which accounts for the reflections and rereflections. The de- 
nominator, as expected, is the same as in the preceding case, 
equation (llc). The vector argument then leads to the maxima 
of (14), namely II,,/II, and the minima, namely, IT.;/Is:. 
The first is plotted in Fig. 5. There is little enhancing or damping 


in this case. 


Conclusions 

1 The significant disturbances that can be experienced at the 
body are coupled pressure-density-temperature-velocity dis- 
turbances, i.e., sound. In absence of reflections from the body, 
temperature variations 67’. upstream of a normal shock wave 
produce sound disturbances according to equivalent equations 
(7a), (7a’), (8a), and Fig. 3. Free-stream variations of pressure 
or velocity generate sound of comparable magnitude. 
2 For assessment of the actual disturbances in a given case, 
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Fig. 5 Multiplying factors resulting from reflections of sound from body, 
Equation (13), and from longitudinal vibrations of body, Equation (14) 


adequate knowledge of the free-stream disturbances is necessary 
Such information can come only from actual measurements in the 
atmosphere or in the wind tunnel. Furthermore, the effect of the 
sound disturbance on the boundary layer in the low-speed regions 
of the blunt body forms a separate problem, concerning which 
there is scanty experimental'! and theoretical information 

3 The blunt body reflects the sound generated by the shock 
oscillation and modifies the results of the first section by the fac- 
tor F of equation (13a). The maxima and minima of this factor 
are displayed in Fig. 5. The phasing of the outgoing and in- 
coming disturbances at the shock, and the phasing of the shock 
displacement preclude the build-up of resonance. 

4 Similar conclusions are valid for the case of the oscillating 
body, generating pressure waves which are reflected back from 
the shock wave. The generated waves are then modified by the 
factor (14) with maxima and minima shown in Fig. 5; i.e., 
little, 


very 
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Possible Similarity Solutions 
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In this paper, a study is made of the unsteady laminar boundary-layer equations for 
free convection on vertical plates and cylinders to establish necessary and sufficient 


conditions under which similarity solutions are possible 
tions, all possible cases are derived, including those for unsteady conditions 


On the basis of these condi 
And ut ts 


found that the available similarity solutions in the literature have essentially covered 
all steady cases, except that the present analysis shows that somewhat more general 
conditions may also be taken in account 


R.. ENTLY, theoretical studies on laminar free con- 
vection on vertical plates and cylinders have received wider at- 
tention, especially in dealing with nonuniform surface temperature 
and heat-flux distributions. However, available in the literature 
are only a few exact solutions, which have all been derived by 
using the technique of similarity solution. In such a technique, 
the pertinent boundary-layer equations, under a suitable trans- 
formation, are reduced to a set of ordinary differential equations 
“similarity variable,’’ which is a function of the 
Then, these simultaneous ordi- 
solved 


in terms of a 
original independent variables 
nary equations with proper boundary conditions are 
numerically, yielding velocity and temperature profiles, from 
which important boundary-layer characteristics are de 
termined. 

However, because of the nature of the transformation, these 
similarity solutions are only valid for certain specific surface con- 
ditions. For the vertical-plate problem, Pohlhausen’s solution 


for steady uniform surface temperature is well known [1].! 


' Numbers in brackets designate References at end of paper. 
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Division, February 20, 1959. Paper No. 59—A-86. 


Discussion re- 


More recently, Sparrow and Gregg |2, 3] have provided three 
more similarity solutions; i.e., steady uniform heat flux at plate 
surface, plate temperature varying as a power of the distance 
along the plate, and a surface-temperature variation according 
to an exponential function of the same distance. In the vertical- 
cylinder case, there is only one similarity solution available in the 
literature, and it is recently given by Millsaps and Pohlhausen 
[4] for a linear variation of cylinder surface temperature with 
distance along the cylinder. 

Since these authors have only dealt with specific cases, it is still 
these authors have exhausted all 
If they 


desirable to find the rest of all possible cases, since they not only 


uncertain whether or not 


possible similarity solutions. have not, then it is ver) 
would represent additional exact solutions in laminar boundary- 
layer theory, but could as well be used as a basis for checking the 
accuracy of other approximate solutions, which are normally 
applicable to more general problems. Thus it is the purpose of 
this a unified analysis of the unsteady 
laminar boundary-layer equations for free convection on vertical 


paper (a) to present 
plates and cylinders for establishing necessary and sufficient con- 
ditions under which similarity solutions are possible, and (b) to 
indicate all possible cases which include not only those which 
already have appeared in the literature, but also additional new 
ones. No numerical solutions for these new cases, however, are 
attempted at the present time. Similar treatments of certain 
other laminar boundary-layer problems may be found in ref- 


erences [5, 6, and 7}. 


t 


vertical plates and vertical cylinders will be dealt with sepa- 


In the following sections, the problems of 


rately. 





Nomenclature 


A(x), B(x), C(t), 
D(t), E(x) 


Q;, Qe, Q@3, Gs, 


arbitrary functions 

Qs, Ae, 7 constant parameters for vertical plate 

(lg, Ag, Ajo, Ain, 
Qy2, @13, Aya, Q15 arbitrary constants of integration 

constant parameters for vertical cylinder 

arbitrary constants of integration 

dimensionless stream function for cylinder 
case 

dimensionless stream function for vertical- 
plate case 


gBL\T — T..)/v? 
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gravitational acceleration 
thermal conductivity 
characteristic length of vertical plate 
constant parameters 
cylinder surface heat flow per unit height 
= OgBro® 2rv7k 
vertical-plate surface heat flux 
= ggBL* vk 
radius variable for cylinder 
radius of cylinder 
temperature variable 


(Continued on next page) 
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Vertical Plate 


Laminar free convection on a vertical plate under the condition 
of constant properties may be described adequately by the follow- 
ing boundary-layer equations: 


Or on ) 0? . 
cl : : } y * Fig. 1 Space co-ordinate system 


ol OF oj ei, oF? for vertical plate 


Ou 


ae The continuity equation (6) is automatically satisfied when a 

rhe space co-ordinates ¥ and § are shown in Fig. 1, which indi- 
: - " a dimensionless stream function W is introduced, i. 

cates only the case where 7, is higher than 7 This is the case 

to which the present analysis is directed However, it should be oy oy 

clear that, by means of a simple change of the co-ordinate system, a errs ar 

the results are also applicable when is lower than 7. The . 

, , f now we choos s larity variable n the form 
initial condition generally depends on the particular problem ifn e choose a similart — yo 
while the boundary conditions are 


7 = yO(7, ft 


ind the following corresponding dependent variables 


Hn) = : 10 

By introducing the following dimer the present problem reduces to one of determining functions 
Qo {), D(z, f ind G f) such that Equations 5) and (7) are 

reducible to two ordinary differential equations for (7) and 6(9 

with proper boundary conditions from (8 In the analysis to 

follow, the plate-surface condition is to be restricted to a pre- 

scribed temperature variation. However, when later possibl 

similarity solutions are discussed, the corresponding cases lor 


prescribed surface-flux distribution will also be indicated 


where L is a characteristic length of the plate and G a generalized 
] 
| 


Grashof number, Equatior e, respective With the following identities from Equations (9) and (10 
shot n I a itions m s 


PiGe) 


oF = oy 
substituted in Equations (5) and (7), where the prime indicates 
of derivative with respect to 7, we obtain 


with boundary conditions f — anf” - { I f ‘r+aés=0 


Nomenclature 





time variable similarity variable for vertical-plate case 
velocity component in lirection rT 

velocity component iz tion G/G, 

velocity component in #-direction kinematic viscosity 

velocity component in 7-direction = Prandtl number 

co-ordinate along plate ’ . unknown functions 

co-ordinate normal to pl = stream functions 

co-ordinate along cylinder = a;/a 

thermal diffusivity Subscripts 

coefficient of volumetric expansion » = surface conditions 

constant. parameters © = conditions in the ambient 

gro T T y? Superscript: 

s/s ') = derivatives with respect to the independent variable 
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where 
G 


w 


~ pide 


2 
a a te 
ll (28) 
a = ths ot 
“= $ (2) 
o;? or 
1 (°*) 
i or 
i (%*) 
Carne 


Ne d» (22) 
= Gay or 


a; 


az (22) 
The boundary conditions (8) with prescribed surface-temperature 
variation now become, according to Equations (11), (12), and 
(13) 
f(0) = f(0) = 0 
0) = 1 


f'(e)=0 

(23) 
A o) = () 

It is now evident from Equations (14) and (15) that similarity 
solutions are possible when and only when a), dz, @3, a4, 4s, @s, and 
a; are all constants. Consequently, Equations (16) to (22) in- 
clusive may be regarded as necessary and sufficient conditions for 
similarity solutions. Since there are more conditions than un- 
knowns, the constants are not all arbitrary. For instance, it may 


be easily shown that 


ag = 3d. + a; a; = 3a, + as (24) 


\ general method of determining the unknown functions ¢;, de, 
and G,, is first to solve for ¢; and @» from differential equations 
17), (18), (19), and (20). Then Equation (16) yields immediately 
the surface-temperature variation for which a similarity solution 


is possible. 


Possible Similarity Solutions for Vertical Plates 

In this section, all possible similarity solutions for the vertical- 
plate problem, including those already known in the literature, 
First 
treated will be the steady problems, which are then to be followed 


are to be derived from the afore-established conditions. 


by unsteady cases. 
Case 1-—Steady Free Convection With Prescribed Constant Surface 
For this simple case, a2 = a; = ds = a; = O and 
By eliminating @ from Equtions (16) and (19), we 


Temperature. 
a5 = —3ay,. 


have 


1 dd, 
oO? dz G 


aay 
w 


which has a general solution 
(25) 


where as is a constant of integration. Then Equation (16) yields 


6 
aga “4 
-~ 4-——<z 
G,, 


Even though constants a, as, and as are all arbitrary, they may, 
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however, be absorbed conveniently in G,,, which is to be specified 


in the problem. Thus, in letting a, = 1, a, = —1, as = 3, and 
as = 0, Equations (25) and (26) reduce, respectively, to 


4x \~"/s ¢ G 4x \"/* 
ee ihe ti 


and finally we have 


f' + aff’ —27f'%+60=0 


l 
6" + 3/0’ =0 
Cg 


This ob- 
viously is the well-known classical solution of Pohlhausen {1}. 

Case 2—Steady Free Convection with Surface Temperaiure Varying 
With Any Power of a Linear Function of x. Since the condition is 
still steady, ag = a; = ag = 0. 


with boundary conditions indicated in Equations (23). 


For this case, it is possible to ob- 


tain a general solution to Equations (19) and (20). A combina- 


tion of these two equations yields 


€ dd, 
dd, dz 


where € = a;/a,, and it has a general solution 


go: = ads‘ 


where dy is another constant of integration. With Equation 
substituted in Equation (19), we obtain for the case € + 1 


(28) 


28) 


and finally G,, is determined from Equation (16) as 


a4 € 
G,, = As} ao + (30) 
ay 


The case of € = 1 will be treated later. Here constants a;, ay, €, 


dy, and dy are all arbitrary. However, without loss of any gen- 
erality, simplification is still possible. Since ay is entirely arbi- 
trary and does not appear in the ordinary equation, it is practical 
to assign a value of positive unity to a, without restricting G,, in 
any way, as indicated in Equation (30). By a similar reasoning, 
the value of a, may also be assigned, leaving €, a9, and a,» as arbi- 
trary constants.? For convenience, a new constant n defined by 
n = (€ + 3)/(€ — 1) is now introduced. Since € is directly related 


ton by € = (n + 3)/(n — 1), it is convenient to let 
a=n-!1 


according to the definition of ¢€. From Equation (24), a; is then 


equal to 4n. Now the functions ¢;, ¢:, and G,, have the following 


final forms: 


n—l 


4 4 4 
ayn z oe = dy | Gi T 
ay ay 
4 
G, = dy | aio + 
¢ 


Furthermore, Equations (14) and (15) reduce to 


qi = 


2? Note that included in z is also 


arbitrary. 


the characteristie length L 
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Se 


o 


6” + (n + 3)/0’ inf'8 = 0 

which are to be solved numerically with the boundary conditions 
in Equations (23). Some boundary-layer characteristics may 
now be written: 


With n = 
present solution reduces identically to that ot Case 1. 


= 0), the 


Sparrow 


Several special cases are of interest ayo 


and Gregg [2] have dealt with the case of uniform surface heat 
flux and have shown that the resulting surface temperature varies 
with one-fifth power of the distance away from the leading edge 
That this is the case is evident when Equations (35) and (36) are 
0 and 
[3] have studied a more general problem, which is 


considered with ayo = n = 1/5. Recently, the same 
authors 
identical to the present case with a) = 0 and arbitrary value of n 
This same similarity solution also has been given by Finston [8]. 
out the 


for several distinct values 


However, only Sparrow and Gregg [3] have carried 


numerical solutions to Equations (32 
of n and two values of ¢. The present analysis reveals that these 
numerical results are also directly applicable to cases where ajo 
is nonzero and positive. The physical implication of a nonzero ay 
is that the surface temperature at the leading edge of the plate is 
different from that in the ambient, a feature which is certainly 
more realistic, since it is difficult physically to heat the plate with- 
However, it 


out raising the temperature of its leading edge 


should be noted from Equation (33) that for such a case of non- 
1 


zero ay the velocity component u is not identically zero along 


x = 0, but is only zero at 7 = Oand fj = 


It is also of interest to note that, when n = 1, and ay» = 0, a, 
becomes zero, indicating that the similarity variable 7 is now 
a pure function of y and the plate-surface temperature varies 
linearly with the distance from the leading edge. This is analo- 
gous to the well-known case of steady forced flow in the neighbor- 
hood of the stagnation point of a blunt-nosed cylinder, since the 
free-stream velocity and the corresponding similarity variable 
behav~ in a similar manner 

In view of Equation (36), it is not difficult to notice that the 
present similarity solution, as has also been remarked by Sparrow 
and Gregg [3], is equally possible when the plate-surface heat 
The 


condition is that now the surface heat flux g must be of the form 


j 8 
= | ao + x 
ay 


where @ is another constant parameter. If we let 8 = (5n — 1)/4 
orn = (48 + 1)/5, these two problems then become identical. 

Case 3—Steady Free Conveciion With Surface Temperature Varying 
With an Exponential Function of x. Here again a. = a; = a = 0. 
With € = 1, Equation (28) becomes ¢ = as¢. Then, Equation 
(19) may be simply solved, resulting in 


flux, instead of the temperature variation, is prescribed 
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Gs 
z 


p = Gd; e* 


(37) 


from which the plate-temperature variation may be written as 


fa, 
z 


as 38) 


Ge = aay,“ 


Since the integration constants a, and a), are entirely arbitrary, 
values of a, and a,, without loss of generality, may be assigned. 
With a, = 


come, respectively, 


l,a, = 1, ag = 1, a; = 4, Equations (14) and (15) be- 


Boundary conditions are again those given by Equations (23) 
To put the present case in a final form, we introduce a new con 
Then we have 


stant m such that m = 4/a, or agg = 4/m 


9: 


jmz 
te * 80) $2) 

This case is identical to that also treated in reference [3] by 
Sparrow and Gregg.* Since in the physical problem m is indeed 
a parameter, they have expressed surprise that m does not occur 
in Equations (39). The present analysis shows the exact reason 
in two ways. One is simply that from Equation (38) values of a, 
and a,, which do occur in the ordinary equations, may be arbi- 
The other 


reason is that, since it has already been shown in Case 2 thai ¢€ 


trarily assigned without restricting Gy, in any way 


is & parameter, once the value of ¢ is fixed, this parameter cer- 
tainly should drop out of the ordinary equations. As pointed out 
at the beginning of this section, for the present case € = 1. 
According to Equation (42), the present similarity solution is 
again seen to be identical to that of prescribed plate-surface heat 


flux given by 


where ¥ is to be equal to 5m/4 

Case 4—Unsteady Free Convection With Surface Temperature Varying 
Inversely as o Linear Combination of x and?#. As far as the author is 
aware, no similarity solution for unsteady free convection on 
vertical plates exists in the literature. In fact, there are available 
only a very few analytical studies [9], [10], which, however, all 
deal with transient problems; 
in plate temperature or heat flux. 
similarity solutions established previously enable us to determine 


several possible cases under unsteady conditions. 


i.e. problems with stepwise change 
The conditions for possible 


A general solution to Equation (17) is 


@ = [A(xz) — at)? (43) 


* There is a mistake in their Equation (11), as the constant m 
should appear in the numerator for the expression of the dimen- 
sionless stream function. 
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where A(z) is vet to be determined. Also, combining Equations 


(17) and (18) vields 

gd = B(xr)d,” 
where B(x) is an arbitrary function and w = a. Thus 
gd = B(x)[A(x) — aol] (44) 
\ similar comb: ‘ation of Equations (19) and (20) results in 


bs = Clt)gr* 


a, and a, +0 
Then Equation (19) may be solved generally, yielding 


where € = a The case of ay = 0 will be treated 


later 


1 


— 1) | 
x+ Dit 
t 
1) e—1l 
x + D(t) 


(44), (45) and (46) are compared, a con- 


d = (45) 


ae 
0 


and then @ becomes 


16) 


When Equations (43), 
venient solution is obtainable if the following identities hold: 


D(t) = 


The corresponding Gy» may now be written as 


a,a 
G, 


Since ay». and the characteristic length Z in z are both arbitrary, 
However, a 


With 


dg = 2a., and a; = —2, 


constants a, and a, may be arbitrarily assigned. 
must remain as a parameter in the ordinary equations. 
a, = 1,@2 = @,a Qo, As 1, ds 1, 
Equations (14 


and (15) now reduce, respectively, to 


anf’ +ff7 +0=0 


Co 


“ (a2) f)0 


which are to be solved with the usual set of boundary conditions. 
Final forms of functions ¢;, @:, and G,,, and boundary-layer charac- 


x- 2a ) 


teristics may now be shown: 


9 
I 2a ‘) = Ap 


G, 


nf’ 


2ast) 6'(0) 


(50) 


It should be noted that this similarity solution is only valid 


when the quantity [(2/ay.)z — 2aet] is positive, and therefore in 
should be taken to the 


and to specify the range of validity of z and ¢. 


numerical calculations care choose 


parameter de 
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This restriction is necessary to keep both the surface-tempera- 
Evidently, at ¢ = 0 
the leading edge of the plate must be excluded from consideration 


ture distribution and surface heat flux finite. 
with respect to this similarity solution. Otherwise, at any finite 
x ~ 0 the surface temperature decreases monotonically with time 
for az < 0, and increases with time for a; > 0 and t < (2/a2 a; 
This time limit, however, is not too restrictive because of the 
arbitrary constants a2 and ay. Since physically the parameter 
ad is an indication of the unsteadiness of surface-temperature 
variation, this similarity solution could prove useful in determining 
the validity of quasi-steady solutions Furthermore, similar to 
the previous steady cases, this similarity solution is also applicable 


to the problem with surface heat flux prescribed by 


9 _3 
q = ay ( : os 2a ) 
dye 


Case 5—Unsteady Free Convection With Surface Temperature Varying 
Directly With a Linear Function of x and Inversely With the Square of a 
The case of 


Equation (43) now becomes 


Linear Function of f. a = 0 is here considered 


2aet)~ 51 


1 a - 


where a); is a constant of integration. Then Equation (18) may 


be readily solved, yielding 
gd = E(r\(ay3 — : : 52 


where E(x) is determined by introducing Equations (51) and 


(52) into Equation (20), which becomes 


dE(x 


dz 


2dol 


With 


assumes the form 


In this case, constants a), ad, and a; all have to remain as parame- 


ters in the ordinary equations, which now become 


2aof + aff” a, f’)? + aé = 0) 


"atl anf” 
l 


oO 


0” aon as f)0' (daz + asf')6 = 0 


The usual boundary conditions also apply here. Finally, we have 


Ge= "0 


Physically, a, represents level of Grashof number in the prob- 
lem, while a, and a; indicate degrees to which Gy» depends on 
and z, respectively. Similar to that in the preceding case, con- 
and a, should be so chosen that the quantity (a 
0 the 
surface temperature at any x changes directly with time, and this 
> 0. 


fact, is not necessary, since the arbitrary constant a); may assume 


stants a; 
2aet) remains always positive. It is again seen that for ae < 


trend is reversed for de For this latter case, a limit on ¢, in 


any large value. A corresponding similarity solution for pre- 


. , 
is 2:80 


scribed surface heat flux given by the last equation in (55 
possible. 
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Case 6—Unsteady Free Convection Wirh Uniform but Unsteady Surface 
Temperature Variation at Large Distance x. This case represents an 
asymptotic solution valid at large distances away from the leading 
edge 
glected; i.e 

17) and (18 


Therefore, all derivatives with respect to z may be ne- 
» a 5 = a 0. Then solutions to Equations 


are simply given by 


from which 


G, = 


a,a ay 
Without any 


(3 + w)/2, a3 = 3 


generality , we 


loss ol 
+ 2p, and ay , Since constants a), G5, 


and the characteristic length Z in ¢ are 


ill entirely arbitrary 


Consequently, we have for this similarity solution, the following 


equations: 


? 


G 


Here 


with 


again quations (58), which are uncoupled, are to be solved 
23 The fact that 1 


from the continuity 


boundary conditions is identically 


zero is evident equation. This solution is 


only valid for positive values of a); and a It is interesting to 
0 and ay = 0 


undergoing a stepwise change from zero to a 


note that, for p = ve have the special case of G, 


and thus this 


similarity solution provides the transient-response behavior in 
The solution to the dif- 


58 is has been discussed 


the boundary layer second ordinary 


ferential equation in is elementary 
10 
again possible tor prescribed unsteady surface heat flux 
0, 


by Siegel Finally, a corresponding similarity solution is 
For p= 
we have anothe: 


and a = case in which the 


transient 
surface heat flux undergoes a stepwise change 
In view of the generality of the present analysis, it is now be- 


all 


possible similarity solutions for laminar free convection on a two- 


lieved that the six cases‘ indicated in the foregoing represent 


dimensional vertical plate 


Vertical Cylinder 
The dimensionless differential equations describing laminar 
free convection on the outer surface of a vertical circular cylinder 
with constant properties are as follows 
ou 
ol 


ou 
or 


_ ou ou Pee 1 
| 


or? r 


w here 


‘ Basically, there are five cases 


of Case 2. 


only since Case 1 is a special case 
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Fig. 2 Space co-ordinate 
system for vertical circulor 
cylinder 


where 7 is the evlinder radius The physical co-ordinates (2, 7 


ire shown in Fig 2 for the case T The corresponding 


boundary conditions are 


or 
Or 


The analysis to follow is again restricted to the prescribed surface- 
temperature case, even though the results, as will be shown, are 
Llso applicable to the case of prescribed surface heat flow 

introduc- 


This continuity Equation (61) is first eliminated by 


ing another stream function V with 
ov 


Or Oz 


1 ov y l 


of the nature ol the boundary condition at the evlinder 


itself as the 


JeCAURC 


surface, we shall choose ; similarity variable Kven 


though this may seem rather restricted, it, however. appears to 


since during the course of this 


gene ral 


he the only convenient form to use 
study the author utilized a number of other more forms 


without any success. The dependent variables are now assumed 


to be 
V(z,) 
P(z, t 


When Equations (64) and (65 


62), 


are substituted in Equations (60 


and we obtain 


rsp’ +r%Xb F — 
r0" 


where 


l (°*) 
® \ di 


The corresponding boundary conditions are 


There are only two possible solutions for ® as indicated by con- 
ditions (68) for similarity solution. 

Case 7—Steady Free Convection on Cylinder With Surface Tempera- 
ture Varying Linearly With z. 0 and the other 
two conditions become 


For this case, b» 
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® = bz = by a. = by (bsz a by) 
Since both 6; and 5; are arbitrary, one of these two constants may 


be assigned a numerical value. If we let b; = 1, then we have 
rf’ + 75°F — 1)F" +r(F — 1)F’ + br*O = 0 
(70) 


rQ@” + (oF + 1)0’ — oF’8 =0 


; zt+h.. 
U = k 
r 
(71) 
CT = b(z + b,)0 Q = —b(z + 501) 

With b, = 0, this similarity solution reduces to that recently 
treated by Millsaps and Pohlhausen [4] who, however, absorbed 
the parameter }, into the boundary conditions for 0 at the cylin- 
der surface. Similar to Case 2, the present analysis reveals a 
somewhat more general solution in the inclusion of an arbitrary 
Physically, this 
corresponds to a nonzero temperature difference at the cylinder 


constant b, in the surface-temperature variation. 


tip. Furthermore, the present analysis also shows another simi- 
larity solution for which the prescribed surface heat flow varies 
linearly with z, as indicated by the last equation in (71). 

Case 8—Unsteady Free Convection on Cylinder With Uniform But Un- 
steady Surface Temperatures at Large Values of z. This case, like 
Case 6, also represents an unsteady asymptotic solution for large 
With b; = 0, we have from (68) 


r 


values of z. 


= b,b;e>2* 


Now if we choose b; = 1, Equations (66) and (67) become, re- 


spectively 
paper? reF"” + r(1 — ber?)F’ + rO = 0 


Oo” + CO’ = ahr = 0 


b ‘. - 
erat FF’ J 
r 
(73) 


[ = be Q —b,e#8 ( 1) 


It is of interest to note that when b, is imaginary the surface tem- 
perature undergoes periodic variation. The solution then pro- 
vides phase relations between U, Q, and [,. This similarity 
solution is again also valid when the unsteady surface heat flow is 
prescribed to be proportional to a similar exponential function 
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Conclusion 

An analysis is here made of the two-dimensional unsteady 
laminar boundary-layer equations for free convection on vertical 
plates and circular cylinders for establishing necessary and suf- 
ficient conditions under which similarity solutions are possible 
On the basis of these conditions, all eight possible cases have been 
derived. Even though all similarity solutions available in the 
literature have essentially exhausted all cases under steady con- 
ditions, the present analysis shows that somewhat more general 
The other 
new possible cases all deal with unsteady problems which, when 


conditions actually could also be taken into account. 


numerically solved, are believed to be significant and useful, 
especially for checking the accuracy of other approximate, but 
more general, procedures such as quasi-steady solution, integral 
procedure, and method of series expansion. Numerical calcula- 
tions for these new cases have already been initiated and results 
will be reported at a future date. 
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spinning objects are 


regime 


1 Introduction 


Wares the liquid contained in a symmetrically dis- 
posed annular cavity has a mass that is very small compared with 
that of the otherwise rigid gyroscope to which it is attached,? its 
presence cannot affect appreciably the free precession rate of that 
gyroscope but can only provide a source of energy dissipation 
that results in the damping of its precession. We shall explain 
here the manner in which this damping can occur and shall esti- 
mate the damping rate as a function of the parameters of the 
svstem 

Let the gyroscope be rotating initially about its axis of sym- 
an angular momentum Hy, and let the moment of 
this axis the largest of the three principal 
moments of inertia. We assume that this initial motion is com- 
pletely steady, so that the viscous liquid in the annular cavity 
(A —A in Fig. 1; note that @ 
moves with the body as though it were rigid 


metry with 


inertia about be 


0 for the assumed initial motion 
Now let an impulse 
of angular momentum H,, small compared with Ho, be applied 
about an axis perpendicular to the axis of symmetry. The as- 
sumption |H,/H,| < 1 implies that the resulting angle of tilt, @ 
(between the axis of symmetry and the vertical, Fig. 1) must be 
small, while the assumption that the mass of liquid in the an- 
nulus is small implies that the rate of change of this angle @ also 
will be small. The latter fact permits us to neglect the transient 
motion of the liquid (or, more to the point, the energy dissipation 
during this transient motion) and consider only the quasi-steady 
motion of the nonrigid system as a freely precessing gyroscope; 
i.e., we may treat the motion at each instant as if it were steady 
and then use the resulting solution to calculate the dissipation 
rate 

Let 2 and uw denote the angular velocities of spin and precession 
of the tilted gyroscope, as shown in Fig. 1, and assume the center 
of gravity of the system and the point of support to coincide (as 


' This paper is a revised version of Report GM-TM-0165-00265, 
Space Technology Laboratories, a division of The Ramo-Wooldridge 
Corporation. 

? Also Consultant, Space Technology 
geles, Calif. 

* Such a device has been exploited successfully by the U. 8. Naval 
Ordnance Test Station, China Lake, Calif., and may be used to re- 
move the wobble in flying objects such as satellites. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, Atlantic City, N. J.,. November 29-December 
4, 1959, of Tue American Society or MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1960, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, March 11, 1959. Paper No. 59—-A-44. 
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On the Annular Damper for a 
Freely Precessing Gyroscope 


The dynamics of a damper that has been used to eliminate the free precession of flying, 


analyzed. There are three regimes in which the details of the 


mechanisms by which the viscous fluid dissipates the precessional energy differ markedly, 
and the fluid motion and energy-dissipation rate are described quantitatively for each 


implied by “freely precessing’’) at the point O. The momentum 


equations then are 


H = J(Q T+ COS 8) cos 6 T Tp sin? @ (la 
and 
- Tp sin 6 cos 6, (1b) 


0 = J(Q2 + uw cos @) sin 6 


where J and / denote the spin and transverse moments of inertia 
with respect to axes through O, and H is the total angular 
momentum. H is directed vertically and is a constant of the 

It follows from Equations (la, 6) that H = Jy (ex- 
If we invoke the requirement 0< 1, we may approximate 


motion. 
actly 
the total angular velocity w and angular momentum by 


w® = (2 + w)[l + O®)) (2) 
and 
H = Jw({l1 + O(6*)) (3) 


We also find it convenient to express the spin angular velocity 
according to 


Q = —aw, a 


(J/I) — 1 (4a, b) 


We recall that, by hypothesis, J > /, whence a > 0. 


The kinetic energy of the rigid-body motion is given by 
a 
[J(Q2 + COS 6) - I(p sin 6 2] 


1 + aft +- On 





0 


Fig. 1 Schematic diagram of freely precessing gyroscope carrying an- 
nulus (A-A) of fivid 
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r-R 


Fig. 2 Element of annulus 


We observe that a decrease in E’ implies a decrease in 8 in conse- 
quence of a > 0Oand H 

We shall assume that the annulus (A — 
tangular in cross section and that its depth D (measured along 
the spin axis) is sufficiently small compared with both its radius R 
and the distance a of its plane from O to justify a two-dimensional 


= const. 
A in Fig. 1) is ree- 


treatment of the fluid motion. Introducing (see Fig. 2) a set of 
polar co-ordinates, r and @, in a reference frame moving with 
the outer wall of the annulus (r = FR) and letting u and v denote 
the radial and tangential components of relative velocity in this 
reference frame, we may write 


[u, vo] = wadR{ [—i, LJeM(2t+o)} atr = R, (6a, b) 
for the fluid motion at the wall. 

In Section 2 we shall analyze the motion of the fluid when @ is 
so small that the fluid may be assumed to be in contact with the 
outer wall over its complete circumference and to have a free 
surface at the inner face, r = R — h; in Section 3 we shall de- 
termine the fluid motion that occurs when @ is sufficiently large 
(but not so large that terms of order 6? are important compared 
with unity) that the fluid moves as a slug filling the annular cross 
section over an incomplete portion of the annulus; and in Section 
t we shall discuss that situation in which @ takes values inter- 
mediate to these extremes. 

We emphasize that the effects of surface tension are ignored in 
each of the analyses of Sections 2 and 4. It has been noted, in 
experiments performed at the U. 8S. Naval Ordnance Test Station 
(China Lake, Calif.), that surface tension may delay or prevent 
the transition from the geometry of Section 3 to that of Section 2 
or 4. Thus the question as to which of the regimes described 
here will dominate the damping history may depend not only on 
the initial state and on the parameters introduced herein but also 
on the surface tension of the fluid. 


2 The Small-¢ Analysis 

We shall seek u and v on the assumptions that the motion is 
two dimensional, that @ is sufficiently small to permit lineari- 
zation of the equations of motion, that the gravitational accelera- 
tion is negligible compared with the centripetal acceleration, and 
that viscous effects are confined to a thin (compared with h) 
boundary layer at the wall. The linearized equation of relative 
motion outside this boundary layer then is 


(7a) 


ra) . 
9420 xX q = -VX, 
ol 


where 


1 


w*r? + const (7b) 


is an acceleration potential, q fluid velocity, p pressure, and p 
density; the angular velocity w is approximately normal to the 
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plane of motion (because @is small). Taking the curl of Equation 
(7a), we have (and here it is essential that @ and q be approxi- 
mated as mutually perpendicular) 


Vq = 9; (8) 


hence, within our approximations, the inviscid component of the 
motion is irrotational. 

We shall assume that the additional viscous motion inside the 
boundary layer is governed by Stokes’ equation® 


VU; - Wer, (9) 


where v denotes the kinematic viscosity. We emphasize that the 
solutions to Equations (7) and (9) must be superimposed to ob- 
tain the total velocity near the wall and that this total velocity 


must satisfy the continuity equation 


(ru), + vg] = 0 (10) 


V-q=?7 


We now complete the statement of our boundary-value problem 
by posing the boundary conditions at the free surface in the form 


u 7, and p const at r R—h+ py, (lla,d 


where 7 denotes the radial displacement of the surface. Lineariz- 
ing Equations (lla, 6) and making a suitable choice of the con- 


stant in Equation (76), we obtain 


u=n;, and X = —w(R —h)n, r R—-|; 12a. b 


We shall satisfy the continuity Equation (10) by deriving the 
velocity from a stream function according to 


—yY, and v = y,; 


moreover, by virtue of the assumed linearity, the / and @-de- 
pendence of Y must be as in Equations (6a, 6). Then, remarking 
that that part of Y corresponding to the irrotational motion must 
satisfy Laplace’s equation, while that part corresponding to the 
shear flow must satisfy Equation (9), we may pose the total solu- 


ru = L3a, b 


tion in the form 


y = 


A, B, and C are dimensionless constants, 


ETO) (14 


Rua A(r/R) + B(R/r) + Ce R)/R) ¢ 
where 


A = (iQR*/v)'?, R{A} > O, (15a, 6 
and it is implicit, following the usual convention, that only the 
real parts of the complex quantities derived from W are to be re- 
tained. 

The velocities and potential derived from Equations (13a, 6 
and (14) are 

u = —ipad[A + B(R/r)? + C(R/r)— 2/8) e249), (16a) 


9 = pab[A — B(R/r)? + ACeMr- R) Ry ei(Qt+9) | 16b 


and 


X = wadR[(2w — Q)A(r/R) + (20 + Q)B(R/r)je FT, (16 
where we have derived X from the ¢-component of Equation 
(7a), neglecting the contribution of the viscous solution. We re- 
mark that this last approximation is consistent with our separa- 
tion of the inviscid and viscous solutions, and we now see that the 
restriction implied by this separation is 
| | s/s -~ 
IM(h/R)| = |Qh2/r|'/* > 1, (17) 
4 There is a centripetal acceleration of approximately »oR6@ along 
the spin axis, but, being approximately constant through the fluid, 
this results only in a hydrostatic pressure gradient. 
5H. Lamb, “Hydrodynamies,’’ Dover Publications, 
N. Y., sixth edition, 1945, section 345. 
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in consequence of which the viscous solution is exponentially 
negligible outside of a boundary iaver having a thickness of the 
order of |y/Q essentially the result enunciated by Stokes) 
Imposing on Equations (16a, b) the boundary conditions (6a, b 
and the free-surface boundary condition obtained by eliminating 


n between Equations (12a, 6), we obtain the matrix equation 


$1, 1, 0} (18a 


and @ is given by Equation 


obtain 


terminant of the Subsequent) we 


1 by A exce] 
it which energy is dissipated in 


i: ow fff v xX q)MV 


Now the 


ition cannot contribute to 


where A is the de 
shall approximate A 
The I ite 


the fluid is giver 


ement of volume by definition 


the fluid m 


lfeonsistently 


where dV denotes an ¢ 


rrotational compone nt of 


the integrand, and we have with the approximations 


implied by gq iation (9 


bm fff 


the viscous solution is to be included in evaluating 


165 


where only 


From Equation we obtain w exhibiting the ® operator 


explicitly 


[ ") 
10/R)R<AX exp | A 
way ) ( x} L R 


Substituting Equation (23) in Equation (22) and carrying out the 


» annulus, we ob- 


integrations over @ and over the depth of the 


tain 


p»( uab/R)*|A\2C | DR? | exp 
e U 

2° #2 DR*p( wad)? \Qim? A) /) A)? (24¢ 

where we have neglected the variation of the radial weighting fac- 

of variable zx l 


in | juation (24a), introduced the change 


R), replaced the upper limit z R by © on 
and substituted A and C from Equations (15a 


tor 
virtue ol 
Equation (17 
and (20a), respectively. 
The total energy to be absorbed is given by Equations 
through (5) as 
6E E(9) aa + | 


— E(0 \] 29? 


Defining the time constant for the decay of 8 as 


*H. Lamb, ibid., p. 581. (Note: This result is not complete at large 
distances from the wall, but we are concerned only with dissipation 


near the wall.) 
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(26) 


bE/(—-E 


and substituting Equation (24c) and Equation (25), we obtain 


27a 


T I'l /DR*a*p |Q), 


ria + m?!X|, 27b 


where, in evaluating I’, we have substituted |A)? from Equation 


20b). 
We now observe that [ exhibits a strong minimum (maximum 
energy absorption or resonance) in the neighborhood ol wv n; 


specifically, 


20h 


>} 


in obtaining Equation 
the other hand 


where we have assumed 6? < 1 


Awav from this resonant neighborhood, on 


r= j / ra+ | 


The ¢ of the resonance is of the order of |X in particular, il 
, r ar. a 


In assessing the resonance specified by Equations 28) and 


” 


29 


we must recall that we have assumed the free-surface displace- 
ment 9 to be small compared with Ah. From Equations (12a 


16a) and (20a), we have 


a)a@X/A 


—R—h 2a 1 + 


Evaluating A and A in accordance with Equations (28) and (29b 
and neglecting terms of order 8 compared with one, we obtain 


n ( 
h -_ 
while the counterpart 
” ( 
h a 
We consider the specific example for which R 
em, D 0.25 cm, h 0.05 em, / 1.3 kg-m?, a 1/3,w = 12 


rad/sec, p and vy 10 
these data in the foregoing formulas we obtain 


(32) 


10 em. @ 10 


13.6 gm/ce em? ‘sec Substituting 


A} = 32, 14 sec and ” h 8 x 10° ¢ 


Resonance would require h 0.637 cm and would vield 


T 14x 10 and ” h 3.6 K 10° ¢@ 


4 as indicative of nonlinear 
‘ 


f we arbitrarily specify (n/h l 
effects, the respective, critical values of @ would be 3 & 10 
radians and 7 X 10~* radians. For @ appreciably in excess of 
these values we should expect gaps to appear in the fluid annulus, 


and our analysis then would cease to be significant 


3 The Large-o Analysis 


When @ is sufficiently large (@ > 0.02 radian for the foregoing 
an inviscid fluid would undergo a rigid-body rota- 
The free surface 
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parameters ), 
tion at the angular velocity u depicted in Fig. 1. 
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of the fluid would be an equipotential surface; i. e., it would con- 
sist of a piece of a cylindrical surface with an axis that is directed 
The 


motion of the solid object would be a superposition of that rigid- 


along # and that passes through the center of gravity. 


body motion and another rigid-body rotation at speed Q2 about 
the symmetry axis. This superimposed motion at speed {2 can- 
not influence the motion of the hypothetical inviscid fluid because 
it has a vanishing normal component of velocity at its interface 
with the fluid. 

However, since the fluid is not inviscid its rigid-body motion 
must be supplemented by a thin boundary layer along the wall 
and a negligibly slow back flow down the center of the tube, Fig. 
3. This boundary layer is intrinsically the same as that formed 
It is 
very thin at the front end and grows in thickness in precisely the 


when a shock wave travels down a shock tube at speed QR. 


same way with distance from this edge as a conventional boundary 
layer grows along a flat plate. The energy-dissipation rate, com- 


puted on a laminar basis, is 


EB = 2\Q)?4R%py'/*Pe'”, (34) 


where @ is the angle indicated in Fig. 3, and P is the perimeter of 
the cross section of the annulus. The energy to be removed 


is found from Equation (25) and is given by 
bE = I|p}||Q)02/2 (35) 

energy removal time 7’ then is given by (26) as 
T = 1\y\02/4|Q\(|Q)y)'*R*pPe'’? (36) 


For the parameters of the previous section, and for an initial angle 


0 1/6 radian, © = 5, and P = 1 em, T is given by 


T = 200 sec 


For the values of the parameters, however, the Reynolds number 
of the flow R, is 1.5 * 10% At this Reynolds number the 
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Fig.3 Motion of fluid and solid relative to a co-ordinate 
system rotating at speed w about O. The boundary- 
layer thickness increases as one proceeds in the clock- 
wise direction. 


boundary layer must be turbulent over most of its length, and the 
increased skin friction so implied would reduce the time 7’ to 
the order of 70 sec. 


4 The Intermediate Values of ¢ 


When @ has decreased from some large initial value to some 
smaller value such that the tube is not entirely empty at any 
angular co-ordinate @, but such that the free surface is inter- 
rupted by contact with the inner wall, the fluid motion may well 
consist of a smooth flow (which is a combination of the rigid-body 
rotation plus approximately a Poiseuille flow) on which is super- 
imposed some wave motion over that portion of the fluid whose 
surface is exposed. The dissipation of energy associated with the 
Poiseuille flow is small compared with the boundary-layer flow 
but, of course, the energy to be removed has also decreased mark- 
If, for 


example, it is reached when @ becomes 0.02 radian, the remaining 


edly when this phase of the motion has been reached. 


energy is about 1 per cent of the original; the dissipation rate is 
decreased by a factor of about 12. The time required to go to # 

10~4 radians would be about '/s of the large motion damping time 
This is al- 
most surely an upper bound on the intermediate time since it 
damping with the 


or, in our illustrative example, about 10 more sec. 


completely ignores the associated wave 


motion. 


5 Conclusions 

It is quite clear that a very lightweight device of the type 
analyzed here can be so designed that the precessional motion of 
an otherwise rigid gyroscope can be damped out in a matter of 
seconds. The foregoing gives a good estimate of the decay times 
associated with each of the three regions of interest, and the re- 
sults can be used to guide the selection of optimum -design 
parameters. 
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Heat Transfer for Laminar Flow 
in Ducts With Arbitrary Time 
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Variations in Wall Temperature 


An analysis ts made for laminar forced-convection heat transfer in a circular tube or a 
parallel plate channel whose walls may undergo arbitrary time variations in tempera 
The time-varying process can begin from an already established steady-state 


situation with heat transfer taking place, or the fluid and walls can be initially at the 


same uniform temperature. 
changing with time 


The fluid velocity distribution is fully developed and un- 
At any instant during the transient the wall temperature is 


spatially uniform, that is, all portions of the wall simultaneously undergo the same 


temperature-time variation 


The greater part of the anasysis is concerned with the 


response to a step change in wall temperature, and the time requtred to reach steady state 


is given for this type of transient. 


Then the results are generalized to apply for arbt- 


trary variations with time. 


| behavior of heat-transfer equipment during 
transient temperature changes has, in recent years, received 
greater attention especially in connection with the use of nuclear 
reactors as power sources. Since nuclear properties are often 
temperature dependent, it is sometimes necessary to consider in 
detail the thermal transients within the system, to be assured 
that proper control will be maintained during power changes 
The present paper is concerned with studying the heat-transfer 
Presented at the West Coast Conference of the Applied Mechan- 
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addressed to the Secretary 
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behavior associated with a thermal transient in a foreed-convec- 
tion channel flow. 

Two geometries which are commonly encountered in practice 
are selected for analysis, the circular tube, and the para.el-plate 
The flow in the tube or between the parallel plates is 
The 


last assumption implies that a hydrodynamic entrance length is 


channel. 
assumed to be laminar, incompressible, and fully developed. 


until July 10 a later dats Discussion re- 
ceived after the closing dat 
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Nomenclature 


half width of spacing between parallel plates 

the ratio, 8,?/¥,, 

coefficients in series expansion of temperature distribu- 
tion in a circular tube 

specific heat at constant pressure 

tube diameter, 2ro 

a function of X and 9 in Equation (9 

ratio, T,/ ¢, 

a function of Y and 9 in Equation (35) 

thermal conductivity 

Prandtl number, c,u/k = v/a 

local heat addition per unit area at channel wall 

dimensionless radial co-ordinate, r/ro¢ 

radial co-ordinate measured from circular tube center 
line; ro, tube radius 

Reynolds number; aD/v for a circular tube; d4a/v for a 
parallel-plate channel 

dimensionless temperature, (t — &)/(t, — te) 

temperature; t&, temperature of fluid entering channel (a 
constant); ¢,, wall temperature 

temperature difference, t, to 

fluid velocity in z-direction; &, mean fluid velocity; 
Umax, Maximum fluid velocity in channel cross section 

dimensionless axial co-ordinate; (z/ro)/Re Pr for a cireu- 
lar tube, (8/3) [(2/a)/Re Pr] for a parallel-plate chan- 
nel 
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= axial distance from entrance of 
dimensionless co-ordinate, y/a 
normal co-ordinate measured from center line of parallel- 

plate channel 

thermal diffusivity, //pe, 

steady-state eigenvalues for circular tube 

exponential constants in transient solution for circular 
tube, Equation (17 

dimensionless time; @v/r)?Pr for circular tube; @v/a*Pr 
for parallel-plate channel 

time 

dummy integration variable 

steady-state eigenvalues for parallel-plate channel 

absolute viscosity 

kinematic viscosity 

fluid density 

exponential constants in solution for paralle!-plate chan- 
nel, Equation (36a) 

exponential constants in solutior ‘or parallel-plate chan- 
nel, Equation (366) 

eigenfunctions for solution in circular tube 

function of X in steady-state solution for circular tube, 


Equation (5) 


refers to steady-state condition 
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present which allows the flow to establish a fully developed 
velocity distribution before reaching the heated section of the 
channel. 
perature can be specified to have an arbitrary time variation. 
Initially the system can be either at steady state with heat trans- 
fer taking place, or the whole system can be initially isothermal 
with the fluid and bounding walls all at the same temperature. 
At any instant of time the wall temperature is uniform, that is, 


The transient heating process is such that the wall tem- 


all positions along the wall simultaneously undergo the same tem- 
perature-time variation.! 

Most previous analyses of transient forced-convection heat 
transfer in passages have been treated by one-dimensional ap- 
proximations; that is, velocity and temperature variations over 
the channel cross section have been neglected. A good review of 
work using this approach can be found, for example, in references 

||? and [2]. The present work employs a two-dimensional analy- 
sis and thus includes the variations in velocity and temperature 
over the cross sections of the flow channels. 

Che transient heat-transfer situation considered here has been 
treated by another method in [3] and [4]. However, in these 
references only the thermal entrance region is examined and the 
results do not extend far down the passage. The present method 
yields results for the entire length of the channel, but in the 
series-expansion method which is employed, many terms are re- 
quired to caleulate results for the region very close to the tube 
entry. Thus, by joining the present results to those of [3] and 

|, information is obtained for all positions in the flow passage. 

I'wo methods for performing the analysis are given here; one 
method is used in the calculations for the circular tube while the 
other is used for the parallel plate configuration. As will be 
shown in the analysis these two methods differ in the way certain 
required functions are computed. For the circular tube the com- 
putation involves the numerical integration of an ordinary dif- 
ferential equation, while for the parallel-plate channel the func- 
ions are obtained by a series expansion in terms of more simple 
functions. A method somewhat similar to the second approach 
has been briefly outlined in [5]. The method given here is not an 
exact solution of the governing partial differential equation, but 
The 


validity of this approximation is tested by comparison with exact 


involves an approximation at one step in the analysis. 
results available for part of the solution and good agreement is 
obtained. For arbitrary time variations in wall temperature re- 
sults are obtained by generalizing the transient corresponding to 
i unit step change in wall temperature. 

The analysis thus proceeds in the following order: The circular 
tube is analyzed for a step in wall temperature, and the results are 
then generalized for arbitrary time variations. Then the parallel- 
plate configuration is treated by a slightly different method. Re- 
sults of transient heat-flux variations and times required to reach 
steady state are given graphically and compared with previous 


Worl k 


Step-Change in Wall Temperature for Flow in a Circular 
Tube 

Chis portion of the analysis is concerned with fully developed 
The 


tube and fluid are assumed to be initially isothermal at tempera- 


laminar flow through a circular tube as shown in Fig. 1. 


ture &. 
perature to a new value ¢,, and maintained at ¢, for all time there- 


Then the wall is given an instantaneous step in tem- 


after. 
rhe energy equation for incompressible flow in a tube can be 


written as 


1 For the parallel-plate channel both walls are at the same tempera- 
ture 
2 Numbers in brackets designate References at end of paper. 
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o ol 
+ r ) (1) 
06 - Y or or 


To obtain the equation in this form viscous dissipation and axial 
heat conduction are neglected compared with heat conduction in 
the radial direction. It is convenient to rewrite this equation in 
terms of dimensionless variables defined as, 


Ov : x/r 


0 = = ; 
Re Pr 


ro?Pr 


0, X, and R are, 


along the tube, and radial distance, and are the three independent 


respectively, the dimensionless time, distance 
variables of the problem. The dimensionless temperature T is 
defined so that at the entrance to the heated section the value of 
T is zero while at the tube wall 7’ becomes unity. Since the flow 
is fully developed the velocity distribution has the parabolic 
form, 


Substituting these quantities into Equation (1) results in the 


following dimensionless equation, 


oT oT 1 Oo oT 
(1 R? —_ = R ) 
oo oX R OR oR 


This must be solved subject to the following boundary conditions: 


entrance condition 


T = Oat X = O for all 8 and 0, 
T = Oat O = 0, 
aT 


initial condition 


for all R and X, 


= OatR = 0, 


> 


symmetry 
on 
T = 1 at R = 1 for all X and for 0 > 0, 


specified wall 


temperature 


To obtain a solution we first consider the results for the steady- 
state heat-transfer condition. 

Steady-State Solution. At steady state there are of course no 
variations with time and hence Equation (3) reduces to 


oT, ze oT, 
= R* = R 
oR 


ox R OR 
The steady-state solution corresponding to the boundary condi- 
tions (3a) is for the situation of fluid at uniform temperature en- 
tering a pipe maintained at a different constant wall temperature 
This problem was treated by Graetz in 1885,* and for convenience 
will be reviewed briefly as the results will be needed later in the 
analysis. 
A product solution is employed of the form 
T,=1 


x! X )e(R 


When this is inserted into Equation (4) it is found that 


X =e B*X (6 
where —8? is the separation constant arising in the product solu- 


tion. The equation for the function ¢ is 
d*y 1 dg , 
+ TT gb \ 
dk? R dR 
with the boundary conditions 
dg 
dR 
¢ 0 at R 


3 Reference [6], p. 451. 
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Fig. 1 


and (7a) form an eigenvalue problem of the Sturm- 
Solutions are possible only for a discrete, though 


Hence the solution for 7, 


Equations (7 
Liouville type. 
infinite, set of B-values. can be written 


48 


where 8,2 and ¢, are the eigenvalues and corresponding eiger- 


functions of Equations (7) and (7a 

The coefficients C, 
that 7, = 0 at the tul 
, we find that the C, 


are evaluated from the boundary condition 


entrance (X = 0 Applying this condi- 


tion to Equation (8 , must satisfy, 


From the properties of the Sturm-Liouville system it follows im- 


mediately that 


R*)\o,7dR 


The first five eigenvalues of ] quation 7) and values of ( , are 


ivailable to very good accuracy in reference [7] and asymptoti 

results for higher values of 8,? and C, are given in reference [8]. 
This completes the steady-state solution and we now turn to 

the transient problem 

To form a transient solution, we try a series 


With this type ol 


Transient Solution. 
expansion about the steady-state condition 
formulation the transient solution will automatically converge, at 
the steady-state result Thus we try a 


large times, to exactly 


transient solution of the same general form as the steady-state 


equation (3), 


For large times the function F, should, by comparison with 


Equation 5S), converge to 


10 


The approximation which is now made is that the transient 
solution is only required to satisfy an integrated form of the 
energy equation, and will only exactly satisfy the equation in 
differential form for the limit of very large time. Multiplying 
Equation (3) by 2 and integrating from 0 to 1 gives the integrated 


form, 
a », or or 
R dR + RO — R? -dR = : (11) 
Jo oo Jo ox OR/ R=1 
The trial solution, Equation (9), is then substituted into Equation 


(11) with the result that each F,, must satisfy the relation 
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Co-ordinate system for circular-tube geometry 


*! 


oF, or, {- 
Re, dR + ; R R? 
00 0 OX Jo 


This type of partial differential equation can be treated by using 
In this method the ] 


the method of characteristics. solution is ob- 
tained by considering the following auxiliary ordi: differential 


é quations, * 


dO dX 


od | 
Reg dR } R k? x IR 


] quating the second and third terms yield 


Oy, /OR R 


lo simplify this, the steady-state | Quation 7) ism iltiplied by R 


and integrated from R = Oto Rk = 1, with the result 


oY, oR! pr i 


f, R R®\o, dR 


Comparing this with the exponent in Fquation (14a) we 


that 


62 = 


find 


145 


which is the desired form for steady state as given by Equation 
10). In a similar fashion the first and third terms of Equa- 


tion (13) are equated which gives the solution 


oF = OR R=l1 | 
f, Reo.dR \ 


Thus we have obtained two results, one being the 
14b), and the other, Equation (15), a solution 
which is dependent on time only The latter called the 
The method of characteristics indi- 


' \ 
F, = exp < 
( 


steady-state 
solution, Equation 
will be 
“initial transient’’ solution 
cates that these two results can be joined along a characteris- 
tic line which passes through the origin of the Y¥ — @ plane. This 
line is obtained by integrating the equation formed by the first 
and second terms of Equation (13) subject to the condition that 
X = Owhen9 = 0. This yields 


1 
f | Re,dR 
5 x 
fi | (R — R\p,dR 


where the ratio of the two integrals has been denoted by a,,. 
‘ Reference [9], p. 368. 
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Using an abbreviated notation for the constants involved in the 
exponentials we have for F,,, 


—7,°8 
= e~mn9 


0 < a,X 


17) 
@ > a,X = 


n eFax, 


where a, = 6,?/y,. To obtain the final form of the solution, F,, 


is substituted into Equation (9) to give 
. e~ m2 © < a,X 
T=1- Ci¢,(R) , % 18) 
rr SS a 


Now it is necessary to consider the boundary conditions as 
given by Equation (3a). At X = 0, for any finite 0, the condition 
0 > a,,X in Equation (18) is fulfilled, and we have (since T = 0 at 
X =0) 


n=0 


This condition has already been satisfied according to Equation 
(8a). For 0 = 0, we have for any finite X the condition 0 < 
X and Equation (18) gives (since 7’ = Oat 0 = 0) 


0=1- > C.&, 


n=0 


a 


n< 


which is again the same condition that has been satisfied already 
by proper evaluation of the C,. The first two boundary condi- 
tions of Equations (3a) are thus satisfied by using the same C, 
obtained in the steady-state solution. The last two boundary 
conditions are identically satisfied as they were used in determin- 
ing the ¢,. Hence the solution satisfies all of the required 
boundary conditions, converges exactly to the steady-state con- 
dition for large times, and is approximate to the extent that it 
satisfies an integrated form of the energy equation. The ac- 
curacy of this approximation will be discussed a little later. 
Numerical Solution. In order to compute heat-transfer quanti- 
ties from the temperature distribution of Equation (18) it is 
necessary to know values of C,, ¢,, Yn, 8,?, and a,. As men- 
tioned before, some of these quantities are already available in 
the literature, but the values of ¢, were generally not tabulated in 
sufficient detail so that the integrations necessary to determine 
y, could be performed. To obtain the desired numerical infor- 
mation, Equation (7) and the required integrals were programmed 
for numerical computation on an IBM 653 electronic digital 
computer. A forward integration scheme (Runge-Kutta) was 
employed, and quantities were evaluated for the first seven eigen- 
values. These are listed in Table 1 along with the derivative of 
the eigenfunction at the wall which will be needed for the calcula- 
tions in the next section. Space limitations preclude a presenta- 
tion of the ¢,-values but they are available as IBM listings. 
Wall Heat Flux. It is recalled that the transient heating process 
which yields the temperature distribution of Equation (18) is 


Table 1 Coefficients for flow in circular tubes 








a0,/@} 
| -1.0143 


1.3492 
-1.5723 
1.7460 
-1.8909 
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one in which the wall is given a step-function change in tempera- 
ture from an initially isothermal condition with both the wall and 
fluid at the same temperature. It is of interest to look at the wall 
heat-flux variation which is required during the transient to 
maintain the wall temperature constant. This heat flux can be 
evaluated from Fourier’s law 
quk— 


(19) 
Or |r =r 


where g is defined as the heat added at the wall. Applying this to 
Equation (18) gives the result for the wall heat flux as a function 
of position along the tube and time 
en? 6< a 
(20 
ns 0 > a,X 

Before examining this expression in detail, the portion of it which 
forms the initial transient solution will be considered as it will in- 
dicate to some extent the accuracy of the integral approximation 
used in the analysis. 

To understand the initial transient process better, consider the 
fluid which is at the entrance of the heated section at the time the 
step in wall temperature occurs. After a period of time has 
elapsed, this fluid will have traveled a certain distance down the 
tube. Beyond this distance there has not been any penetration, 
during the heating process, of fluid which was originally outside 
the tube, and hence the heat-flow process in this region has not 
been affected by the fact that the tube has an entrance. The 
behavior in this region is then that of a tube of infinite length in 
both directions, and for the case of uniform wall temperature 
there are no variations of heat-transfer quantities with distance 
X. With no X variation the convective term in the energy equa- 
tion (1) is identically zero and a pure transient heat-conduction 
process takes place. The heat-flux variation during this initial 
transient is obtained from Equation (20) by considering the terms 
which vary with time only; that is, we observe the heat-transfer 
process at sufficiently large X so that 0 will always be less than 
a,X. The initial transient solution is then 
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Fig. 2 Comparison of initial transient results in round tube with conduc- 
tion transient 
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dg,, 
dR R=1 


gTo 
J = (21) 


k(t, — &) apn | 
This expression provides the opportunity for evaluating, to some 
extent, the accuracy of the present method, since a direct com- 
parison can be made with a known heat-conduction transient. 
The exact solution for the initial transient is that resulting from 
suddenly changing the surface temperature of an infinitely long 
solid cylinder. The surface heat-flux variation for this case is* 
gre 
k(t, — te) 

where €, are the zeros of the Bessel function J». Equation (2! 
has been evaluated for a seven-term approximation and is com- 
pared with Equation (22) in Fig. 2. The agreement 1s generally 
quite good, so the present solution not only gives good results 
near steady state as it is constrained to do, but is also well be- 
haved in the initial transient region. 

Returning now to Equation (20), it is noted that the nth term 
is a negative exponential in time until 0 becomes equal to aX 
For larger 0-values the term is a constant which depends only on 
the value of X being considered Thus, for the seven-term ap- 
proximation which has been carried out here, a graphical plot of 
the wall heat flux is found as the sum of seven different curves 
each of which is a negative exponential up to a certain break 
point and then becomes a constant. This is shown schematically 
in Fig. 3 which illustrates, in graphical form, the way in which 
the transient heat flux is determined at a given location along the 
tube. Equation (20) has been evaluated for several different val- 
ues of X and results are shown in Fig. 4. The figure illustrates 
the transient process for several axial locations in the heated sec- 
tion. 

Steady-State Times. 


A quantity of practical importance is the 


teference [6], p. 262. 
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Fig. 3 Schematic representation of wall heat-flux computation following 
a step change in wall temperature 
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Fig. 4 Transient voriation in wall heat flux following o step change in 
wall temperature for flow in a circular tube 
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Fig. 5 Time to reach steady state after a step change in wall temperature 
for flow in a circular tube 
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time required for the wall heat transfer to reach the steady-state 
value after a step in wall temperature is made. Since steady 
state is approached gradually, the steady-state time, 0,, must be 
chosen somewhat arbitrarily. It is defined here as the time re- 
quired for the heat flux to approach within 5 per cent of the value 
reached for infinite time. 
Also shown are the steady-state times of [3] which were obtained 


Fig. 5 presents 0, as a function of X. 


by an approximate method applicable in the region of small X, 
and which join the present curve fairly well. 

Two limiting lines are drawn in Fig. 5. The line falling be- 
low the present results is a lower bound on the steady-state time 
which is found by saying that the heat-transfer process cannot be 
stabilized at a certain location until a time of at least 2/tmax has 
elapsed. The relation 6. =F — is equivalent, in the dimen- 
sionless system of variables, to 0, = X. The upper line is ob- 
tained from the slug flow solution [10], which gives a steady-state 
time of 6, = 2/a, or 9, = 2X. This line shows that the slug flow 
solution yields steady-state times which are too low for small 
values of X and too high for large X. Physically this is due to the 
fact that for small X the thermal boundary layers are thin, and 
the establishment of steady state in this region depends on the 
convection process near the wall. Since the velocities near the 
wall are small, it takes longer for the fluid to move from the tube 
entry to a given location than is indicated by the slug flow ap- 
Hence in this region the slug flow solution under- 
For large X the establishment of 
steady state is evidently more dependent on the velocities farther 
This is because during the initial transient 


proximation. 
estimates the steady-state time. 


away from the wall. 
period, heat has been able to penetrate all the way across the tube 
and the fluid temperature near the wall has already been brought 
close to the wall temperature. Since the velocities in the central 
portion of the tube cross section are higher than the slug flow 
velocity, the steady-state times are lower than slug flow predicts. 


Arbitrary Time-Dependent Wall Temperature for Flow in a 
Circular Tube 


Fiuid and Wall Both Initially at Temperature fy. 
tion results were obtained which described the transient behavior 


In the previous sec- 
following a step change in wall temperature. As shown in Fig. 6 
an arbitrary wall-temperature variation can be visualized as a 
series of differential steps, and because of the linearity of the 
energy equation the effects of these steps can be added to deter- 
mine the response for an arbitrary variation. Since the wall- 
temperature variation is specified, it is the wall heat-flux re- 
sponse which must be determined. 

First consider a process in which the system is initially iso- 
thermal, and the wall is then given a step in temperature di,, at 
time O*. From Equation (20) the response to this differential 
step Is 














Fig. 6 Representation of arbitrary time-de- 
pendent wall temperature 
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0<(0- 6%) <aX) 1, on 
,- (23) 


(09 — 0*)>a,.X 
where t' = t, — t. This response is then integrated over the 
arbitrary wall-temperature variation to obtain the variation in q. 
For a general discussion of this type of superposition procedure, 
the reader is referred to [11].6 The integration of Equation (23 


can be put in the form, 


1 dg, | 
1° (6, X) C.— 
k dR R=1 


[. Bat) , ve -¥, 7, (0 —90*) v(e* a0" | 


dg 8 
ct coed fi e~ m(9—8") 1(G*)\dO@* (24) 
' aR R=1 0 


where for a given 9, the value of N is found from the relation 


an-1X <9 ayX (24a) 


and for N = O we define the first summation as 


and also let a, 0. To use this relation we can think in terms 
of evaluating the heat flux as a function of time at a particular X, 
say X = X; 

and we use only the second summation from n = 0 ton = 


For early times, 0 will be less than all of the a,X, 


As we go to later times more and more terms are evaluated from 
the first summation. Since the problem, as given here, has only 
been evaluated for seven terms, when the time is sufficiently large 
so that O > aX; 

Initial Steady-State Heat Transfer With f,. = tp. 
cerned with computing the heat-transfer behavior when the 


only the first summation is used. 

Here we are con- 
transient begins from an initial steady-state heat-transfer situa- 
tion. This can be done by utilizing the results of the previous sec- 
tion in the proper way. In the previous section the transient be- 
gan with ¢,, = é& and we now begin again with this condition. 
Then we allow the wall temperature to go through any con- 
venient transient (e.g., a step function) which will bring it to ¢,, 
Then 
the specified transient is initiated and the results for this part of 
the computation yield the desired response from an_ initial 


and it is kept at ¢, until steady steady-state is reached. 


steady-state heat-transfer condition. 


Step Change in Wall Temperature for Flow in a Parallel 
Plate Channel 


The transient problem will now be discussed for fully developed 


6 Reference [11], p. 403. 




















Fig. 7 Parallel-plate co-ordinate system 
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laminar flow between parallel flat plates as illustrated in Fig. 7 
We consider the same step-function transient which was discussed 
for the circular tube; that is, the system is initially isothermal at 
temperature fo and the wall temperature is then suddenly changed 
The final results are in the 
cular-tube case. Hence they car 


tol same ‘orm as those for the cir- 
be generalize d to in lude arbi- 
trary time variations in wall te mperature whi h vields an expres 
sion of the same form as Equation (24 Owing to this similarity 
only the results for a step change will be given here. 


lation (1) 1s 


The ene rey equ ition analogous to | q 


ol at 


ob” a 


This is rewritten in dimensionless form by defining the following 
variables: 
Ay 


a’Pr’ 


Re = 


tribution, 


where via Vv. 


into Equation (25) yields the different ition 


oT >7 077 
oo »X »¥? 


which must be solved subject to the sar indary conditions as 


given by Equations (3a) with the co-ordinate Y replacing R. 
Steady-State Solution. 


consider the steady-state equation, 


To obtain the nsient solution we first 


o7 
oX »)} 


For the circular tube the elgeniunctions, ¢ R), of I] quation 7 


were determined by numerical integration of the governing dif- 
ferential equation. For the parallel-plate channel anotber ap- 
proach will be illustrated which provides an alternate method of 
attack. 


corresponding to the situation described by Equation 


he slug flow problem 
(28). For 

1s replaced by a con- 
the 


form of cosines, cos 2) + 


To begin this method we look at 


slug flow the velocity distribution, | } 


shows that or 


telerence |10 
in the 
the m are integers from zero to infinity 


stant value eigenfunctions 


this case are 1 )r}'/2], where 
It is then proposed to 
bring in the Y dependence of the velocity distribution by ex- 
panding the eigenfunctions in the solution of Equation (28) in 
Thus a 


terms of the eigenfunctions of the slug flow problem. 


solution to Equation (28) is tried in the form 


n=Q 


For purposes of illustration, the procedure will be discussed here 
for a five-term approximation, that is, the m and n indexes will 
vary from 0 to 4. 

If Equation (29) is substituted into Equation (28) there is ob- 
tained after rearrangement 
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] quation (30 integrated 


ove! } 


is then multiplied by cos 
This results in the first of the following 


Then Equation wy 


from zero to 1. 
five simultaneous equations is multiplied 


by cos 3a) 2 and integrated to vie ld the secor d « ] lation, and 
the This 


yields the set of five simultaneous equations for e-term 


harmonics 
the fiv 


cosine 


this process 1s repeated for each of 


approximation being considered 


)s 


a 


8A 


Since these equations are homogeneo is can onl be non- 
trivial if the matrix of their coefficients is zero, and hence the A,? 


The A,? were found by 
IBM 653 electronic digital computer 


ire the roots of the coefficient matrix. 
solving the matrix on an 


using a deuble precision routine which carried 16 significant 


figures. An accuracy of about 12 figures in the A,?-values was 


Table 2 Coefficients in five-term approximation for flow between 
parallel plates 





na no 





~0. 0000586707 


- .00930795 





101465 


1202 
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found necessary to obtain good values of the b,,,. The A,,? are 
listed in Table 2 and the first four show good agreement with those 
evaluated by other methods [8] and [12]. The poor agreement of 
\,? is due to the fact that only a five-term approximation is being 
used here. 

With the A,,° known, the set of homogeneous Equations (31) 
cannot be solved to yield all the b,,,,, but will only yield four co- 
efficients in each equation in terms of the fifth coefficient which 
remains yet undetermined. Thus, if each equation in the set is 
divided by its 6,0 the ratios b,;/bn0, bn2/b»o, and so on, can be de- 
termined by solving any four of the resulting five simultaneous 
equations. The solution as given by Equation (29) is now in the 
form 


12'S ye ya ee oo = + > oe 


ad m=1 nd 


2 l)rY 
_ = J | (29a) 


where the Dam b,9 are known. 
To determine the b,» we apply the boundary condition that 7’, 


= OatX = 0. 
} » 4 
wT) _- (2m+1) ., 
l= oa b,.9 | cos + ; cos w) (32) 
2 bro 2 
is now multiplied separately by each of the cos 


n=0 m=1 
This yields, 


This yields 


Equation (32 
(2m + 1)r¥/2 and integrated over Y from zero to 1. 
for the five-term approximation, five simultaneous equations for 


the unknown 6,0, 


bro = 


n=0 


: 6... 4 
7. bo = (-1)" = (33) 
—) \ Ono (2m + l)r m=1,2,3,4 


n= 


When the 6,9 have been determined from this set, Equation 
(29a) provides the complete solution to the steady-state problem. 
The numerical values of the constants are given im Table 2. 

Transient Solution. The steady-state solution as given by Equa- 
tion (29a) is seen to be of the same form as that obtained for the 
round pipe, Equation (8), except that the eigenfunctions are 
given in terms of cosine series expansions rather than by ¢,(r) 
which are obtained by numerical integration of an ordinary 
differential equation. Since the two results are of the same 
basic form, the solution of the transient equation follows as be- 
fore and will only be given in brief outline here. 

The energy Equation (27) is integrated to yield, 


ao ft’ a f' T 
- f T dy + - f (1 — Y*)TdY = = 
00 Jo OX Jo OY ye=1 


Table 3 Coefficients in three-term approxi- 
mation for flow between parallel plates 


>,2/ no 


-0.00114101 





bao >n1/Pao 





0.0211847 


-5.37097 ~. 842957 

















-3.89954 8.99210 








2 
NS o, % 


2.82777 








2.31337 2.83546 





32.1508 | 12.1389 32.9332 


104.683 34.7142 | 144.296 
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A transient solution is then assumed in the form 


4 > 
wt 
T=1-+ > bwG,.(X, O) co : 


n=0 


9 


(2m + 1)r} . 
cos (35) 


and this is inserted into Equation (34). After the integrations 
are carried out, this yields the following partial differential equa- 


tion for a five-term approximation, 


P Das Das . Dus OG, 
1) 4 - t 7 1/9 
bro bro bao 00 


aG, 


1 Das 1 Das 1 Bus 
ox 


~ (3)8 Bao (5)? bao (7)? Bao (9)® Duo 


3 bas +5 bys _ ae 49 Dus G o 
- < 0 ~' se t Ij, = 

bro bro bro bo 
This is of the same form as Equation (12) and hence the solution 
can be written immediately by analogy with the previous solution, 
Equation (18), 


4 


a: b 2 bro oe = + > 


r 0 - m=il 


= (2m + er] 
cos 


bro 2 


e —enO (3) 
eee: ) 


where 


(36a) 


‘ 
(2m + 1)(—1)" — 
0 


> nm 
—| = 


b.o 





Numerical values of ¢,, 7,, and f, are given in Table 2 for a five- 
term approximation. Table 3 gives values for a three-term ap- 
proximation which, when compared with Table 2, indicates how 
the solution converges with increasing numbers of terms in the 
approximation. 

Wall Heat Fiux. By using Fourier’s law the heat transferred at 


the channel walls is obtained as 


qa T - - Bn 
= > bio | 1 + > —1)"(2m + 1) 
k( & — h) ‘ ‘ | b,o ( | 


“n=0 m=tl 
e~ un” 9 < fX) 
i Si s, 9 2 £5 


In the initial transient period this reduces to the purely time- 
dependent equation, 


qa rt = Dass , —on@ 
= bw} 1+ (—1)"(2m + 1) |}e7~™ 
Kt, —t) 2 2, | 2, bno | 


(38) 


(37) 
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CONDUC TION 
TRANSIENT, " 
Eo (39)—— 








INITIAL TRANSIENT 
FROM PRESENT WORK, 
EQ. (38) 








Fig. 8 Transient variation in wall heat fiux following a step change in 
wall temperature for low between parallel fiat plates 


This can be compared with the pure conduction selution resulting 
from suddenly changing the temperature at the surfaces of a slab 
of finite thickness and infinite extent® 


qa +1)? @ 
(n> )* 
= é 4 


k(t, — to) 


(39 


n=O 


Curves calculated from Equations (38) and (39) are included in 
Fig. 8, and good agreement is obtained. 

Figs. 8 and 9 show the transient heat flux and steady-state times 
as a function of location along the channel. These results were 
obtained from Equation (37) in the same way that the computa- 
The lower limiting 
curve in Fig. 9 is obtained by letting the steady-state time be 


tions were made for the circular-tube case. 


r/Umax Which is equivalent to 0, = X, while for the slug flow as- 
(3/2)X. The curve of steady-state 
time for small X, as given in [4], is also shown and joins fairly 


sumption @, = z/a or 9, = 


well onto the present results. 
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pertinent equations of motion are linearized and the stability criteria stated in terms of 
small deviations from the equilibrium operating point 
is treated on a distributed rather than on a lumped-parameter basis 
from present analysis when compared with those previously arrived at by means of 
simplified analyses |1, 3|* show a marked divergence in the limiting values of parameters 
which influence the stability of the bearing 
in terms of permissible compression volume, pressure rattos, 


The flow in the bearing clearance 


Results obtained 


These results and divergences are discussed 


supply-nossle size, length 


of annular clearance, and bearing mass 


= ALLY pressurized gas bearings, unlike those 


using incompressible fluids, are characterized by their unstable 
behavior. The dynamics of such bearings were discussed by H 
Richardson [1], W. H. Roudebush [2], and by L. Licht, D. D. 
Fuller, and B. Sternlicht [3]. 
is based on linearization of the pertinent 


The approach to the problem in 
references [1] and [3 
equations, while reference [2] offers specific nonlinear computer 
solutions. In all these references, however, the ‘“squeeze-film”’ 
effect which accompanies the relative motion of the bearing sur- 
faces is described in terms of lumped parameters. The manner 
in which the pressure varies with time along the bearing clearance 
* The research underlying this done in part by L. 
Licht in partial fulfillment of requirements for the degree of Doctor 
of Engineering Science at Columbia University. 

* Numbers in brackets designate References at end of paper. 

For presentation at the Summer Conference of the Applied Me- 
chanics Division, University Park, Pa., June 20-22, 1960, of Tue 
AMERICAN Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 22, 1960, for publication at a later date. 
ceived after the closing date will be returned. 

Notre: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, April 29, 1959. Paper No. 60—APM-5. 


paper was 


Discussion re- 


is assumed in advance and expressed in terms of inlet and ambient 
pressures. 

rhe distributed-parameter approach presented in this paper is 
an attempt to examine the validity of such @ priori assumptions 
and simplifications, particularly for bearings in which the area 
corresponding to the clearance is large, or at least comparable with 


The 
The re tangu- 


the area exposed to a uniform recess pressure discussion is 


limited to geometries shown in Figs. l(a) and (b 
lar element of Fig. l(a) can be thought of as unit length of a long 
rectangular bearing which can be approximated in practice by 
the circular thrust plate in Fig. 2(a), provided the inner and outer 
radii are large and do not differ greatly in magnitude It can be 
considered also as the “equivalent” slot of a developed journal 
bearing [1, 5] as illustrated in Fig. 2(b). The circular bearing 
shown schematically in Fig. 1(b) is identical with those discussed 
in references [2! and [3] 

Referring to Fig. 1, we assume that one surface is fixed while the 
other, including the attached mass, m, is free to move in the z- 


direction only. Gas from a constant-pressure reservoir enters 


the recess via a nozzle and its mean flow in the annulus is taken to 
be in the z (or r)-direction only. The variation in gap width in- 
duces pressure changes which depend on time as well as on the 


distance along the annulus, but which are assumed to vary uni- 





Nomenclature 


Linear Dimensions p= 
2X, = 
2X = width of bearing, in. 
2R, 


width of recess, in. 
Po, psi 
recess diameter, in. Other Quantities 
bearing diameter, in. 
H width of annulus, in. L 
h = H — Hy = deviation from equi- 
librium value Hp, in. M 
nozzle diameter, in. sec?/in. 
depth of recess, in. W, 
co-ordinate in Cartesian system, in. 


in. W. = rate of gas flow out of recess lb- 


co-ordinate in cylindrical system, sec/in 


in. f (Wi) = (Wz 
equilibrium, lb-sec/in. 


Pressures 
P = 


p, = P, — Pw» = deviation of recess pres- 


pressure, psia time, sec 


sure from equilibrium value P,», To 
psi F 


abs 
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P — Po = deviation of pressure in = 
annulus from equilibrium value 


bearing load, lb. 
mass of bearing, |b-sec?/in. 
gas mass content of bearing, lb- 


rate of gas flow into recess, lb-sec 


gas density lb-sec?/in. 


viscosity of gas, lb-sec/in.? 
gas temperature, equilibrium, deg 


gas constant, in?/sec*-deg F abs 
= ratio of specific heats 

= complex variable, 1/sec 

= imaginary part of complex varia- 
circular fre- 


bles, 1/sec; also 


quency rad/sec 


Subscripts 
al atmospheric or ambient 
c critical 
equilibrium 
recess 
= rate of gas-flow 
supply 


‘ . denotes differentiation with re- 


spect to time 


denotes differentiation with re- 


spect to any other (mainly 


space) independent variable 
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@ Fectenguier 


Fig. 1 Schematic of bearing geometry 
formly over the recess region, provided the depth of the recess is 
large enough in comparison with the magnitude of the slot 


Analysis 
In what follows, basic equations are simultaneously developed 


for the two configurations shown in Figs. 1(a) and (b). Equa- 
tions applicable to both geometries are denoted with plain num- 
Those denoted by 


denoted by 


the letter a refer to the rectangular 
the letter 6 


bers 


geometry, while those refer to the 


circular geometry. The equation representing the conservation 


of mass for the recess region, Fig. 1, is 


dM, 


in which 


(= y ( 
¥ 4 RT. \y + 


The pressure-density relationship 


in the recess region can I 
described adequately by the equation: 


( ° ) S 

Pro Pes 

but the proximity of the metallic surfaces suggests an isothermal 
1) rather than an adiabatic change in the annular region; e.g., 


Pp 
p 
RT 
The bearing and attached mass are restrained to move in the 
axial direction only. Hence in the absence of external damping,‘ 
the equation of motion is 


* The flow through the supply nozzle can be approximated closely 
by a quadrant of an ellipse whenever P,/P, is considerably above the 
critical-pressure ratio. This is Fliegner’s approximation, and is con- 
venient for computational purposes. 

‘The inclusion of a velocity proportional term in the equation of 
motion would adequately approximate the effect of external damping 
without introducing additional difficulties into the analysis. 
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0) Equive.ent 


Fig. 2 


m 


dt? 


dH 
dt? 


mn 


in which 


P Pit P 


and F(t 
For the 
Stokes’ equation, as applicable to predominantly viscous, laminar 


is the excitation function 


annular region a simplified version of the Navier 


and isothermal flow, is combined with the continuity equation, 
resulting in the following: 


(p oP ) l2u O 
Oz H* ot 

( p -) Iu 0 

or or H* ot 

In the next step the perturbation quantities 


P — P, p 
Fin P D, 


PH 


PH 


H—H h 


and their derivatives are introduced. Neglecting their squares 
and cross products as quantities of higher order, we obtain instead 
of equations (1), (7), and (8) a set of corresponding expressions 


Equation (1) reduces to 


dh ee 
> -~KA a's a he: i ee oe Be oe 
dt or 


10a) 


th Op, 
C~.—=-Ch ._— 


: (10b 
dt ; ' Ot , 


in which the coefficients K and C represent the quantities listed 
in the following: 
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2X,P,. 
RT, 
2N.Hy (3 
yRT, \Ho 


fe. 

oH], 
(2) 
oP. Jo 
(2%) 4 


2P,,Wo 


_ eRZP,, 
Bh 


TRH, ( ae 
yRT, \Ho 


P, 
Pre 
wa 
P 


(cu: 

oH /» 

( oM, 4 
oP, J 

9 


ro 


2R,P,,.Wo 
By 


in which 


Pox 


(» eT es 
7 ro 0 aod 


P,,,? = P* 
R 


] = 
Og, R, 


The subscripts 0 and r refer to the equilibrium point and the 
recess boundary, respectively. 
Thus ( )o sigaifies that the partial derivative is evaluated 
z=Xr 
at the equilibrium point and at the edge of the recess. From 


equation (7) we obtain: 
xX 
p dx + fit) 
Xr 


d*h R 
> rR 2p, + 29 
dt Re 


1960 


} m pr dr + f(t) 
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in which f(¢) is the disturbance. 

The nonlinear, partial differential equation (8) is replaced by 
one which is linear, but contains variable coefficients. 

Thus in terms of perturbation quantities we have: 


o2p F (7) op (7) 
] 
ox? P. or 7 Po ' 
I 
( ) l3a 
P, 
O*p 2P,,’ l Op (= P,’ 
or? P, r) o P, PJ" 
12u (; I om) 
+ 13 
H,? \Py at Hy dt 


and (12) as 


l2yu 
H,? 


Solutions of equation (13) must satisfy equations (10 


well as the boundary condition 


p(X,t) = 90 14a) 


p(R, t) 0 14) 


The first space derivative in equation (13) ean be eliminated by 


means of the following substitution: 


15b) 


Introducing the new variable v into equations (10), (12), and (13 
we take the Laplace transform under the assumption of initial 
rest conditions. 


Then with 


Lf) f fi fe~"dt 
, : 0 


equation (10) transforms to: 


(V)p,.2 
HP,, 


2P,, x ( oP 
He = \ Oe J Pre! 
| (Cc, -— C . C=C C Pre Px, 
(8l1 — =. + 8U2 5 RB, ) H.R, ‘2p. 
QR,'*P., (2 °) 
Cs = 0 
BH, Or / kr, 


in which the coefficients Ks and Cs have been replaced by means 


of the identity 


h 
sK, — K.) — + (8K: — K 
Hy 


(166) 


( 2P,.° 
Ke = s Ks 
\ 


Ao 
2R,P,* 
Cs = J . Cs 
Bo 
Equation (12) transforms to: 
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2X — X,) 


+ He } — | (18a) 


*Pat*® 4 ae 
. _ dz = f(s) 


Pro® & 


eo 


—dr = fis 
HP, H, ore 


rR," Ve, Qn = ® Pr'/ 
= (18) 
/ Rr Po 


Equation (13) transforms to: 


in which 
lp | 12p X 
H*Ag? H,* \P, 
l2u 
a 
Finally, the boundary condition (14) transforms to 


V(P,.3, 8 


(2la) 
V(R, s - U 21b) 


19) between the appro- 
For 


Furthermore, by integrating equation 
priate limits, we can replace the integral in equation (18). 


this purpose we have 


f "Pat? PP 
es 
oe 


in which 


R 
g = P&r)r dr 
Rr 


rhe foregoing integral is expressed explicitly in Appendix 1. 


A particular solution of equation (19) is: 
h 
Hy 


z (24a) 
RM, 
— r /*P,*(r) 


Hy 


24b) 


If yr and yi: are two independent solutions which satisfy the 
homogeneous part of the differential equation (19), then 
yr(z)yun(f) — wl O)yn(z) 


Or 
aE? «00a ) 
yi(P,,? yi(P 4?) - yi(Po)yi1( P,.*) 


yvi(r)yinl(p) — ywr(p)yn(r) 


= (25b) 
yi(R,)yu(R) — y(R)yu(R,) 
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are also solutions having the following properties: 
Q(z,z) = 0 


O(P,.*, P,,?) = —Q Pf, P<") =] 


— (z,2z) = constant* 


of 


Qr, r) = 0 


QR, R) = —Q(R, R,) = 


— (r,r) = const® 


op 


The solution of (19) which satisfies the boundary condition 
21) can then be written as: 


“ h 
V = AQP,?, z) + — [P.2Q(P,.?, z) — 2] 
Hy, 


h 
V = A (R, } > “* [R’ 
QR, r) + H, 


| P.2Q(R,, r) — r'*PaXr)} (270) 

\ 
in which A(s) and A(s) are determined from equations (16) and 
(18). 

Using equation (22) and substituting into equation (16) the 
boundary values of V and ite derivatives obtained by differentia- 
tion of equation (27), we have at our disposal two simultaneous 
equations for the determination of A(s) and h(s). The “two by 
two” determinant formed from the coefficients of the homorene- 
ous parts of these equations is then set equal to zero. The loca- 
tion in the complex plane of roots of this characteristic equation 
determines the stability of the bearing. The characteristic de- 
terminant referred to in the foregoing is as follows: 


mH {P,,? — P.¢ 


oo he et MP — Pe 
2X, 


ot Pee + Pot” a (P,S, Pf) 


Ys 


_ (P,,? + P.2) = (Z, | 
4 - 
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Further progress in the analysis depends on a knowledge of the 
solutions y; and yy of the homogeneous part of equation (19 
Even with such knowledge the location of roots in the complex 
plane of the characteristic equation (28) might be very involved. 
Our interest lies in assessing the limiting values of certain bearing 
parameters which influence stability. Within limits of applica- 
bility of our equations, we are guided in the expected range of 
their magnitudes by results obtained by means of a simplified 
analysis which we have summarized in Appendix 2. Different 
approaches were employed for the rectangular and circular 


geometries and these are described in what follows. 
Rectangular Geometry 
The homogeneous part of equation (19a) is 
(29a) 


y” — esz'y = 0 


Two independent solutions,’ which involve Bessel functions of 
order +2/3, can be written as 


t/s (4, 2 Ve) (30a) 


in which +2/3 corresponds to I and —2/3 to II. 


‘ “Differentialgleichungen, Lésungsmethoden und Lésungen,”’ by 
E.. Kamke, third ed., Chelsea Publ. Co., 1948, eq. (2), 162(10), p. 440. 
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The series representing the Bessel function J,(27\' *) can be 
written as: 
nN 
u(y + 2) 


2 
Ti + 3) | (3la) 


py = +2/; and 2iA'/? = 4/,2°/ ties 


1 
JA2ix‘/2) = (id'/*)v | —— + 
(vy + 1) 


With 


the first four terms of the expansion of y; and y;; become 


(2 iV es)” : 


, ' j s 
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(33a) 


These truncated series are then substituted into the expression 
Q(z, ¢) in (25a) and the derivative (0Q/0¢)(z, [) evaluated with z 
and ¢ assuming the boundary values of P,,? and P,,? in the order 
indicated in the components of the characteristic determinant 
(28a). 
tives of Q, we retain in all subsequent multiplications, divisions, 
and so on, terms of order s* and lower. The assumption that 
higher powers in s may be neglected, because of the relative small- 
ness of their coefficients, is justified post factum by noting the 


In forming the expressions for the afore-mentioned deriva- 


magnitude of the complex-conjugate roots s = -+iw of the charac- 
teristic cubic to which the determinant (28a) is thus reduced 
The coefficients of this cubic and those obtained by means of the 
: The effect 


reference to 


simplified analysis in Appendix 2 are 


of this difference in results is best illustrated by 


not the same 


Fig. o. 
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Fig. 3 Critical recess depth versus pressure parameter 
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Circular Geometry 

In this case, computer solutions for a set of discrete values of 
s = iw on the axis of the imaginaries were obtained. The proba- 
ble range of values for w was dictated by predictions based on the 
simplified analysis and by taking into account the difference in the 
results of the two analyses for the rectangular case. Stability was 


assessed from physical conditions rather than proved 
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then the homogeneous part of equation (19b) becomes 
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Solutions of equations (37b), satisfying the conditions (38b) were 


obtained for a fixed value of 8 and a set of values of the parameter 
l2uwh,? 
PH 


Those shown graphically in Fig. 
0.093 


by means of a digital computer 

4 corresponds to the value of a 
We are now in a position to express numerically the derivatives 
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for discrete values of @ 
All other quantities in equation 
terms of the ratio w/a and one variable bearing parameter; the 


28) can then be expressed in 


recess depth 6, for example. This reduces the characteristic de- 


terminant (285) to the form 


[-(s 
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in which g; and g: depend on the ratio w/a, and b is a numerical 
constant. The critical recess depth 6, can then be determined 


from the condition 


In the numerical calculations of 6, for any fixed value of 


12ywih,? 
PH? 


the ratio w/H,? is allowed to vary until the values of 6 in the real 
and imaginary part of (406) coincide 

The experimental counterpart of this procedure is to set the gap 
width Hy by changing the supply pressure P, while keeping the 
recess pressure P,, constant. The recess depth 6 is then increased 
up to the critical value 6, on the threshold of instability. The de- 
termination of the critical recess depth 6, from equation (40b) is 
illustrated in Fig. 6. In Fig. 5 the results of the present analysis 
are shown and compared with those based on the assumptions of 
the lumped-parameter theory 

The Effect of Bearing Parameters on Stability. 
factor influencing the stability of externally pressurized bearings 


The most important 


is the interaction of the total gas-storage capacitance with the 
characteristics of a fixed restrictor 
The ratio L/mg, the 
load and m the mass of the bearing, also influences stability. 
moderate 


flow-regulating supply 


and a variable annulus where L is 
Deeper pockets can generally only be tolerated for very 
pressure drops across the supply nozzle. The limiting depth in- 
creases with the nozzle diameter and decreases with the length of 
the annulus, as well as with the mass of the bearing. These trends 
are illustrated in Figs. 3 and 5 

The advantage of recessed pockets, channels, or grooves is that 
they increase the load capacity and static stiffness The recess 
perimeter also provides a larger area of admission into the annu- 
lus, thereby reducing entrance velocities and preventing shocks. 
These advantages, however, must be weighed very carefully in 
the light of requirements dictated by stability conditions. 

The Influence of Bearing Mass. The smaller the mass of a bearing, 
the greater its rate of response to external disturbances tends to 
When the response rate is large, the gas in each volume 
rather than 


become 


“trapped’ “squeezed out 


element becomes partly 


f/Re 


(376) 
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This, in turn, causes the film stiffness in the annulus to increase 
and permit greater compliance of a deeper recess without com- 
promising stability. The influence of varying the mass is best il- 
lustrated in Fig. 5, since the foregoing effect is more pronounced 
in the case of the circular bearing, which has a relatively large 
annular region. 

When the mass is large, the dynamic changes in pressure profile 
approach the quasi-static condition, and the foregoing effects are 
reversed. These two cases are illustrated diagrammatically in 
Fig. 7 for the conditions of a heavily (a) and lightly (6) loaded 
bearing. 

Comparison of Present and Simplified Theories. Though perhaps 
deficient from the quantitative point of view, the simplified 
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analysis [3] (Appendix 2) gives explicit relationships between 
parameters which affect the stability of the bearing. The in- 
equality (53) (Appendix 2), for example, can be written as 


follows: 
oM re) 
: a 
(2) 2H (W,2 Wi)o 


7 > 
M re) 

(2 -) - —-(W,- Wo 
oP, /o or, 


in which, for a given bearing geometry, 
M = f(To, P.. P,, P,, H) 
(W2 — Wi) = 9 To, Pa, P., P,, H) 


It follows that the stability condition also can be written as 


[ aP, | “ | dP, } 
dH M=Mo dH a 

The physical interpretation of the above inequality is as 
follows. The left side of inequality (43) represents a change in 
recess pressure caused by a rapid change in gap width, each 
volume element acting as a closed cylinder in which the gas be- 
comes trapped. The right side of inequality (43) represents a 
change in pressure caused by slow, quasi-static displacement, 
the annulus having a flow-regulating, rather than gas-trapping 
effect. 

Comparison of results in Fig. 3 and Fig. 5 shows that for small 
pressure drops across the supply nozzle the simplified theory gives 
values of 6, which are too conservative. The agreement is con- 
siderably better when the pressure difference becomes larger. 
The simplified analysis is based on a priori assumptions of quasi- 
static changes in pressure and gas content, and these account for 
the discrepancies between results of present and simplified 
analyses. That the latter analysis does not properly account for 
the effect of mass on frequency, inasmuch as it applies quasi- 
static concepts to dynamic conditions, Fig. 7, becomes apparent 
when the inequality (53) (Appendix 2) is written in its original 


form: 
(tM) (4M), (de De) 
Ay m Xs m do 


Since the quantity, m, cancels in the denominator on both sides 
of the inequality, a shortcoming of the simplified analysis is that it 
makes the stability condition independent of the bearing mass. 


(43) 


(44) 

























































































' _-—— SiPLIFIED THEORY (1) 
PRESENT THEORY (2) 


EQUILIBRIUM 


Fig. 7 Schematic of pressure profiles under dynamic conditions with 
reference to present and simplified analyses and predicted values of 5. 
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Summary and Conclusions 

An analysis was made which treats the flow within the gas film 
in a thrust bearing on a continuous, rather than “lumped,” basis. 
It shows that within the limitation imposed upon the design of 
the bearing by other considerations, the following parameters or 
combinations of parameters should be minimized or maximized in 
order to insure stability: 


Minimized Maximized 


1 Depth of pockets 

2 Difference between supply 
and recess pressures 

3 Effective mass of bearing 


Supply nozzle diameter 

Length of annulus 

Area ratio of annular and 
pocket regions 


One may also conclude from results of earlier, simplified 
analyses [1, 2, 3] which show good qualitative agreement with 
the present one, that high gas temperatures and adiabatic condi- 
tions favor stability. 
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Substituting into the integral we have: 
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Integrating and introducing the factor 2/7, we have 
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are listed in standard mathematical tables. 


APPENDIX 2 
A Simplified Stability Analysis 


In the simplified stability analysis [3] the flow in the annulus 
is treated on a lumped-parameter basis and the pressure distribu- 
tion under conditions of dynamic loading is assumed to be the 
same as if the bearing were loaded statically. In the case of the 
circular bearing a further simplification is made in assuming a 
linear pressure profile along the annulus. 

The perturbation equations which correspond to (10), (12), and 
(13) of the more exact analysis presented in this paper can then 
be expressed in terms of variation in the annular width (h) and of 
the pressure at the recess boundary (p,). 

To this effect we have: 


iA + Asp, = —AA — (As + As)p, 


mh A,p, + ff pdA ~s Ap:p, 
Ae 


in which 


= area over recess 


A, 
A, = area over annulus 
A, 


= “equivalent” area 
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the explicit expression for A, being: 
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Combining equations (48) and (50) we obtain: 


“ (* + Xs ‘ (4: Sj (+: As ns 
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Stability conditions require the coefficients of equation (52) to 
be positive, and in addition that the following inequality be 
satisfied: 

Mt LY 53 
2 . As + As oes 

The critical recess depth indicated with broken lines in Figs 3 
and 6 was calculated from the foregoing inequality. 

It is to be noted that the coefficients \ correspond to similar 
quantities in the more exact analysis, but that there is no one-to- 
one correspondence, except for A; and «,. 
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On the Theoretical Analysis of a 
2—The 


Dynamic Thermocouple: 
Continuous Area Interface 


The dynamic thermocouple formed by the moving junctions of two dissimilar metals 1s 
analyzed for the case of two semi-infinite bodies of dissimilar metals having continuous 
contact and nonuniform temperature distribution over a circular area. 
given for determining the potential measured by the thermocouple leads placed in the two 
respective bodies at an infinite distance away from the contact area in terms of the See 
beck emf corresponding to the contact-area temperature distribution. 
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A proc edure is 


This thermocouple 


potential at infinity is solved completely for a circular contact area, and numerical 


examples are given for the case of radial symmetry 
finity is not in general equal to the area average Seebeck emf. 


It is found that the potential at in- 
Instead, it is shown 


that the potential at inyinity is equal to the average Seebeck emf weighted by the area 


divided by its distance from the perimeter of the circle 


This result together with com 


parison with the results of a previous paper leads to the conclusion that the temperature 
near the perimeter of a contact area has a greater influence on the thermocouple emf than 
the temperature in the interior of the contact area 


Sia dynamic thermocouple utilizes the interface 
between two dissimilar metals in relative motion as one junction 
this arrangement is 


of a thermocouple. The emf generated by 


used to estimate the interface temperature between the two 
rubbing metals. 

Two examples of the dynamic thermocouple as a research tool 
may be cited. One application is its use in studying the fric- 
tional heating of two dissimilar metallic surfaces sliding over each 
other with relatively low normal pressures between the two slid- 
ing surfaces. Only a small portion of the apparent contact area 
is true contact area formed by asperities on the rubbing surfaces. 
The dynamic thermocouple has been used to estimate the tem- 
perature of these asperities [1]. Another example involves the 
problem of finding the temperature between the tool and tool- 
chip in metal cutting. Analytical results for this problem have 
been presented by various investigators y 4 5], and the dynamic- 

! This work was done in part by one of the authors (Hughes) while 
a National Science Postdoctoral Fellow at the Cavendish Laboratory 
of the University of Cambridge, England 
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Discussion re- 


thermocouple technique has been used in some cases to verify 
these results experimentally [2,3]. Here the interface pressures 
are very high and true contact is assumed to be continuous over 
the entire interface between tool and tool chip. 

In these applications of the dynamic thermocouple the ques- 
tion of what is the relationship between the thermocouple emf 
and the interface temperature has to be considered. To estab- 
lish any relationship at all between the thermocouple emf and 
the interface temperature, it has to be shown that the thermo- 
couple emf depends only on the thermoelectric effects, that is, 
only on the Seebeck emf due to the interface temperatures, and 
not on any extraneous emf produced by physical changes in the 
metal, and so on. There is some evidence that any emf resulting 
from nonthermoelectric effects has a time average value of zero 
[6]. Then, assuming that the thermocouple emf depends only on 
interface temperature, the problem is to show how the thermo- 
couple can be correlated with the temperature. In the tool-chip 
problem it has commonly been assumed that the thermocouple 
emf corresponds to the contact-area average Seebeck emf. In 


a previous paper [7] the authors presented an analysis of ran- 
domly distributed small circular contact areas between semi- 
infinite bodies, a model which represents frictional rubbing. The 
results indicate thet the measured emf may not necessarily be 
equal to the area average Seebeck emf. 

The following ‘«:nalysis deals with the thermocouple emf pro- 
duced by a nonuniform Seebeck emf distribution between two 
semi-infinite bodies of dissimilar metals having a continuous 
area 


contact area of circular shape. The continuous contact 


could represent physically the continuous contact between a tool 





oo NO menciature 


E = Seebeck emf 

Pe potential measured by the potentiometer 
o = current source density function 
V E-—P, 


r co-ordinate of current source on contact surface 


Journal of Applied Mechanics 


co-ordinate of V measured on contact surface 
co-ordinate of V measured in solid 

average value of E over contact surface 
radius of circular contact surface 

perimeter of surface of interface 
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and tool chip, and the results give an indication of how the mean 
interface temperature is related to the emf read on the potentiome- 
ter of a dynamic thermocouple of which the interface is one junc- 
tion. 


Analysis 

We consider as a model a large body of metal A rubbing over a 
large body of metal B. A co-ordinate system (2, y, z) is attached 
to the interface surface of body A which moves in the z-direction 
as shown in Fig. 1. It is assumed that the rubbing itself does not 
generate appreciable voltage so that the potential is the same as it 
would be in the static situation with the same temperature and 
contact situation. Assume that the electrical time constants are 
effectively zero so that the system is electrically in steady state. 

Physically the interface between the two metals may be consid- 
ered, instantaneously, to consist of a great number of small con- 
tact areas which in the limit become effectively a continuous 
contact area with a continuous temperature distribution. The 
thermocouple lead contact points a and b are located a great dis- 
tance away from the interface (compared to the size of the inter- 
face) so that we assume both bodies to be semi-infinite solids with 
the potentials at a and b essentially the values at infinity. The 
problem then is to determine the value of the potential P at in- 
finity, which is what is measured by the potentiometer, and to 
compare it with the average value of the Seebeck emf, E, on the 
interface surface. 

In their previous paper [7], it was shown by the authors that if 
thermocouple leads a and b are symmetrically placed with respect 
to each other in semi-infinite bodies A and B, and potential P is 
defined as the potential indicated by the potentiometer shown in 
Fig. 1, then for any location of the leads (z, y, z), the potential as 
defined before satisfies the Laplace equation 

V’P =0 (1) 


On the interface surface 
P = E(z, y) (2) 


where E(z, y) is the Seebeck emf corresponding to the local inter- 
face temperature. On the other free surfaces, 0P/0n = 0 where 
n is the normal direction to the surface. Besides symmetrical 
placing of the thermocouple leads, another assumption necessary 
to the derivation of the foregoing relationships is that the re- 
sistivity is uniform though not necessarily the same in bodies A 
and B. 

With E(z, y) given then, we wish to find P,; i.e., P at very 
large distances away from the interface, which is the value meas- 
ured by the potentiometer. 

We define a new function V such that: 


V=P-—-P, (3) 
and on the interface surface then 


V(z, y) = E(z, y) mis Pe (4) 


V7V = V*P =0 (5) 


with 0V/dn = 0 on the free surfaces. Hence if E(z, y) is given, 
and V(z, y) determined, then P, is prescribed by equation (4). 

A solution of the potential problem for V can be represented 
as an integral over the interface surface S. Referring to Fig. 2, 


a(r)dA 
V(R) = 7 = (6) 
f IR —¢| 


where V is measured at R, and o(r) is the current density distribu- 
tion which gives the proper E(z, y)on S. When the potentiome- 
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Fig. 1 Schematic of dynamic thermocouple 
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Fig. 2 Current source over interface showing potential V(R) at an in- 
terior point. (In the text R, r are replaced by R, r.) 


ter is balanced, the current must be conserved, and we get the 


relationship 
fi, oad =0 (7) 


On the surface S we also have 


a(r)dA 
Vir’) = E(t’) — Pe -f a (8) 
8 


i —F 


where r’ is the co-ordinate of the point on S where E is measured, 
and r is the co-ordinate of the current density which is integrated 
over the surface. If E(r’) is given, then equations (7) and (8) are 
sufficient to allow P,, to be determined. 

The integral transform of equation (8) can be written 


o(r) = T[V(r’)] (9) 
where 7’ is an integral operator determined by the transform. 
Then 

o(r) = T[E(r’) — P,] (10) 


Applying condition (7), 


f, o(r)dA = f, T(|E(r’') — P,|dA = 0 


The right-hand side of this equation specifies the method of find- 
ing P.,, if E(t’), ie., the Seebeck emf, is known over the surface S. 
P. can then be compared to E, the average Seebeck emf which is 


fi, Bras 
2 «a £2. 


dA 
8 


The problem now is to find the transform 7 for any specific 
situation. 


(11) 


(12) 


Determining the Integral Transform for a Circular Interface 


If we write V(r’) for a disk of radius a as (referring to Fig. 3) 
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Fig. 3 Current source on a circular interface 


Ving) = > fo cos n(g + a@) (13) 
n 


for 0 < p < a, and a is a constant phase angle, we can find 7. If 
V is radially symmetrical, only one harmonic (with n = 0) need 
be considered. For more complicated shapes the complete series 
must be used. The transform for a single harmonic, n, can be 
found and the result applied to the other terms [8]. Consider 
the nth harmonic and define a function S,(p): 


1 d f* w+fJ) 
a — = iy, at 
2mt’* dt’ J, (t'? — #)'* 


Then, as shown in reference [8], ¢ is given by 


S,(t’) (14) 


o.( Bk ft). anni +a) (18 
LAO) 2 of" = - a cos n a Ss) 
P, = 0 dp : (t’? — p?) rp ? 


This then completely defines the operator T. If we wish to con- 


sider the g dependence, we add the suitable harmonics, otherwise 
take n = 0 anc use only the p-variation. In general then 


d {° w#S,t’) ‘ 
: we — pyn@ cos n(y + a) 


(16) 


Now using equations (16) and (11), we have 


(p, ai=-f" [Sy . a-1 
J,oe 0 0 124 =? 


-pdpdp (17) 


Se wy 
d —— ) =. dt’ cos n(¢ +a) 
ap J, t* — phy? j 


In equation (14) f, can be replaced by the fvllowing: 
fo = (9. — Pa) 
a0” 
where the function g, is defined by 


E(p, 9) = » g, cos n(y + a) (19) 


n=0 


Equation (17) together with (18) and (19) will lead to one equa- 
tion for Pe. 


Determining P. for Case of Radially Symmetric Tempera- 
tures 

The problem car be simplified considerably if the emf, Z, is 
only a function of p. Then, V(p) = E(p) — P.. =f(p)andn = 
0. Equation (15), forn = 0 becomes 
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Fig. 4 Example of relationship between potentials on a circular interface 


for curves of the same = 
,1 fa f moar 
t 7 i" i) dt¢ 
Qe ld’ Jo (2 — 02) SJ 


2 me ee 
g= -—p*— f — — dt’ 
7 dp J, 


, 1/7 
(t’? — pt)” 
. ° . 
Integrating o(p) over the surface we obtain 


a 

f, o(p, P.)2xpdp = 0 (21) 

which is an algebraic equation for P,. Evaluating this ex- 
pression we obtain finally 


f ai at = 


Hence if E(p) is known, P,. can be found simply from (22). 

In practice, if the shape of E(p) is known roughly from theoreti- 
cal calculations, then (P,, — £) can be calculated in terms of one 
parameter, say £, and then using the measured value of P,, E 
and the level of the shape determined. Fig. 4 shows how these 
quantities are related for a sample E(p)-curve. 


(22) 


Numerical Examples of a Radially Symmetrical Distribution 


If we assume E(p) is given approximately by a power series in 
p, we can work out some informative examples. Let 


E(p) =a t+ap +... + cyp™ 
For this E(p) distribution we can find E and P,. For N = 5, we 


have 


(23) 


T 30 
Po =@+ 7 + */sa%c, + */igratcs + */sa'ey + 192" °* 


and 


E = & + */sac, + '/sa%, + */sa*ey + 1/sa*ey */;a*c, (25) 


For a set of coefficients c; then the values of Z and P.« can be 
determined. If all c; are zero except co and ¢,, we see that 


P, — E = qa(r/, — */s) = 0.11874 (26) 


Depending on the sign of c, then, P,, can be greater or less than 
E by about 17.7 per cent. For certain distributions then the dif- 
ference between P,, and E£ may be significant. Fig. 4 shows the 
relationship between £ and P,,. for curves of c, both negative and 
positive with the same value of £. 
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In practice, of course, the value of (P,, — E£) could be deter- 
mined only if a rough idea of the shape of E(p) is known. In this 
example, assuming the shape of E(p) is equivalent to assuming 
all the c; except ¢. By measuring P,, then, £ can be found from 
equation (26); co can be found then from the expression for 
E, equation (25), and the level of E(p) established. Of course, 
any other functional form for E(p,g) could be used and the level 
left as the undetermined parameter to be established from the 
experimental value of P... 


Extension to Other Than Circular Areas 

The analysis so far indicates that, per unit area, the potential at 
the edge of the circle has greater weight or influence in determin- 
ing the value of P,, than the interior potential. The previous 
paper [5] on random distributed sources showed that the P, 
due to a set of potentials Z; on a set of corresponding cir- 
cular areas Ae’ was weighted by V Aj. The same idea seems 
valid here. The outer area is more influential than the inner area 
and the results seem compatible since the perimeter of a circle is 
proportional to ~/A and is an indication of the proportion of area 
along the perimeter of S to the total area of S. 

Now, we can calculate a weighting factor for the potential de- 
pending on its distance from the area centroid of current sources. 
The weighting factor can be calculated exactly for the circle and 
we assume that the result will give at least a rough idea of the 
Define W as 


behavior for a square or rectangle. 


PrP. = f, WE(p)dA 


For a circle, from equation (22) 


° pE(p)dp 7 : p 
—7,=P. | ———7,% 
Jo (a* — p*) o (a* — p*”) 


Comparing (27) and (28) we find 


W = ——__ (30) 
(a? — p?)'/? 

where p is the perimeter of the surface S and (a — p) is the dis- 

tance in from the perimeter toward the centroid. Equation 

30) holds exactly for a circle, but we might expect it to give an 

approximation to P.. for other regular surfaces such as a square. 


P. is then 
pai 
e ; P 


(31) 
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which may have to be evaluated numerically for shapes other than 


a circle. 


Conclusions 

The value of voltage read on a potentiometer, P,, may be sig- 
nificantly different than the average surface Seebeck emf and the 
cgrresponding temperatures differ proportionately. The value 
of P.. may be above or below E depending on the shape of the 
temperature distribution on the interface surface. In general, if 
the temperature near the outer edge of the interface is higher 
than the inner temperatures, the value of P,, is greater than F, 
and for lower edge values P,,, is lower than E. 

In practice E(p), which is proportional to the temperature, 
must be known approximately as to shape before the experimental 
data can be used to calculate Z. If this shape is known approxi- 
mately from other theoretical considerations [1-5], a measure- 
ment of P., suffices to determine the average value £ and conse- 
quently the level of the shape of E(p). 

An exact solution has been given for the circular interface 
problem and an approximate estimation scheme for other shapes. 
For any shape in general, a more exact result can be obtained by 
numerical! integration of the basic equations. In such instances 
a distribution of current o(r) is picked such that the two conditions 
are satisfied: (a) V(r) is the same shape as E(r) and (b) the level 
of V(r) is such that the conservation equation (7) is satisfied. 
These two conditions determine o(r) uniquely and allow P,, to 
be determined, since P,. = V(r) — E. The calculation of o(r) 
can be formidable since it involves a double iteration. For most 
applications the method outlined in this paper should be adequate 
to estimate P,, even for noncircular interfaces 
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Dual-Mode Systems 


A system consisting of two unequal masses, interconnected by a coupling spring, and 
each connected to an anchor spring, ts examined 
nonlinear, but each resists being compressed to the same degree as being stretched 


The springs may all be unequal and 
The 


concept of normal modes is rigorously defined, and methods of finding them are given 
A knowledge of these modes reduces the coupled system to two uncoupled ones which can 


always be integrated in quadrature 
linear is one, which can be integrated in closed form 


linear system, new re 


I. AN earlier paper [1]' the “natural modes’’ of a 
nonlinear two-degree-of-freedum system have been examined, as 
well as the stability of these modes. That system was a special 
case of the one illustrated in Fig. 1, consisting of two masses m, 


and Me connected to the two anchor springs S, and S,; and the 
The forces with which the springs resist 
The case 


treated earlier is that Ur a special symmetric system in which the 


coupling spring S, 
being deflected are odd polynomials in the deflections 


two masses and the two anchor springs are identical, and all 
spring forces are odd cubic polynomials. For that system, it 
could be shown without difficulty that two vibration modes exist 
which have in common that the magnitudes of the displacements 
of the two masses are equal at every instant. In one of these 
modes the masses move in phase, in the other they move out of 
phase, with respect to each other. This fact was used to reduce 
the coupled equations of motion of the two-degree-of-freedom 
system to two uncoupled equations, each in a single degree of free- 
dom. The two vibration modes were called “normal modes’’ be- 
cause the equivalent phenomenon in the linear system is vibra- 
tion in normal modes. However, the earlier paper left un- 
answered the interesting question of just what constitutes a 
normal mode in a multi-degree-of-freedom nonlinear system 

In this paper we deal with a much more general system than in 
the earlier investigation. We admit unequal masses and un- 
equal anchor springs, and we do not prescribe the degree of the 
“spring polynomials.’’ We do require, however, that they be odd 
polynomials of the spring deflections 


The principal results of this investigation are: 


1 The term “normal mode’’ is defined rigorously for linear or 
nonlinear systems. This definition permits a determination of 
the normal modes independent of the natural frequencies; the 
natural frequencies may be found afterwards in terms of the 
normal modes. This procedure is the reverse of the usual one 
where normal modes are defined in terms of the natural frequen- 
cies. The procedure suggested here yields, even for the linear 
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There exists an infinity of systems, of which the 
This approach yields, even for the 
sults of great simplicity 
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problem, some results of great simplicity which appear to have 
escaped discovery until now. 

2 It is shown that a knowledge of the normal modes reduces 
the (linear or nonlinear) two-degree-of-freedom problem to two 
systems each in only a single degree of freedom. The problem of 
finding the frequency-amplitude relations of these is straight- 
forward and can always be reduced to a quadrature. 

3 Among systems of the type shown in Fig. 1 there exists an 
infinite class which can be discussed with particularly great 
simplicity, and where the results can be given in terms of tabu- 
lated functions. Each of its members is associated with a positive 
odd integer k, and when & = 1, the linear case emerges. Thus 
the linear system becomes simply a special case of an entire set 
whose frequency-amplitude relation can be given in closed form 


The Equations of Motion 


The equations of motion of the system illustrated in Fig. 1 are 


r & 

me = -»>> 4,2" — > A(z — y)" 
. a [Ar imh:-- 
t s 

mij = -> by" + bo A(z — y)" 
n n / 


where we assume for the order of the summation limits r < s < ¢ 
(although any other order could have been prescribed just as 
well) and, for the present, the a,, b,, A, are taken to be positive. 


The equations 


/m, 3 7 = Vm y (2) 


E = 
transform (1) into 
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t= -Paeth) -2 Boe) 


t-PA) Bde k-a) 


and most of the future development is based on the equations of 
motion in the form (3). 

Inasmuch as the set (1) or (3) defines a conservative system, 
the right-hand sides must be derivable from a potential function, 
and one finds without difficulty 


z »» ea (Se ,. ~~ 


: b, n ati 
->=3i(f)” 


or, in view of (2), in a form which is sometimes more convenient, 


. a “ A 
j= = 2 ati .. 2 — 7)"*1 
e= esi” Saat © 
‘ 
b 
-_ = atl 
Dati! 


The function U defines a surface in the §)U-space called the 
“potential energy surface.’’ This surface has the property of 
being symmetric with respect to the U-axis, that is, 


This is a direct consequence of the fact that the spring forces are 
odd polynomials in the spring deflections. 
The kinetic energy is seen from (3) to be 


T = 1/(& + 9%) (5) 


and, being conservative, a first integral of the equations of motion 
is 


T-U=U, 


with 7 and U defined as previously. The constant U, is the total 
energy of the system, and 0 < —U < Upsince T is positive. The 
potential energy is V = —U. 


The Normal Modes 


The concept of normal modes is well defined only in the case of 
the linear system. In that system, normal modes are identified 
with a fundamental set of solutions, and these have the important 
property that all solutions are linear combinations of the funda- 
mental set. Expressed differently, all modes of motion are linear 
combinations of the normal modes. Even if one should be able to 
define ‘“‘normal modes’* in the nonlinear system, these latter can 
not possess the same property because the superposition theorem 
fails in the nonlinear case. Nevertheless, it is an intuitively ap- 
pealing idea that the nonlinear system has natural frequencies, 
and that the modes of vibration in which the natural frequen- 
cies occur are the counterparts of the normal modes of the linear 
system. 

Aside from the mathematical property of superposition, the 
normal modes have another property of great technical im- 
portance. When the system, linear or not, is subjected to an 
oscillatory force, resonance occurs when the frequency of that 
force lies close to the natural frequencies and, in the neighborhood 
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of resonance, the system vibrates essentially in normal modes 
Since the motive of the engineer in his investigations of vibrations 
is almost invariably either to produce or to prevent vibrations of 
large amplitude, the meaning of the term normal modes is of con- 
siderable interest even when the superposition property of these 
modes no longer exists. 

In the linear system the normal modes are given through the 
eigenvalues, and the latter are the roots of the characteristic 
equation. If these roots are distinct, one distinct eigenvector is 
attached uniquely to each eigenvalue; i.e., the former are de- 
fined by means of the latter. In fact, finding the normal modes is 
always preceded by finding the eigenvalues. For instance, the 
linear problem has the equations of motion 


—a,z — A;(z — y) 


—by + Ai(z — y) 


mz = 
May = 
and the normal modes are given by [2] 


Yo — MQ, :? +a,+ A, 
tan 6 = —- - 
Xo A, 





where w;,3 = —A,,3" are the roots of 


e+ (* + A, + b, +a) 24 ayby + aA; + Ay =0 (7) 


™ mm" 








and the constants X_ and Y, are defined through the solutions 
xt) = Xe™; y(t) = Yee (8) 


of the equations of motion. 

Another way of regarding normal modes in the linear system is 
to state that they are given by constants c; (if they exist) such 
that normal solutions of the equations of motion satisfy the con- 
dition 

y(t)/z(t) =c; (9) 
Such solutions evidently have the property that, if there exists a 
t = & such that y(t.) = 0, then necessarily z(t) = 0 as well. In 
other words, normal modes of the linear two-degree-of-freedom 
system are oscillations of such a nature that both masses pass 
through their equilibrium positions at the same instant. 

The normal modes of the linear system have a further property 
connected with the manner in which the system is set into motion. 
Suppose we seek initial amplitudes 7(0) = Xo, y(0) = Ye such 
that the system will vibrate in normal modes when the initial 
velocities 2(0) = 9(0) = 0. In that case, the initial potential 
energy of the system is also the total energy, and that energy is 
defined by an equation 


—U(2, 9) = Us (10) 


where (2, 9) are points on the ellipse —U = U». In the linear case 
considered here, (10) is an ellipse in the zy-plane as one may 
readily ascertain from the form of the unnumbered equation be- 
low (4). The slope of that ellipse is given everywhere by 


dj/d2 = —U2/U, (11) 


where the subscripts denote partial derivatives. While the initial 
value of dy/dz = 4(0)/2(0) is indeterminate in view of the value 
of the initial velocities, one can readily evaluate it from the 
equations of motion written in the form 


dé/dt = U,; dj/dt = U, 


and one finds 
y(0)/2(0) = 9(0)/z2(0) = U,/U, (12) 


A comparison between (11) and (12) shows that the lines y(t) = 
c,z(t) must intersect the line Uy + U = 0 orthogonally. 
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Once these properties are established we are in a position to 
define normal modes in the nonlinear system. 
A normal mode of the system 


EeUp =U, (13) 


where U is given by (4), is a function 
n = 0(&) (14) 


which is satisfied for all t by periodic solutions — = &(t) = &t + T); 
n = n(t) = n(t + 7) of (13), where nf £) is a single-valued function 
of £ in the closed domain — U(£, n) = Us of the En-plane which satis- 
fies the boundary condition n(0) = O and which intersects the line 
—U(, n) = Us orthogonally. The relation (14) was called the 
“modal relation’’ in the earlier paper, and this terminology will 
be retained here. 

Clearly, if the modal relations can be found without the neces- 
sity of finding first the natural frequencies of the system, the solu- 
tions of (13) involve merely those of the uncoupled equations 


E = Udé, W)); if = Unt Hn), 9) 

Darboux [3] has pointed out that the dynamical problem defined 
by (13) is completely equivalent to that of finding the geodesics 
in the surface whose metric is given by 


do* = (U, + U)(dE* + dn’) (15) 


and that this is merely the differential form of the principle of 
least action. The differential equation of the geodesics in ques- 
tion is the Euler equation of 


& 
i) f, (U, + U)'* (1 + 9'2)'"dé = 0 


and that equation is found to be 


(Us + Un’ + (1 + 9'2(9'Ue — Us) = 0 (17) 


This equation can also be found by elementary means [4]. 
Solutions which satisfy (17) are solutions of the dynamical sys- 
tem. Those among the solutions of (17) which satisfy (14) as well 
are normal modes or moda! relations. 

In view of the fact that U(£, 7) is symmetric, and that U¢ and 
U., are odd in & and 9, one can easily ascertain by substitution 
into (17) that the solutions of that equation are odd. Thus all 
solutions including the modal relations have the property that 
™—§) = —n(8). 

Inasmuch as U and its derivatives are, in general, highly non- 
linear functions of £ and 9, one can not integrate (17) in the 
general case. There exist, however, important special cases for 
which the modal relations are straight lines; i.e., where these 
relations are of the form 7 = ¢,& Since these solutions imply 
n” = 0, one sees from (17) that they must satisfy 


n’ = U,/Ut (18) 


But these lines intersect the lines of constant potential energy H 
—U(§,9) = H< Us 


orthogonally as will be seen when one differentiates this last equa- 
tion. It turns out, therefore, that every straight line which inter- 
sects all lines of constant potential energy orthogonally is a 
modal relation since it satisfies (17) as well as our definition of 
normal modes. 


The Straight Modal Relations 


We show here that there exist two types of problems for which 
the modal relations are straight lines. One type consists of an 
infinite class called the ‘“Shomogeneous case of degree k’’ and when 
k = 1 the linear case arises. The other is called the “symmetric 


case. 
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In order to derive this result we make use of the easily proved 
theorem that the straight line between the origin of the £n-plane 
and that point (£, 4.) on a continuously differentiable curve 
U(E, n) + Us = 0 which is farthest from, or nearest to (0, 0) in- 
tersects the curve U + U, = 0 orthogonally. 

We shall consider the family of equipotential lines 


—U(é, n) = H = const 
Us > H>O 


and we desire to find the locus of those points on these curves 
which are farthest from, or nearest to, the origin of the £-plane. 
In view of the foregoing theorem, if the locus of these points is a 
straight line, it is a modal relation because it satisfies (i7), 
passes through the origin of the &y-plane, and it intersects the 
equipotential line U + Us = 0 orthogonally. 

We shall single out among (3) a class called the “homogeneous 
case of degree k’’ whose equations of motion are 


ee ( z wel A, a ete 
. Vm \ Vm Vm, \V/m Vm} | 
(19) 


b, ( n . + A, ( E ” y 
v/m, \V/m V me \V/m Vm } 


where k is an odd integer. This system is called the homogeneous 

case of degree k because the restoring forces, i.e., the right-hand 

sides of (19), are homogeneous functions in £ and 9 of degree k. 
The equipotential lines of this system are, in view of (2)? 


7 = 


a, 


re” 
a tae te ewe tease 


(20) 
k+1 k+1 


This equation defires a family of curves with H as a parameter. 
The locus of the points of maximum and minimum distance from 
the origin of the zy-plane is most easily found by transforming 
(20) into polar co-ordinates through 


z =r cos 6; y =rsin 0 


resulting in an equation 


R(r, 0) = H (21) 


If one puts dr/d@ = —R,/R, = 0, the vanishing of this derivative 
(which defines the locus in question) implies Ry = 0. That locus 
will be a straight line if, and only if 


Re = 0,(9) -OXr, 8) 


(22) 
For (20), it turns out that 


Ry = r***[—a, cos* 6 sin 6 + b, cos 6 sin* 6 
— A,(cos # — sin 8)*(cos # + sin 8)) 


It follows that, in the homogeneous case of degree k, R, has the 
required form, and the modal relation is a straight line which 
makes an angle @ with the z-axis. This modal relation is found 
from the vanishing of the quantity in the square brackets in the 
foregoing equation. That result can be put into the convenient 
form 
k-1 
9s - da 2D 2 
oe a — Fe sin 26) —_ 
b,['/(1 — cos 20)] 7 — a,[*/:(1 + cos 20)) ? 


(bd, * a,) 





(23) 


* This form is useful only when m, = m, because the transforma- 
tions (2) are not “angle-preserving.”” However, similar results as 
those given here can easily be derived also when m, = ms, and the 
general conclusions remain the same. In particular, the modal rela- 
tions remain straight. 
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In order to discuss the roots of (23), it is convenient to write 
that equation in the form 


f(20) = 9(29) 


where f(29) = !/,a, tan 20, 


k—1 
x (1 — sin 20) 7 : 
cath OE 1 ae 
vel'/e1 — cos 26))} 2 — ['/.(1 + cos 20)] ? | 


j 


} (24) 


a, bh 


a? 


sa ae A,’ a, 

and the problem consists in determining the number, and bounds 
on the location, of the intersections of f(2@) and g(2@) in 0 < 
20 < 2x. In this discussion we may restrict y, with little 
loss of generality to the interval 0 < y, <1. The lower bound 
on , is implicit in the physics of the problem since we cannot 
admit simultaneously a, = 0 and b, = 0. If we did, we should 
be discussing a system with no anchor springs and this would 
eliminate one degree of freedom. If one anchor spring is absent, 
as in the configuration of the dynamic-vibration absorber, we 
shall say that b, = 0; a, + 0. We need not examine the prob- 
lem for ¥, > 1 because that range implies b, > a,. But, when b, > 
a, one may simply turn the system end for end without making 
a similar exchange in the nomenclature for the anchor springs; 
The only loss of 
generality implied by the restrictions on , is that we do not ad- 
mit a negative ratio for the coefficients of the anchor springs; 
in other words, a system in which one anchor spring is restoring 
while the other is exciting is not admitted. This restriction is 
consistent with the earlier statement that all spring coefficients 
are positive. 

The function g(20) has the following properties: It has a single 
zero at 20 = 7/2, and at that point, the slope vanishes as well. 
It has a pair of poles at 20 = r — gand20=27+¢,and0<¢ 
< 1/4. 
in 0 < 20 < 2m (except, of course, at the zero where it is merely 
nonpositive). Another interesting property is that the poles of 
g(20) tend to 7/2 and 37/2 ask —~ ~. The function 9(29) is 
shown in Fig. 2 by the heavy line, and (20) by the broken line. 
Their intersection furnishes the roots 26,* and 26,* of (23). 


this will again restore the condition y, < 1. 


It is positive between the poles and negative elsewhere 


{(20)—— 
9(20)— 
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In view of the character of f2(9) and g(2@), and the restric- 
tions on Y, we may conclude that (23) has two and only two roots 
6,* and @,* in one period of f(2@) and g(2@); these roots lie in the 
intervals 7/4 < 0,* < 2/2 and 39/4 < 6,* < a for finite k. To 
each root there belongs one modal relation 7 = c;.& where c,.. = 
c(%.2*) = tan A.2*. 
mode; c, < 0, and defines an out-of-phase mode. 


The constant c, > 0 and defines an in-phase 
Ask — « 
In other words, for sufficiently large k, the 


, 
¢, > landc,—- —1. 
modal relations approach those of a symmetric system. For 
k — 1, the modal relations approach those of the linear system 


and, when k = 1, 


(db, # a) 


(by = a; 


A comparison between this result on the one hand and (6) and 
(7) on the other shows how much simpler (25) is than the relation 
usually encountered.’ It appears that the great simplicity of the 
modal relations for the linear case, when expressed in terms of the 
double angle has been overlooked heretofore. 

In the two limiting cases k = © and k = 1, the modal lines in- 
tersect each other orthogonally. It can be shown easily that they 
do not have this property when k > | is a positive, finite, odd in- 
teger, but the departure from orthogonal intersection is then 
small, 

Substitution of the modal] relations (24) in the equations of 


motion reduces the latter to equations ol the form 


Mi. = M(c.2 = const 


u + M, 2u* = 0; 


and these can be integrated to yield the frequency-amplitude re- 
lations in terms of gamma functions. Thus the procedure here 
is to attach one eigenvalue-relation to each normal mode. Fur- 
thermore, it is seen that all homogeneous cases of degree k can be 
solved exactly in closed form. 

A second important case in which the modal relations ar 
straight lines is a generalization of a system treated earlier [1 | 
This is the symmetric case which arises when a, = 6, for all n, 


For that case, the equipotential lines are given by 


a _ A 
yt) + Do - je — yet = H< Us 
n+ 


(26) 


and m, = m2. 
r 


~ 


Bla. — (y¥ tt + 


n+1- 


Transformation to polar co-ordinates, and proceeding as before, 
shows that the function 2g now becomes 


. 
) a,r" *} (sin @ cos 8 — sin @ cos" @) 


n 


Re = 


& 
— > A,r**! (cos 6 — sin 8)" (cos 8 + sin 8) 
n 


This equation can be cast into the form 


a 1 


f r 
—cos 20 < sin 26 > > Caiar"*(1/,) 2 
| n m 


cos ™~! @ 


Re = 


: \ 
- x. A,r"*! (cos 6 — sin ld | (27) 


where the C,,,; are binomial coefficients. Since (27) is also of the 
form (22), the modal relations are again straight lines defined 
through (27) by 6 = +7/4 or n = &; n = —&. We conclude 
that the normal modes of symmetric systems are such that the 


3? It can be shown, of course, that (6) and (7) can be combined to 
give the same result as (25). 
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absolute values of the displacements of the two masses are equal 
at all times, and the masses move either in-phase or out-of- 
phase. 

When the modal relations of symmetric systems are substi- 
tuted in the equations of motion of these systems, the latter be- 


come 


-\> a, + 2°A,)z* — » 2°A ,2* 


n=r+2 


The resulting frequency-amplitude relations can always be found 
by a single quadrature. Whenr = s = 3, they become complete 


elliptic integrals of the first kind. 


The Curved Modal Relations 
While there 


modal relations are straight, they are, 


the 
in general, curves which 


are technically important cases in which 


conditions stated in con- 
But, (17 
in general, be integrated except by numerical methods. 


must satisfy (17) and the boundary 
cannot, 


Even 


nection with the definition of a normal mode 


when modern computing equipment is used to integrate (17), the 
process may be expected to be tedious because the boundary 
conditions are mixed. However, an insight into the general 
nature of the curved modal relations may be gained simply by 


the iteration 
a U~A§, " | 
,)) 


(1 + 0,*) [n,UKE, 0 

2[(U. + U(é, 

if one is satisfied with a single iteration anc if one adopts a 
Not only 18 
the convergence of the iteration assured in all cases where U has 
the general form of (4), but it may be expected that a single 


straight-line modal relation as the zero’th estiraate 


iteration gives verv satisfactory results whenever the case under 
consideration lies in the neighborhood of either a homogeneous, 
or a symmetric case. 

In particular, the generalization of the Duffing problem to two 
degrees of freedom is such a case because that problem deals with 
spring forces in which the coefficients of the linear terms are large 
compared to those of the cubic terms, and all terms of degree 
Thus it lies in the neighbor- 
Since the Duffing 
problem in a single degree of freedom has been the basis of many 
investigations, one should think that its extension to two degrees 
of freedom forms an interesting field of inquiry. Moreover, we 
can discuss by the same methods the system in which the cubic 
“spring terms’’ are large compared to the linear ones, and all 
others are absent. This permits analysis of iwo limiting cases of 
the general system in which all spring forces are general odd, 
cubic polynomials of the spring deflections. 

Since the equations of motion are of degree t, adoption of a 
straight line for the zero’th estimate of the modal relation yields, 
in place of (28) 


higher than third order are absent. 
hood of the homogeneous case of degree ] 


—. - in, 7 ie 
nw FH Et i 


where f(£) is an odd polynomial of degree t, F( £) is an even poly- 
nomial of degree ¢ + 1, 6,, are the zeroes of F(£), and 


$(6,,) 
~ FB.) 
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It should be observed that, since F(£) is an even function, the 
negatives of the roots of F(£) = 0 are also roots. We are assum- 
ing here that the roots are distinct. Multiple zeros of F(£) may 
occur because of a particular combination of values of the co- 
efficients a,, b,, A However, no constraints exist which 
would produce multiple zeros. In any event, if multiple zeros 
of F(£) do oceur, a result similar to that given in the following can 
be derived for that case also. It will be observed that there are 
only (t + 1)/2 terms in the summation of (29), instead of the 
expected ¢ + 1. This is a result of the fact that f(£) and F’(E 
are both odd, so that f( —6,,)/F’(—6,,) = f(6,,)/F'(é,,). 

If one integrates (29) and satisfies the boundary conditions one 


finds 


in U. 


” 


t+1 
2 


> 


m=1,2,.. 


m=(C—t—1E+ 


2 § Eton] y= 
ve [Ge |” oo 


where C is a constant of integration that must be determined 
from the second boundary condition 

It is interesting to note that the curved modal relation consists 
of a straight line plus a sum of logarithmic terms. These latter 
are evidently corrections on the initial assumption of straightness 
of the moda! lines. that there 


emerges also a correction on the slope of the zero’th estimate of 


However, one sees from (30 


the modal line; this is evident from the presence of C in the 
linear term; it is required so that the modal line will intersect the 


curve U + U,> = 0 orthogonally 


Maximum-Minimum Properties 
the characteristic values of linear 
therefore the 


It is well known [5] that 
problems possess Maximum-minimum properties; 
method of finding them can be reduced to a maximum-minimum 
problem. Here we would like to show that, the modal relations 
arising from linear or nonlinear eigenvalue problems, also have 
such properties. 

To deduce the desired properties we examine the geodesics in 


the space whose metric is given by 
do? = (U, + U)(d& 4- 1n? (31) 


is defined in (4), and we remember that these geodesics 
This space lies in the 


where U 
are solutions to the dynamical problem. 
En-plane, and on it we map the lines of constant potential energy 
H in the interval O < H < Uo. If the a,, b,, A, > 0, the lines 
of constant energy are nonintersecting concentric closed curves, 
and the £-plane appears somewhat as shown in Fig. 3. 

We now choose on the line —U = Uy a point (£, 7) denoted by 
(£, , Ue) and we consider the geodesic connecting this point 
with the origin (0, 0, 0) of the &y-plane. This geodesic is by 
definition the shortest distance between the points in question. 
Then, the modal relations are the shortest and the longest of these 
lines of minimum length as the point (£, n, Us) moves once com- 
In this way the modal rela- 


- 


pletely around the oval —U = U5. 


7 
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tions are defined in terms of a minimum-maximum, and of a 
minimum-minimum problem. In the variational problem just 
considered, one end point moves on a prescribed curve. The 
solution, therefore, leads to a transversality condition which 
states [6] that the geodesic must intersect the line -U = Uo 
orthogonally. But, this is precisely the condition which normal 
modes must satisfy; this completes the demonstration. 
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Classical Norma! Modes in Damped 
Linear Dynamic Systems 


An analysis of the conditions under which a damped linear system possesses classical 
normal modes is presented. It is shown that a necessary and sufficient condition for the 
existence of classical normal modes is that the damping matrix be diagonalized by the 


same transformation that uncouples the undamped systems. 


Sufficient though not 


necessary conditions on the damping matrix are developed, and it is shown that Ray- 
leigh’s solution ts a special case of the present theory. 


I. 1s well known that undamped linear dynamic sys- 
tems possess normal modes, and that in each normal mode the 
various parts of the system vibrate in the same phase. In damped 
systems, however, this property is generally violated and classical 
normal modes do not exist; in such cases the more general treat- 
ment of K. A. Foss! is required. Rayleigh* showed that if the 
damping matrix is a linear combination of the stiffness and inertia 
matrices, the damped system will have classical normal modes. 
The purpose of this paper is to determine the general conditions 
under which a damped dynamic system possesses classical normal 
modes. It will be shown that a necessary and sufficient condition 
that a damped dynamic system possess classical normal modes 
is that the damping matrix be diagonalized by the same trans- 
formation which uncouples the undamped system. 


Theory 

The equations of motion of an N-degree-of-freedom linear dy- 
namic system with lumped parameters may be written in matrix 
notation as: 

[m} {a} + lelig} + lela} = {fo} (1 

For passive systems the N xX N matrices [m], [c], and [k] are 
symmetric and positive definite. 

Consider the homogeneous problem obtained by setting { f(t)} 
= 0 in (1); ie., 


{m}{g} + {cl{g} + [Al{g} = 0 (2) 


Since [m] is a symmetric matrix, it is always possible to find a 
transformation which will remove the inertia coupling terms. Let 


{g} = (6){2} (: 


be the transformation which diagonalizes [m], i.e., the transforma- 
tion for which [@]7 [m] [@] is diagonal. Substitute (3) into (2) 
and premultiply by [@}* 


1K. A. Foss, “Co-Ordinates Which Uncouple the Equations of 
Motion of Damped Linear Systems,” Technical Report 25-30, Massa- 
chusetts Institute of Technology, March, 1956. 

* Lord Rayleigh, ““Theory of Sound,” vol. 1, Dover Publications, 
New York, N. Y. 1945. Rayleigh did not use matrix algebra; how- 
ever, his results are equivalent to those stated. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, Atlantic City, N. J., November 29—-December 4, 
1959 of Tue American Society or Mecuanicat ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1960, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, April 13, 1959. Paper No. 59-——A-62. 
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[9}7{m) (0) {2} + (6) [c}(O]{z} + [A)T{A}[@]{z} =O (4) 
[0]7{[m] [6] = [m]a diagonal matrix 

{0} "{c}(@] = [ce] (5) 
(O)7{k] (0) = [F) 


It will be observed that since [m], [c], and [k] are symmetric 
and positive definite, [mm], [¢], and [k] will also be symmetric and 
positive definite. In particular [m] is diagonal, hence [m] will 
have only positive diagonal elements. 

Equation (4) may now be written: 


(m]{z} + [el{z} + [Aj{z} =0 (6) 


Define 


It is convenient for the analysis which follows to introduce a 
second transformation such that the inertia matrix will be an 
identity matrix. 
Let 
[n}{z} = {p} 
where 
[n] = [+/m] a diagonal matrix (8) 
Substitute (7) inte (6) and premultiply by [n]~'. Thus 
WB} + (nl -*e][n] {>} + [n]“LE}[n] fp} = 0 (9) 
which may be written 
Wb} + ([Al{p} + (Bi {p} = 0 (10) 


where 


‘ 


(ui is the identity matrix ) 


| 
[A] = [n]~* [e][n]~ 
Lia = [n]—*[&][n]- 


(11) 


Equation (10) will be referred to as the standard or canonical 
form of the damped coupled system. It should be noted that 
since [2] and [&] are symmetric and positive definite, [A] and [B] 
are also symmetric and positive definite. 

Since [A] and |B] are symmetric and positive definite, it is 
always possible to find a transformation which will simultane- 
ously diagonalize [A] and [B] (see Hildebrand*). 


Let 
{p} = (&){é} (12) 


be the required transformation, for which 


* F. B. Hildebrand, “‘Methods of Applied Mathematics,” Prentice- 
Hall, Inc., New York, N. Y., 1952. 
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[]7[A][®%] (13) 


[a] a diagonal matrix 


[®)7[B)[®] (14) 


[b] a diagonal matrix 


Substitute (12) into (10) and premultiply by [®]7, thus 
[b)7(@] {=} + la}{é} + (b]{g} = 0 


where [a] and [6] are defined in the foregoing. 
Equation (15) will be uncoupled if, and only if, [®]7[®] is 
a diagonal matrix. If [®] is a normalized matrix, this requirement 


becomes 


(15) 


[d)7(®) = [7] (16) 
Hence the transformation (12) which simultaneously diagonalizes 
A} and [B] must be an orthogonal transformation; this places 
restrictions on the forms that [A] and [B] may take. 

It is interesting to note that the required orthogonal trans- 
formation is exactly the same as that required to uncouple the 
undamped system obtained by setting [A] equal to zero in (10). 
It therefore follows that, if a damped system possess classical 
normal modes, these modes are identical with the normal modes 
for undamped system. 

teturning to equation (1), it may be shown as a consequence of 
the foregoing comments that a necessary and sufficient condition 
for equation (1) to possess classical normal modes is that the 
damping matrix [c] be diagonalized by the same transformation 
which uncouples the undamped system, obtained by setting [c] 
equal to zero in (1). This may be illustrated in the following way: 
Let 

{9} = [WI{n} (17) 


be the transformation which uncouples the undamped system. 
Substitute (17) into (1) and premultiply by [¥]7. Then equation 


1) becomes 
[M] {7} 
where, by definition of [VW] 
[M] = [WV]? [m]{¥] a diagonal matrix 
[K] [W}7 [k][W] a diagonal matrix 


[W]? {el (W]{m} + [K]{n} = 0 (18) 


(19) 


(a) Equation (18) will be uncoupled if, and only if, [¥]7[c] [V] 
is diagonal. 

(b) If [W]7[c][W] is diagonal, the system will have classical 
normal modes which are identical with those for the undamped 


system. 


Relationship Between [A] and [8] for Classical Normal 
Modes 


It will now be shown that a sufficient, though not necessary, 
condition that (10) possess classical normal modes is that [A] 
may be expressed in the following way: 


eo N-!1 


>, aul Bl 
l=0 


where N is the order of the square matrix [B]. 
Proof. Let 


[A] = 


n=1 


[a] = [b]‘ a diagonal matrix 
From (13) and (16), 
[A] = [®][a}[%]— 
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Using (21), 
[A] = [&)[b)'[%) — 
= [&) [b][®)- 
= ([®] [b] [®] -*)! 


[®) [6] [®] -* 


From (14) and (16), 
[B] = [&][b)[%]— 
[A] = [B]’ 


The Cayley-Hamilton theorem states that every matrix satis- 
fies its own characteristic equation, hence any power of a ma- 
trix can be expressed in terms of the (\-j)th powers of that 
matrix, where 7 = 1,2..N, hence / in (2) ) need only take on the 
values 0, 1, 2.. N-1. 

From the foregoing it will be seen that if [A] is expressed as a 
polynomial in [B], [A] will automatically be diagonalized by the 
transformation which uncouples the undamped system 

Consider now 


fa] = [b'/") a diagonal matrix 


Then 


[A] = [®)[b'*}[®)- 
Raise both sides of (29) to the power n. Thus 
[A] = ([{®] [b'*] [}-") 


[D] [b'™] [D)-* . . . . [P)[b/*] [D) 


n-fold 
[] [b'’"}"[] — 
= [&] [b]'[%]- 
Using (21) and (27), 
[A]" = [B}! 
[A] = [B),'* 


The subscript denotes that (34) applies to one particular root 
of [B] 

As before, | need only take on the values 1, 2... N-1. 

Since [a] of (28) is diagonal, equations (15) are uncoupled, 
hence the system described by (10) will possess classical normal 
modes. This result is valid for all [a] of the form [b'/"], and hence 
is true also of a linear combination of such terms. 

Hence if 

eo N-1 


1,3 
> a,,,(B},** 


n=1 [=Q0 


the dynamic system of equations (10) possesses classical normal 
modes. In particular, it should be noted that if the termsn = 1, 
1 = 0,1 = 1 are taken in (35), Rayleigh’s result is obtained. 

It should be noted in passing that (35) does not form a com- 
plete set of functions, since it is well known that many damped 
dynamic systems do not possess classical normal modes. 


Numerical Example 
To illustrate the foregoing results, consider the following simple 
problem: 


[m] {ga} + fel{g} + [kl{g} = 0 (36) 
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where [m] 


—0.0532 
—0.3836 
1.3608 


1.3608 
— 0.3836 
—0.0532 


— 0.3836 
1.3608 


0.3836 


It should be noted that [c] has been so chosen that: 


l 1.3608 —0.3836 
—Q) 3836 1.3608 


| -0.0532 —0.3836 1.3608 


—0.0532 |? 


—0. 3836 


Thus the damping matrix is of the form given in (35) with! = 1, 
n = 2, hence the system will have classical normal modes. 

Consider the undamped problem obtained by setting [ equal to 
zero in (36). The eigenvalues and modal vectors are easily ob- 
tained for this problem, they ar 


wy 0.760 u 
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The transformation which uncouples the undamped system is: 
0.5 0.707 0.5 

g} =| 0.707 0.0 —0.707 | {&} 
0.5 —0.707 0.5 


f 
t 


Substituting (40) into (35) and premultiplying by [¢]” gives 
(DI{E} + 21) 7 (el OLE} + (PITA (@I{E} =O (41) 
Carrying out the numerical computations just indicated, give: 
0.765 O 0 
0 1.414 0 
0 0 1.850 
(0.765)? 0 
0 (1.414)? 
0 0 


Which is of the form: 


or, = 52 = ; 
j “Seni T w *E; wo § 


It is interesting to note that the system of equation (35) has a 
constant percentage of critical damping in all three modes, a 
situation which is similar to a system with linear hysteresis damp- 


ing 
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Linear Undamped System Resting 
on a Nonlinear Spring 


The steady-state, undamped-displacement-amplitude response of a linear system on a 
single nonlinear spring due to a force excitation which varies sinusoidally with time is 


investigated. The force-displacement relation of the spring is 


F = k(x + ex’) (1) 


The Fourier component of the displacement-amplitude response of the system at the 
forcing frequency and its third harmonic are considered. 


Analysis 


steady-state displacement response of a linear 
undamped system to a force system whose components vary 
sinusoidally with time is expressible in the form 


= +} M ,(w,)F ; sin (wt + B,) 
3 


where 

Lo displacement at 7 

M;,,;) = displacement mobility (i.¢., displacement ampli- 
tude at i due to a force of unit amplitude at 7 
varying sinusoidally with time at frequency w;) 

amplitude of external sinusoidally varying force 
atj 

phase angle in time of force at j 

time 


B; = 


t= 


If a nonlinear spring, having the characteristics prescribed by (1) 
is connected between ground, i.e., a fixed point in space, and a 
point on the system, Fig. 1, the force resulting at the point of con- 
nection to the system will contain odd multiples of the frequency 
of the external force. For the system shown in Fig. 1 the dis- 
placement response at point 2 due to a single external force acting 
at point 1 becomes* 


22 = F\My(w) sin wt + )) Mu(nw)Fo, sin nwt (3) 
n=1 


odd 


and the displacement response at point 0 becomes 


Xo = F\My(w) sin wt + > Mu(nw)Fo, sin nwt (4) 
n=1 
odd 


1 Currently at Rice Institute, Houston, Texas. 

* Currently at Brown University, Providence, R. I. 

* The following notation system is used in the analysis: A subscript 
denotes a physical point on the system. A sub-subscript denotes a 
Fourier component. 

For presentation at the Summer Conference of the Applied Me- 
chanics Division, University Park, Pa., June 20-22, 1960, of Tue 
AMERICAN Society or MECHANICAL ENGINEERS. 
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Division, April 23, 1959. Paper No. 60-APM-6, 
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@ 


my = > Zo, Sin nwt 


1 
| 


Since 
dc 


the force across the spring becomes 


@ 


_ ye Fo, sin nwt = k 1 Zo, Sin nwt 


n=1 n=l 


odd odd 


bead 3 
+€ (> Za, 8in nat) $ (6) 


n=1 
odd 


-F, = 


If only the first two terms of the summation in (5) and conse- 
quently the first two terms of the summations in (4) and (6) are 
retained, the following procedure determines the solution cor- 
responding to this approximation: 


1 The cubed term in (6) is expanded in its Fourier series and 
only the sin wi and sin 3w/ terms are retained. 

2 The coefficients of sin wt and sin 3wt in (6) are required 
to vanish separately thereby yielding two equations for Fo, and 


Fo, explicitly in terms of zp, and Jo,. 


F, sin wt 


Fig. 1 Combination of a linear undamped system 
and a nonlinear spring 
Point O is point of attachment of nonlinear spring 
Point 1 is point at which external force acts 
Point 2 is point at which displacement response is to 
be determined 

Spring force-deflection characteristic 

—F, = kz + €Xo°) 
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3 The equations resulting from step (2) and (5) are substi- 
tuted into (4) to eliminate FP», and Fy, Finally, the coefficients 
of sin wt and sin 3wt are equated separately to zero to yield 


Zo = F,Ma(w) — Mo(w) {| kzo, + €k(*/,r0,2 — */sto,*2y 

+ */sto%e*)} (7) 
to, = — M w(3w) {kxo, + ek( —'/,%0,* + */2%0,220, + 3 /420,*) (8) 
If the solution is restricted to cases where Zo, is small in comparison 
to 2, there results 


zo. = F\Ma(w) — Mo(w ki Zo, + */er0,*} (9) 


€ 
Ze, = —kM oe( 3w) 17 —_ 4 zai (10) 
Clearly, for the free-vibration solution F; should be set to zero 
and the equations for the free-vibration amplitude-frequency de- 
pendence become 


oft (ata 
Te ew Lae” * BMekeo)/9 


€Zo,* 

%,?* Qe 
4}/1+ 

kM oo( 3) 


Sample Calculation 

To illustrate the results of the analysis, consider a uniform 
free-free beam attached to a nonlinear spring at its mid-point 
and driven laterally by a force varying sinusoidally with time at 
its mid-point. In the calculations presented here the first four 
symmetric modes are used to represe..t the beam. For this case* 


3 
( go" ) 2 = 


— + 


1 
kMulw) = -—7-—, >> a 
atl — r=l q%(cr)?] 1 — — 
w! w! (ce)? 


(13) 


where superscripts refer to mode numbers of the linear system 


and 


w’ = rth natural frequency of linear system 
Go" amplitude of rth normal mode at beam center 
m = mass of beam 
w’ 

er ; 

w! 
(w")? 
a’ 7 — 
k/m 

For the first three nonrigid-body symmetric modes, Table 1* 

gives the values of the constants. 


Table 1 Values of constants 


(cr)? 
1.0 
29.20 


178.07 


Calculations were performed for F,/k = 1 in. and F,/k = 10 
in. for cases where € = 0.05 in.~? and € = 0.1 in.~* and a? = 10. 


*T. von Karman and M. A. Biot, “Mathematical Methods in En- 
gineering,”” McGraw-Hill Book Company, Inc., New York, N. Y.., 
1940. 

*D. Young and R. P. Felgar, ‘‘Tables of Characteristic Functions 
Representing Normal Modes of Vibration of a Beam,” University of 
Texas Publication, No. 4913, 1949. 
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Fig. 2 Absolute value of dimensionless first-harmonic response (kx,,/F:) 
es a function of ratio of exciting frequency to first free-free beam frequency 
(w/w") for cases where dimensionless spring characteristic [a? = (w')*/ 
(k/m)] is 10, characteristic force (F,/k) is 1 in., with nonlinearity factor (€) 
os parameter 


Discussion 

Figs. 2 through 4 show the results of the sample calculations. 
It is evident from the first-harmonic response shown in Figs. 2 
and 3 that for € > 0 the displacement amplitude begins to increase 
in a manner similar to the case associated with the linear system 
resting on a linear spring with spring constant k, and approaches 
asymptotically the natural frequency corresponding to the linear 
system supported by an infinitely rigid spring. The behavior for 
€ < 0 approaches asymptotically the corresponding resonance of 
a free-free beam. 

Fig. 4 shows the third-harmonic solution for the case of F,/k 
= 10 in. and ¢€ = 0.1 in.~*. The corresponding curves for 
F,/k = 1 in. are not shown since all of the salient points can be 
demonstrated with Fig. 4. Clearly, when F,/k = 1 in., the frae- 
tion of third harmonic appearing in the solution is smaller than 
the case shown here. 

Tine frequencies at which peaks 1 and 2 occur are one third the 
values of the first two natural frequencies associated with the 
linear system resting on a linear spring with spring constant k. 
‘his behavior results from excitation from the third harmonic of 
the force in the nonlinear spring. 

When the displacement amplitude of the first harmonic ap- 
proaches asymptotically the natural frequency corresponding to 
the linear system supported by a rigid center support, the third 
harmonic of the force in the nonlinear spring approaches infinity 
which leads to infinite third-harmonic amplitude. This phe- 
nomenon accounts for peak 3. Peaks 4 and 5 both occur at a fre- 
quency equal to one third of the third natural frequency asso- 
ciated with the linear system resting on a linear spring with spring 
constant k. It may be seen from Fig. 3 that the force excitation 
for peaks 4 and 5 is triple-valued thus leading to three response 
curves for the third harmonic, the lowest response being too small 
to appear in Fig. 4. 


gune 1960 / 273 





+ ——€* 1 inches2 
| ——€ *.05 inches“? 


Fi 
—° inches 














Fig. 3 Absolute value of dimensionless first-harmonic response (kx»,/F;) 
as a function of ratio of exciting frequency to first free-free beam fre- 
quency (w/w') for cases where dimensionless spring characteristic [a? = 
(w')?/(k/m)| is 10, characteristic force (F\/k) is 10 in., with nonlinearity 


factor («) as a parameter 


The reader should note the two different types of third-har- 
monic “‘resonances’’: 

1 A linear system resonance excited by a finite third har- 
monic of the force in the spring (peaks 1, 2, 4, and 5). 


The response due to an infinite third-harmonic force in the 


1960 


274 / suNne 


10 
f+ | inches"® 
- * 10 inches 


10 




















(=) 


Fig. 4 Absolute value of dimensionless third-harmonic response 
(kxy,/F) as a function of ratio of exciting frequency to first free-free beam 
frequency (w/w') fer case where dimensionless spring characteristic 
(a? = (w')*/(k/m)| is 10, characteristic force (F,/k) is 1 in., with a non- 
linearity factor (¢) equal to 0.1 in. ~? 


spring due to an infinite first-harmonic force in the spring (peak 
3). 

Among other restrictions on the solution, the third-harmonic 
response must be much less than the first-harmonic response at 
Cases where this restriction is not satisfied 
Peaks in Fig 
ciated with the first case mentioned violate this restriction. 


a given frequency. 
$ asso- 
This 


leads to regions in the neighborhood of peaks 1, 2, 4, and 5 where 


can be found by comparing Figs. 3 and 4 


the solution is not valid. 


Transactions of the ASME 





The Approximate Analysis of 
Certain Boundary-Value Problems 


A simple method is given which is suitable for the approximate analysis of certain 
boundary-value problems, including, for example, the small deflections of clamped 
plates and the torsion of prismatic bars. The analysis is particularly simple and lends 
itself well to the use of the digital computer. The method is applied here to four prob- 
lems, the uniformly loaded, clamped square, and equilateral-triangle plates, and the 


H. D. CONWAY’ 


Julius F. Stone Visiting Professor, 
Department of Engineeri: g Mechanics, 
The Ohio Stc .e University, 

Columbus, Ohio 


torsion of bars of square und hexagonal cross sectton 


The results agree well with 


the exact solutions, where these are known 


Wace analyzing certain boundary-value problems, 
such as the bending of plates with clamped edges and the torsion 
of prismatic bars, to obtain an exact solution is the exception 
rather than the rule. In cases where the exact solution is un- 


known, and particularly if the boundary in the problem is a regu- 
lar polygon, the following method yields good results with a small 


amount of arithmetic. 

Although it is illustrated here by problems of clamped plates 
and the torsion of prismatic bars, it has much wider application 
and, for example, has been applied successfully to the torsion 
of shafts of circular cross sections but varying diameter, certain 
fluid-flow problems, buckling and vibration of plates, and so on 


Analysis 

The method will first be illustrated in relation to small deflec- 
tion-plate problems. When treating problems in the bending 
of circular plates involving the differential equation 


V‘w = q D (1 


it is naturally convenient to use the well-known solution in polar 


co-ordinates 


w= Re + >. R,, cos m@ + } R,,’ sin m6 + we 
m= 1 m=1 


where w» is a particular solution for the loading and 
m = 0, Ro = Ag + Bor* + Cy log r + Dor logr 


= 1,R,; = Ay + By? + Cyr + Dir logr 


m> 1, R,, = A,r" + Bur m + Cye** + Dor mis 


It will now be shown that it is convenient to use this equation 
for the solution of plates with other boundaries. For a first 
example, the problem of the uniformly loaded, clamped square 
plate is chosen, because this has been the subject of a large num- 


1On leave from Department of Mechanics, Cornell University, 
Ithaca, N. Y. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, Atlantic City, N. J.,. November 29—-December 
4, 1959, of Tue American Society or Mecuanicat ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1260, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, December 9, 1958. Paper No. 59—A-80. 
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Fig. 1 Co-ordinate system for square 
ber of investigations and because it is very convenient for illus- 
trative purposes. 

Fig. 1 shows the plate of side 2a and the co-ordinate system. 
Having due regard for the symmetry of the problem, Equation 
(2) is used, with appropriate terms omitted for a solid plate, to 
write with a slight change of notation 

qr* 


o= +A + Br*? + (Cr* 4+ 
61D 


Dr*) cos 46 
+ (Er? + Fr) cos 86 + (4) 


All terms higher than the foregoing will be omitted, and the 
problem is then to find A, B, C, D, E, and F. This is done by 
assuming conditions of zero deflection and radial slope at the 
centers, quarter points, and ends of the sides; namely, 


ow 


=0 at r=a6=0 
or 


r= +/ 5 a/2, tan @ = 1/2 (5) 


r=/20a,0=27/4 


Before proceeding, it is desirable to examine the possible accuracy 
of the foregoing solution. At the centers of the sides, the deflec- 
tion and the radial slope will be zero, as will also be the tan- 
gential slope. At the corners, the deflection will be zero, as will 
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also be the slope in the directions of the sides. At the quarter 
points, the deflection is zero but the normal and tangential slopes 
will not be zero. However, it is apparent that they will not 
differ much from zero, and we can at least expect a reasonably 
accurate solution. If this is not sufficiently accurate, more terms 
can be taken in Equation (4). It might be thought desirable to 
make 0w/dn zero at the quarter points rather than dw/dr, and the 
effect of this on the present results has been investigated. It was 
found to be negligible. Both could have been made zero by the 
addition of another term. 

Solving the six equations derived from the foregoing boundary 
conditions, it is found that 


—2.256170 P/a®; 
C = —0.360325P/a‘ 


A = 1.295846P; B = 


(6) 
D = 0.307846 P/at; E = 0.010735 P/a'; 
F = 0.002069P/a™ 


where P = qa‘/64D 


The maximum deflection for a plate of side b = 2a is then 


Wnax = A = 0.0012655 gb*/D 
(7) 
= 0.013819 gb*/Eh', v = 0.3 
The corresponding factor given by Timoshenko in “Theory of 
Plates and Shells”’ is 0.0138, and thus the agreement is excellent. 
Similarly, the maximum moment occurring at the centers of the 
sides is found from Equations (4) and (6) to be 


ow 
a 8 
( or? eo @) 


= 0.05151 gb? 


which compares well with the factor of 0.0513* of Timoshenko. 
At the center of the plate, the moment is 

M, = M, = 0.02291 qb? (9) 
Timoshenko does not compute this value, but again the result 
agrees excellently with the value 0.0239b? found by Hencky.? 

Before leaving this problem, a partial check on the accuracy of 

the solution may be found by computing the normal (dw/dn) 
and tangential (0w/dt) slopes at the quarter points. These are 
easily obtained by resolution from the value of dw/00; dw/dr is, 
of course, zero at these points. It is found that these slopes are 

ow 


— 0.000005486 gb*/D 
n 


ow 
.] = 0.000010972 gb*/D 


While these are not necessarily the maximum values, they are 
close to them and are certainly very small. 

In view of the success of the method with the square plate, the 
next example chosen was the uniformly loaded, equilateral- 
triangle plate shown in Fig. 2. Again having regard for sym- 
metry, the deflection is here written as 


qré 
w = — +A + Br* + (Cr* + Dr®) cos 30 
64D ( ) 
+ (Er* + Fr®) cos 60 (11) 

2 The factor using a 10 X 10 solution in the present method was 
0.051336. 

*H. Hencky, “Der Spannungszustand in rechteckigen Platten,” 
Munich, Germany, 1913. 
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Fig. 2 Co-ordinate system for equilateral triangle 


higher terms again being neglected. The boundary conditions 
chosen are again that the deflection and radial slope shall be zero 
at the center, quarter points, and corners. The boundary condi- 
tions at the corners and centers of the sides are then satisfied 
exactly. 
Solving the six equations resulting from the foregoing boundary 
conditions, 
A = 0.095918P; B = —0.601443 P/a’; 
C = 0.351443 P/a* 
(12) 
D = —1.066912 P/a'; FE = 0.142419 P/a’; 
F = 0.078576 P/a® 
where P = ga‘/64D. 
The maximum deflection is then 
Wmax = A = 0.0014987 gat/D 


= 0.016366 ga*/Eh®, vy = 0.3 


and the moment at the center of the sides is 


(14) 


>? 
M=D ( = = 0.058529 9a* 
or? r=a/2. bmx /3 


These results are apparently new. Finally, as a partial check on 
the accuracy of the results, the values of the normal (dw/dn) 
and tangential (0w/dt) slopes are calculated at the quarter points. 
These are found to be 

ow 


— = 0.00006308 ga*/D 
on 


> 
= = 0,00005463 ga*/D 


and are again seen to be negligibly small. 

The method will now be applied to torsion problems, these be- 
ing somewhat less laborious than plate problems because there 
is only one boundary condition for each point on the boundary 
instead of two. The section chosen for test is the square rather 
than the equilateral triangle since the exact torsion function for 
the latter problem is expressible in polar co-ordinates, Fig. 2, as 
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Ga : 
o" ‘6a (a? — 3ar* + 2r* cos 38) 


(16) 


For the square shaft shown in Fig. 1, the torsion function satis- 
fying V*é = —2Ga is taken as 


@ = A + Br‘ cos46 + Cr® cos 86 +.... (17) 


2 
Ignoring terms other than the foregoing and solving the three 
equations necessary to make @¢ zero at the centers, quarter points, 
and corners, 

A = 0.589825 Gaa’?; B = —0.092369 Ga/a’; 


C = 0.0025437 Ga/a* (18) 


The maximum stress occurs at the centers of the sides and is 


o 
Tmax = ( ) = —0.67456Ga(2a) 
Or rma. bo 


given by 


(19) 


in excellent agreement with the value of —0.675Ga(2a) quoted 
in Timoshenko and Goodier, “Theory of Elasticity.” This 
degree of accuracy is perhaps not really surprising, since the 
stress is at a point on the boundary where @ is made zero and 
where 0@/0t is also zero from symmetry. 

The torque T is given by the integral 


T=2S Sf orddr 20) 


taken over the cross section, and fortunately the integration 


presents no difficulty. The torque is 


7 = 0.14084 Ga(2a)* (21) 


the factor in which is about 0.2 per cent greater than the true factor 
of 0.1406. 
The last example is that of the torsion of the regular hexagon 


shown in Fig. 3. The torsion function is here written as 


Gar* 
@ = A + Br* cos 68 + Cr™ cos 120+... — : 


Ignoring other terms and finding A, B, C for the centers, quarter 
points, and corners 


—0.044483 Ga/a'; 
C = 0.003625 Ga/a™” 


A = 0.540858 Gaa’?; B = 


The maximum shear stress is then 


(4 
Tmax = <=. = 
Or | pms, x0 


This result is apparently new and, remembering the stress value 
obtained for the square, is probably quite accurate.‘ The torque 
found in the usual way from Equation (20) is then given by 


— 1.22340 Gaa 


T = —1.04080 Gall* (25) 
where H = 2a/+/3 is the side of the hexagon. This factor differs 
less than 0.5 per cent from the more accurate factor of — 1.0359, 
given by Pélya and Szegé.* 


‘ The factor is —1.22581 according to C. Weber, “Die Lehre von 
der Drehungsfestigkeit,"” Berlin, 1921. See also, 8. Timoshenko, 
“Strength of Materials,”” part 2, D. Van Nostrand Company, New 
York, N. Y., 1941, p. 266. 

sG. Pélya and G. Szegé, ‘‘Isoperimetric Inequalities in Mathe- 
matical Physics,”” Annals of Mathematical Studies, Princeton Uni- 
versity Press, Princeton, N. J., 1951. 
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Fig. 3 Co-ordinate system for regular hexagon 


Summary 

The method is very convenient to use, and gives accurate 
results, with little labor, for clamped-plate and torsion problems, 
particularly when the latter have regular polygonal boundaries. 
It appears that plate-boundary conditions other than clamped 
can be treated, and the method applied to other boundaries. 
It is natural that the labor increases when advantage cannot be 
taken of symmetry, but the use of the digital computer mini- 
mizes this. The use of the latter is particularly convenient, and 
it can incorporate the finding of the polar radii for the various 
values of the co-ordiuste angle given the boundary or boundaries. 

The method is not confined to the two problems cited, but 
can be extended to many others. It has, for example, been 
applied successfully to the finding of the torsional rigidity of 
circular cross-section rods of periodically varying diameter. 
In this case, the torsion function is a series of products of tri- 
gonometrical and modified Bessel functions but, other than this, 
the method is the same. Other examples of its use consist of 
fluid-flow problems, buckling and vibration of plates, plane-stress 
and strain* problems, and so on. Some of these will be given in 
later papers. 

NOTE ADDED IN PROOF: The author’s attention 
drawn to the following investigation along the same lines (J. 
Barta, ‘Uber die niherungsweise Lésung einiger Zweidimension- 
aler Elastizitaitsaufgaben,”” ZAMM, vol. 17, 1937, p. 184) 
However, the idea of meeting conditions at discrete points as a 
rather general method for solving certain boundary-value 
problems does not seem to have been appreciated there. The 
wider viewpoint together with the advent in recent years of the 
electronic digital computer makes the method very attractive. 


has been 


* H. T, Johnson, “Stress Distribution in a Uniformly Rotating 
Equilateral Triangle Shaft,”” Journnat or Apptiep Mecuanr’s, vol. 22, 
Trans. ASME, vol. 77, 1955, p. 255. 
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Stresses in a Slab Having a Spherical 
Cavity Under Circular Bending 


This is one of a series of investigations on the effect of a spherical cavity in a solid of 
revolution when the solid is acted on by a given stress system symmetrical to the axis of 
Three problems of this nature have been investigated previously by the 


senior author in a succession of papers (1, 2, 3].? 


\. A previous paper [3] the senior author presented 
an analytic solution for the stresses in a stretched slab of infinite 
size having a symmetrically located spherical cavity. In this 
paper the stresses in a like slab when it is under circular bending 
around its edge are investigated. Likewise, the theory of sym- 
metrical strain for solids of revolution is used in the analysis. The 
stress function in question is constructed by using two series of 
periodic biharmonic functions and a biharmonic integral. The 
series of biharmonic functions have been defined in the previous 
paper. However, unlike the previous solution for a stretched 
slab, here the stress function is necessarily even with respect to 
the mid-plane of the slab by symmetry. 

The solution is illustrated by numerical examples for two radii of 
the cavity. In particular, the maximum stresses in the slab are 
computed to show the effect of the cavity on the stresses in the 


slab. 


Method of Solution 

Consider an infinite slab of thickness 2a having a spherical 
cavity of radius Aa located symmetrically between the surfaces 
of the slab. Denote as usual the cylindrical and spherical co- 
ordinates by (r, 6, z) and (p, @, 8), respectively, 


where 


z = pcos ¢, r=psin®@ 

Let the origin be situated at the center of the cavity and the z-axis 

normal to the surfaces of the slab. For convenience, the co- 

ordinates z, r and p are taken as dimensionless quantities re- 

ferring to the length a or one half of the thickness of the slab. 
Suppose that the required stress function x is composed of two 


parts as follows: 
X= Xe tT X 


The basic stress function xo gives the stresses in the slab in the ab- 
sence of the cavity. When the slab is acted on by a circular bend- 
ing moment of —M per unit length around the edge, it takes the 
form 


1Concurrently, Acting Director, Institute of Mathematics, 
Academia Sinica, Taipei, Taiwan, China. 

? Numbers in brackets designate References at end of paper. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, Atlantic City, N. J., November 29-December 
4, 1959, of Tue American Society oF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
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until July 10, 1960, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 
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Ma “Te 


= . > ae 
xo" 641 +») ° 


y)z* — 24(1 — p)r®z? — ¢ 


where v is Poisson’s ratio. The auxiliary stress function x, is here 
constructed by using the following functions even in z: 

a 
x: = Ma > (A2Ueee1 + BeosVosi) 


s=0 


+ Ma | {¥.(k) cosh kz + Wx(k)z sinh kz} Jo(kr)dk (4 
#0 

where Az, and B,, are coefficients of superposition and yw, are 

arbitrary functions. J, is Bessel function of the first kind of 

U, and V, are periodic biharmonic functions defined as 

Fors 2 1, 


order n. 
follows 


(—1) 


: OU, = 23 +1 OV, 
U,= ; 
(s — 1)! de (s + 1)! dz 


where 


Uy = 


l site = (1 + a Xl + #,) 
—— log - —_—_——?. = exp 
2 (1 — 4,2, (1 — wl — #,) 


Vo 


in which 


¢ 2 z— 2p 
= cos @ = - = — - —— 
“4 po? (pt — 4ppy + 4p?) 
The reader may consult the senior author’s previous paper [3] for 
the properties of these functions. 

The foregoing auxiliary stress function gives the following nor- 
mal and tangential stresses on the surfaces z = +1: 


rete 7am o, Mt | 
~ @ [2 ' é: WV 02? x s=+1 


M 


2 


= > f k*[{yi(k)k sinh k + yo(k) {k cosh k 
0 


— (1 — 2v) sinh k}]Jo(kr)dk (8 


a 


1foys, — o* | ] 
= | —— } —_ — 
a? | or Ve d22f © 2=+1 


M 
ae  ® ts + 1)(2s + 2)Ag, 
a 


s=0 
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OU sets 
+ 2(1 — v)(4s + 3)Bz,} 3 
Or 


(2s + 3)(28 + 4)(48 + 3)Bs, OVas 
4s +7 or z=+1 


VU 


* 


a* 


[ k*} Pi(k)k cosh k + Yo(k)(k sinh k 
J0 
2v cosh k } Jal kr )dk 


where V? stands for the Laplace operator. 
The former vanishes identically for any value of r provided 
that 


Wi(k k sinh k 4+ Yolk) k cosh k — (1 — 2p) sinh k} = (10) 


Again, the latter vanishes identically for any value of r provided 
that by Hankel transform of order unity the following relation is 


satisfied: 


v1 k \h cosh k ¥2 k (k sinh k 2p cosh ; 


AE L [eo 


0* 


rd (kr )dr il 
> l 


Now, by integrating by parts and then using the relations (28 


we find 
k [ [Users] a= +1 TIA kr)dr 
/0 


eur? 


ee er me, 
2s + 2)! sinh k 


* [ OV aces a 
rJ (kr )dr = } Vosssle= +} rJ of kr dr 
0 or z= +1 /0 


(4s + 7)k™*? 


2s + 4)! sinh k 


in the previous paper [3], 


~ Tavs 
f | - ] rJ i(kr)dr = 
0 or z= +1 


(12 


(k coth k 


Consequently, we have for zero traction on the surfaces, 


Wilk) = (1 — 2v — k coth k)Wa(k)/k 


ro) 
») 


-~ ~ etl 
sinh 2k — 2k > . 


s=0 


(4s + 3)B. 
» » (h coth k — 22 — 1 — 29)$ 
(2s + 2)! 


(13) 


However, since Az, and B;, are independent of k, the integral 
in Equation (4) with the values of y; and ¥ given previously be- 
comes divergent at the lower limit, for the integrand of the inte- 
gral becomes of the order 0(k~*) as k tends to zero. Nevertheless, 
the divergence can be removed by subtracting some suitable terms 
of the same order from the integrand so that the resulting inte- 
grand vanishes as k tends to zero and the new integral is now con- 
vergent. Such a modification is permissible for it does not affect 
the stresses in the slab as well as the convergence at the upper 
limit 

To expand the stress function in spherical co-ordinates, the fol- 
lowing relations are useful: 


~~ (kp) 


Jolkr) cosh kz = a Pols), 
(ai } 
n=0 
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(kp)***! 


2 + ) 
a4, (2n l 


Jdkr) sinh kz = ° Ponslu 


@ 


: Ps) ; 

Ua = er \ 010641) Pal i) 
p n=O 

, ! ip 

2H = peti | Paevel me) 


@ 


~ > *8..4:0"| Pon Ap) — P2,( )} 


n=1 


- Pod p)} 
(15) 


and in particular, 


x 


l 
+ » *op™P2,( ps 


p n=! 


U; = 
where P,, is the Legendre function of the first kind of order n and 


Wats 


which 


(17) 


The resulting expansion, apart from some trivial terms, is thus 
follows: 
= X0+ Xi 
Map‘ Mal Ao — Bo) 
= < (6PAu) + (8 — Tv)Pa(w)} + - -__—* 
56(1 + pv) p 
§}Ao, — Ban + Bon-sp* 


+ Ma oe 
4 4 p 


> 


where, forn 2 2, 


Cx = p (aters1Aa, + *Boer1Be.) 
2=0 


1 PC kw(k Qn k) 
’ 1F¥ nvik)| k**-'dk (19) 
0 


T (Qn —1)tJo Y Qn a4 


, : 
9 9)! f Vk )k*~ dk 
1 Kam — £)! 0 


It is immaterial, 


Day ~ 2985541 Ba, 


— (4n — 


Note that here the coefficient C; is not defined. 
for it is the coefficient of the trivial term p*Ps(y). 
Consequently, the following normal and tangential stresses in 
spherical co-ordinates are derived: 
v(l — p?*) | 
p dul 


= ( ‘ . 1— #2) 
a* Op* Y dp p ou) * 


« 


: M 
{P,(m) - P(u)} + 3 pW (2n + 2) X 


oa € aa 


v'x 


+ 


3Mp 
2 


j(2n + 1) 2n + 3h {> —= Ben) 
7 " pm 
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4(2n + 3K \(3n — 4nv +2 


(4n + 5)p tn +4 


— 2s 


7)2n? +2 — 1 — v)Dennp™* 
4n + 5 


2 (4n + 





: Panti(p) 





- 


M « 2(4n — 1)(2n? +in +2 — V)Bin- 
-~ 9 
+ 2. ( +o? (4n + 1)p**2 


2 
a n=1 


- 2n(2n + 2)Con+ep™"™ 


4n(6n ~ Snv + 5 — 6v)Den+2p™ 
4n +1 


= t)'/ 
one tee oe -»(2 
op 


a’ | 


+3 (2)( 
Op \p Ou . 


Mp(l — pr)'/4 
¥ 10a? 


M(1 od x bi 5, 


6 n=0 





-t Ponti(u) (20) 


) Vv°x 


[3Pi(u) + 2Ps'(u)} 


(2n + 1)(2n +: 3)(Aam - - ~ Ban) 
p+ 
4(2n 3)(3n — 4nv + 2 — 3v)Bean 
(4n + 5)p****4 
2(4n + 7)(2n? + 4n +1 + V)Dn+sp * *) 


4 oo ——* P’snei( 1) 
in +5 f tinal 


JS(An - — ~ 1)(4n* +4n—-1+ 2v) Ban 2 


nai 2\'/s 
a M(1 call a Ish 
! (4n - 1)p™ +2 


2 
a n=] 


+ 2n (2n + 2)Con+2p**~ # 


4n(6n — Snv +5—- 6v)D: n+ tn— 
. 20 +8 ee Pte 
4n + 1 


(21) 


These stresses vanish identically on the surface of the cavity 
provided that, when p = A, the coefficient of each Legendre func- 
tion or its derivative vanishes separately. A system of linear 
equations is thus obtained. The system of equations may be re- 


placed by the following system: 
15 

we Ae os bin 
213 — 7v) 


— 2n(2n + 1)(2n + 3)(4n + 1)Cante’ 


— (4n + 3)(4n4 + 12n* + 11n? + 3n + 1 — v*)Danta,’ 
7 


Ban-s' = — §,, at 2n(4n + + 3)Conse’ 


10(13 — 7v) 
+ n(n + 1)(4n + 5)Donss,’ (n 


where 6,,, = 1 or 0, according as m = n or m # n, and 


mn 


(2n + 


1)(2n + 3). fon — Ban) 
Am*+5 


in — dnv + 2 2 — 3v)Bon 
(4n + + 5)Am +8 


AC: 2n + 3) 


ols 


B (An +i 3) Ban 
a ~ (4n + 5)\*+5 
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(n + 1)A*—*Conse 
4n? + 6n — 4nv + 3 — 3v 





Cons2 ‘= 


_(6n — 8nv + 5 — 6v)A2*~ "Danse 
(4n + 1)(4n* + 6n — 4nv + 3 — 37) 





2(4n + 7)A™* Danse 
(4n + 5)(4n* + 6n — 4nv + 3 — 3r) 





Dons’ = 23) 


By Equations (23), (19), and (13), Cx,’ and Dz,’ may be ex- 
pressed in terms of Az,’ and By,’ as follows: Forn 2 2, 


Con’ = D> (PY 20a! + *erBae’ AM tH! 
s=0 


D;,’ = + (?*52,Aae’ + O2-B2_’)A****! 


s=0 
(2n » oe 1 )Ton+as” = 


2n + 2s ; 
x 
23 + 1 
(2s + 3X4n — 3X4n*® — 10n — 4nv + 7 + 5v)2™*%-2 
2n + 2s 
_ x 
23 +1 


3)(4n* - 2 


where 


2"5., — 


2, = 


] 

(2s + n — 4nv + 1 + v)2™ +241 

j2(4n* — 4n — 1 + 2v) 
4n — 3 


— Wantte+i 


tntte” 
— (2n + 28 + 1Laetean*t 
ss 2n + 2s 

Ow \ 28 +2 


(4n — 3)(4n*® — 10n — 4nv + 7 + 5v)2™*%—1 





— Werntte+i 


yas + 128 + 7 + 2p) 
4s + 5 


— (2n + 28 + Larne" 


4s +5 Bees 
2n — 4nv +1 + y)2% +2 





, (> + 2s 
ie ae 
a 2s +2) (2n — 1)(4n? — 


J (As? + 128 + 7 + 2v)(4n* — 4n — 1 + 2v) 


1 (48 + 5)(4n — 3) 


(2n — 1h(n + 1 — 2p) 
a el 
ieee “aia 3 ‘tn+2etl 


Tan+2.* 





(s + 1)(2s — 1 + 4y) 
4s +5 


4s? + 128 +7 + 2v | 4n? —4n-—1+2 
' 4n — 3 


4s +5 


4 Gat r+ ete +>) 
4 


2n 2 23 + +2 





\ 
Lantese* Kntaesa* f 


(25) 


The coefficient w, is defined by (17), while the remaining co- 
efficients defined by 
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k*dk 
sinh 2k — 2k’ 


J, 
2 fi: k" coth k dk 
!Jo sinh 2k — 2k’ 


2 fr k coth? k dk 
n! Jo sinh 2k — 2k 


each of which tends asymptotically to unity as n tends to infinity. 
To solve the system of linear equations in (22) by method of 
successive approximations, we write, for n 2 0, 


Ba’ = > Bu’ 
p=0 


ws 51.0 
V) 


10( 13 — 7v) 


and for p 2 1, 


Ag,’ = —2n(2n + 1)(2n + 3)(4n 1)Consa(?-) — (4n + 3) 


x (4n* + 12n* + Lin? + 3n + 1 — v*)Dansa?-, =(n 2 O) 
1)4n + 5)Dang’?-" 


- 2% 


7 


Bon 2’ = 2n(4n + 3)Comae ?-) 4+ nin 


(n (29) 
in which C,,'‘?- and D;,'‘*~» are computed from A,,'‘?~” and 
B;,'°-» by using Equations (24 

The foregoing method of successive approximations is valid as 
long as the series in (27) are both convergent. From physical 
considerations alone, it seems likely that there will be convergence 
if X is less than unity. The range of convergence may be ascer- 
tained by using the method used by Howland [4] and Knight [5) 
However, for the sake of brevity, no details will be given here. 


Numerical Examples 

Numerical examples will be given for the cases \ = '/,and\ = 
1/,, respectively. Table 1 shows the values of the coefficients woa+1, 
Laavi*, | A and K;,*. The first coefficient has been tabulated 
by Glaisher [6] and the subsequent two by Nelson and the senior 
author [7,8]. The last one may be evaluated by splitting the in- 
tegrand into the following and then integrating from zero to in- 
finity : 


k* coth? k k* 


ke i 
sinh 2k — 2k sinh 2k — 2k 7 


2 sinh’? k 


(30) 


k*—! coth k 
* sinh 2k — 2k 


This leads to 
I 


K,* = 1,* + - (Laa* — We) 
n 


(31) 


Table 2 shows the values of the coefficients in Equations (25) 
corresponding to vy = '/,. The coefficients A»,’, Bon’, C2,’, and 
D:, ‘ found by the method of successive approximations are shown 
in Table 3 for the cases \ = '/, and A = '/;. They are readily 
converted to As, Bs., C2., and D,, by Equations (23). 

It is easy to see that here the maximum stresses occur on the 
surfaces of the slab at the zenith points and also at the poles of 
the cavity. Now, at any point in the slab we have in general 


o,+ et o=o, tote, 


1+v0od 
- = 7 32) 
a’ a2 * (2, 
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Since at the poles, 


o, = 0, Ty = 9%, Pirei( 1) = £1 


1 + “|2 Ce | 
+ x 
2a’ Oz Ve) <O,£D 


~ 2 OF + atm D Un +8) x 


9 
a n=0 


we find 


max 04 = 


{(2n + 3)BaA~**-* + 2nDansa™ 1] (34) 


Again, since at the zeniths, 


o, = 0, o, = 0%, J{0) = 1, (35) 


we find 


max ¢, 


2 vn] 
oz (r,2) = (0, +1) 


(1 + v) k*y.(k) sinh k dk ; 
J0 


@ 


v) >> (2s + 3) X 


e=0 


{(23 + 1)(28 + 2)Grs*Aa — (48 + 3)(28 + 1 


+ Qv)irers*Bs, + (28 + 448 + 3 Han*Br} | (36 
1 zg 
0 
1 [ F 
n! Jo 


the values of which have been tabulated by the senior author [8] 


where 


kn sinh k dk 


sinh 2k — 2k 


k= cosh k dk 


g.° 
sinh 2k — 2k 


They are reproduced in Table 1. 
The following numerical results are obtained: 


nN | 0 4 "/s 


0.667, 
1.496, 
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M~'a* max o% C, 
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At pole: 


At zenith: M-~'a"\max o,) 
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Fig. 1 Maximum stress versus radius of cavity 
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Table 1 


Win+ 1 Lens 1 ° 
. 202057 
036928 
.008349 
2008 
.000494 


240001 
.050822 
.013199 

003615 


.001003 
.000278 
000077 
000021 
000006 


.00012¢ 

.00003 1 
.000008 
.000002 
000000 


1.000002 
1.000000 


Gans "tie 
1.10522 
1.012123 
1.001611 
1.000216 
1.000029 


1.000004 
1.000000 


The coefficients 


| Kon* H2,* 


26 


051213 
005564 
000703 
00009 1 


353294 
076730 
020538 
005785 


144421 
031156 
008023 


000012 
.000001 
000000 


002165 
. 000592 
000162 
000044 
000012 


.000003 000004 
000001 1.000001 
000000 1.000000 


001645 
000466 
000131 
000036 
000010 


Table 2 The coefficients, for » = 1/4 


2n = 4 

.1767 & 10-? 

.4261 « 107? 
9.8044 « 1078 

.2216 K 10-3 
2.3889 x 

8763 X 


= 2 
5161 
3.7101 
2236 
3395 
1194 
1595 


5447 X 107? 
8098 10~? 
§. 5967 10-8 
5738 

5194 : 


>. 6465 
§. 8195 
5. 9896 
2508 
1953 
0129 


2029 
. 1782 
4018 
3969 
. 2169 
8238 


1653 
6146 
1339 
2.8573 
2234 


5580 
4325 
0676 
9923 
4938 
4343 


1884 
2.3291 
2.4700 

— 1.8849 
—1.1704 
— 6.3079 


1575 
4337 
0348 
9804 
0725 
1211 


.7204 X 
9908 X 
2306 X 
5257 X 
.5548 


10~? 
10-* 


MKKXKKK KKKKKX 


2 
3 
3 
1 
1 
5. 


—1l. 
—1. 
—6.7 


—3 


0590 
107! 
10-3 
10-2 
10-? 
10-8 


.5276 X 
6110 x 
1175 X 

1.9473 X 

7727 X 


107! 
107! 


—6.4132 « 10-7? 


Table 3. The coefficients, for » 


10~! 
10-1 
10~* 
10-6 
10-7 
10-8 


¢ 10 


10 
x 10 
10~! ¢ 10 
10-1 
10-2 
10-3 
10-4 
10-5 


Nor Osc 
mon 
Noe 
org 
XXKXKKK KKK 


10 
.922 
077 


8 


6. 
5. 
5 
‘ 4. 
10 3 


10 


where the values in the limiting case X = 0 are shown for com- 
parison. The results are also plotted in Fig. 1. 
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1 Introduction 


I. A recent paper, Radok [1]? presented a two-di- 
mensional solution for the elastic equilibrium of an infinite thin 
plate with a compactly reinforced hole. Radok’s work utilized 
the general techniques developed by Muskhelishvili [2] for the 
solution of two-dimensicnal elastostatic problems and repre- 
sented a concise, direct method applicable to any hole which 
could be mapped onto the unit circle by a rational transforma- 
tion. The solution for the circle itself was exhibited explicitly 
while the ellipse was left as a future problem of particular interest 
As in earlier attacks on this problem [3-7], the reinforcement was 
treated as a thin curved beam. The present paper constitutes a 
generalization to reinforcements of arbitrary width and presents 
in detail the solution for the reinforced ¢ lliptical hole.* 

The elastic material is assumed to be homogeneous and iso- 
tropic : however, in general, the material of the plate may differ 
from that of the reinforcement 
lem is formulated in terms of the mean values of the stresses 
This problem 


A generalized plane-stress prob- 


and displacements over the thickness of the body 
is thin attacked by the general methods of Muskhelishvili. . In 
the solution for the elliptical hole with a confocal 
two constants 


Section 3, 
elliptical reinforcement is obtained in terms of 
Although these constants are not determined explicitly, they can 
be approximated to any desired accuracy for a given case. The 
specialization of the ellipse to the circle is presented in Section 4, 
where a solution for the general case is exhibited. Radok’s re- 
sults may be obtained as a limiting case of the general solution 
by allowing the width of the reinforcement to approach zero 


2 Formulation 
Consider the reinforced plate shown in Fig. 1. 
that the applied loads act parallel to the middle plane, are dis- 


It is assumed 


‘ The results presented in this paper are based on Part 1 of a thesis 
submitted by the author to the University of California at Los An- 
geles in partial fulfillment of the requirements for the degree of Doctor 
of Philosophy, 1955. 

2 Numbers in brackets designate References at end of paper 

The reviewer has indicated that related material is contained in a 
Russian book by G. N. Around 
Openings,’’ Moscow, 1951. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, Atlantic City, N. J.. November 29-December 
4, 1959, of Tue American Society or Mecuanicat ENGINEERS 

Discussion of this paper should be addressed to the Secretary 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1960, for publication at a later date. Discussion re- 
ceived after the closing date will be returned 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, March 2, 1959. Paper No. 59-—-A-45. 
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With a Reinforced Elliptical Hole 


An infinite thin plate with an elliptical hole reinforced by a confocal elliptical ring is 
subjected to loads in the plane 
tained using the complex variable techniques of Muskhelishvili 
in a form well suited to evaluation by digital computers 
hole with a negligibly thin reinforcement is shown to be in agreement with results ob- 


A solution to the generalized plane-stress problem ts ob- 
The result is presented 
Spect alization to a circular 


tributed symmetrically with respect to this plane, and that the 
body forces are zero. 

Let 7,; and u, denote the three-dimensional components of the 
stress tensor and displacement vector. Define their mean values 


bv 


in Region I 


in Region II 
l ad, 
= UAT, Ja, Z dz, 
2h : 


From symmetry V; = U = S 


=Ty; = Tx 
Since no forces act on the face of the plate, 7; 


on z; = +h. Then the equilibrium equation, 


OT 1: OTe OTs 


or or 


implies that O074/0z, = Oonz; = +h. The classic assumption of 
the theory of generalized plane stress as developed by Filon [8] 


is that Ts 0 throughout. Expanding Tr» in a Taylor's series 




















Fig. 1 Reinforced elliptical hole 
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about z; = A shows that 73; = O(h*) and 73; = O(h*). To within 


the same degree of approximation, 
U,(%1, 22) = Ua(%1, Z2, 0) + O(h*), a = 1,2 (1) 


This follows from an expansion of u in a Taylor’s series about 23 
= 0. The principal assumption now invoked in formulating a 
two-dimensional problem is that both the region of the plate and 
the region of the reinforcement may reasonably be taken to be in 
a state of generalized plane stress. Some information on the 
deviation of plane solutions from three-dimensional solutions 
may be found in Michell [9] and in the more recent work of 
Sadowsky and Sternberg [10]; however, the final determination 
of the range of applicability of the results obtained here under the 
generalized plane-stress assumption must await suitable experi- 
ments. 

From the work of Muskhelishvili, the mean stresses and mean 
displacements in each region can be represented in terms of two 
functions of a complex variable. Thus 


Su + See = 2[¢r(2) + or'(2)], 
Se — Su + 21S = 2[8."(z) + yr'(z)), 


2Qui(V: + iV:) = kigi(z) — 2dr'(2) — Vale), 


where 
= 2 + iz: 


= E,/2(1 + ») 
= (3 —»)/(1+n) 
Young’s modulus in Region I 
Poisson’s ratio in Region I 
denotes differentiation 
denotes the complex conjugate value. 


A similar representation holds for 7;; and U; in Region II in 
terms of the complex functions ¢: and ¥: with the material con- 
stants appropriate to the region. The boundary conditions may 
be expressed in the form 


o(2) + 262) + Wz) = i fix, + i¥,)ds + const (3) 


on each contour, where (X,, Y,,) is the (mean )stress vector acting 
on an element of the contour with exterior normal n. The con- 
tour is described in the positive sense with the arc length denoted 
by s. 

The first fundamental boundary-value problem prescribes the 
applied loads on the body. For the reinforced elliptical hole, the 
solution requires the determination of four functions ¢:, Yi, d2, 2 
which satisfy 


di(2) + 2gr'(2) + Halz) = if? (X, + iY,)ds + const on Ci, 
(4) 
H{ o,(z) + 26’(2z) + yilz)} 
= h{do(z) + zox'(2) + v2)} on Cz, (5) 


l ———— — 
ret { kig(z) — 29,'(2) — ¥,(z)} 


Mi 
1 mae a 
os {keps(2) — 2¢2'(z) — Yx(z)} on Cy (6) 


Equation (4) expresses the boundary condition at the hole, Equa- 
tion (5) is a statement of the equilibrium of forces between 
the two regions, and Equation (6) follows from (1) and the known 
continuity of the three-dimensional displacements. 


284 / suNE 1960 


For an infinite simply connected domain (Region II) the func- 
tions ¢2, ¥2 have the structure 


Xi + 1X2 


~ oe +k) log z + Tz + da(z), 


oz) = 


kX, om 1X3) 


“Om(1 + fa) log z + y 2+ Walz), 


vz) = 


where 


R,(2T - r*) = Tul), 
R,(2T + I'*)] = Txf @), 
I,,\*) = Tw), 


(X;, X2) is the resultant mean force vector acting on the hole, 
gx, Yao are holomorphic functions. 


The /,,[I'] represents a rotation which does not affect the state of 
stress, hence I’ may be taken real. The stresses are assumed to 
be bounded at infinity so that [ and I* are finite. For a finite 
doubly connected domain (Region I) the functions ¢; and 
have the structure indicated by (7) with T = T'* = 0 and dy, 
Wio holomorphic in the ring. 

There is a certain degree of arbitrariness in the functions d,, 
Yio. From (2) it is seen that Wo may be replaced by Wyo + (ai + 
ia2) and dio by dio + (8: + iB) + iyz without altering the state 
of stress. The choice of (a; + ia:) will always be taken so that 
the arbitrary constant in Equation (4) becomes zero. The selec- 
tion of the remaining constants will be postponed. Indeed, for 
the reinforcement problem, the choice is not completely free in 
both regions due to Equation (6) relating the displacements. 

The basic reinforcement problem may now be stated as the 
search for four functions ¢;, ¥1, 2, Wz, which have the structure 
(7) and which satisfy Equations (4), (5), and (6). In addition, T 
and I'* in ¢s, ¥2 must satisfy the prescribed loading conditions at 
infinity. 


3 Reinforced Elliptical Hole 


The function 


2 = wt) =A (++ £) 


represents the conformal map of the confocal elliptical boundaries 
in the z-plane onto concentric circular boundaries in the {-plane. 
In the ¢-plane the concentric circles y; and 7: with radii R; = R 
<1 and R; = 1 correspond, respectively, to the ellipses C; and C; 
in the z-plane. With ~/c < R < 1 the region exterior to C: 
corresponds to the region exterior to y: and the positive sense of 
orientation along the contours is preserved. The purpose of the 
transformation to a plane where the principal contours are given 
by concentric circles is to utilize power-series expressions for the 
unknown functions. 

The unknown functions are represented in the image region by 


WS) = vod] 


and the computation of the components of stress and displace- 
ment can be performed directly in terms of { = po = pe”. 


(5) 
+ 20 | 
w(t) 


OS) = o[o(H)], 


#,'(f) 


— 8a 
w'(t) (se) 


Sy + Se = 2/ 


~ 54+ 289 = 2 fap 4 [8] + ve} 
See — Syp + 21S go pat) ox) a Loh) + W'(0) 2, 
(8b) 
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A similar representation holds for the stresses and displacements 

in the image of Region II. Hence it is sufficient to determine the 

functions ®,(f), Vi(f), ®.(f), ¥2(f) in the image region. 

In order to simplify the boundary conditions, it is convenient 
to utilize the known solution for the unreinforced plate with an 
elliptical hole. Let @ = A(f), ¥ = B(f) represent the functions 
in the image region which solve the problem of the unreinforced 
plate with an elliptical hole. 

Take 

$,(¢) A,(f) T Ff), 
O(f) = Af) + Ff), 


where A,, B, and A», B, differ from A, B only in the constants 
The conditions imposed by (4), (5), 


rT Gt ’ 


(ot) = Bt 


V0) = Bx c 


+ GA), 


appropriate to the region. 
and (6) now become 


where 


w(0)A2"(¢ 
v ; 
w(t 


wo [)Ai"(0) 


2 D,o* 


— BAft 


The unknown functions F,; and G, are regular in the ring and 
the functions /’; and G, are regular in the exterior of y:. Hence 
there is a convenient power-series representation: 


F\({) = Piul(f) + Flt 


Pf) = 
0 


and, without loss of generality, 
(Rt + cf*)P,(0) 
Gf) « —S—_— 2 3s 
: R*™{? — c) 
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2)F.'(¢) 
$ } 7) 


The constant a is arbitrary and does not affect the state of stress. 
It will be chosen equal to zero. 
From Equation (9) 


> a,R*0-* + > b,R*o" = 0 


Hence 


b, = —a.,k-™ 


From (10) and (11) 


@ oo 


st(1 + hn) >> ao * = (t + ak,) >> a.0 


- oe 0 


+ (t — 8) > 6.07" + ,e (tC, + sD,)o* 


0 
Hence 
(t + ake) H& - (t{—s B. = — (tc; +- Dy), 


(t — s)B_, = st(1 + k,)a, — [tC_, + sD_,], 


(t + sk,)a., = st(1 + k,)a_, — [tC, + sD,], idl 
(15) 

From (12), (13), (14), and (15) all the unknown coefficients can 
be determined in terms of ja,} and ®&. The basic equations (9), 
(10), (11) provide one remaining independent relation, say (10). 
Unfortunately, the direct substitution of the power-series ex- 
pansions into (10) together with an attempt to equate coefficients 
of like powers of o leads to an infinite system of simultaneous 
linear equations which does not seem to be tractable. Instead of 
this approach, a method suggested by the work of Sheremetyeff on 
the elliptical ring [11] will be employed. The technique yields 
a solution for all the unknown coefficients in terms of two con- 
stants, Py,’ (/c) and F,,’(—+/c). These constants can then be 
approximated to any desired degree of accuracy. 

Multiply (10) by 


l da 


2mia—f¢ 


and integrate around 2 with |¢ 1 and then '¢ 


x 
- 


> 1 to obtain 
5 al — RY) (R* — cf) 2 
§ ) G5 * + - > na," 
R? fe — ¢c 


T 8 > bt” 
l l 0 


s(1 — &*)(R? — ce  Pu(/e) Pu —Ve) 
2R? + + +c 


f[- ve f 
0 0 

a(1 — R*) ((R* — cf) 

s>> a, _ -—y : >> nag 

7 R? (f?— ec 7 ‘ 


x 


— 2) 2 -? pe fe) Pa" wastan 
r > L oo 4 a R (R Fy (\ c 4 F Ve 
; 2R? f-—-ve f+e 


) 


= Sy Bat + Do Cat . 
I 


l 


(17) 
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Using (12), (13), (14), and (15) to eliminate b,, B_, and a@,, 
and comparing the coefficients of like powers of [ in (16) and in 
(17) leads to the relations 


1 + ke L keCy —_ D 
(1th) 9. w= De 


18a 
kes + t Ve kes + t ( 


keC, = D 
—ca_,A; + (R? — lha, = M + clhs a J 


kes + “¥ (186) 


elkCs — Da) 


1. + 2(R? — 1 
3 kes + t 


(18¢ 


— CA-2. 7 
Vc 
= + (R? 1)(n + 
= S a» 1 
R cna,, 2 
clkeCni2 — Danse] — [eC — D,) 


a - for n=1,2,..., (18d) 
kos +t 


: R? — 1 
4B, +c R? a, = 


R?—1 a 
a a cli 


2 


2A n+2 = 2)an+2 


é..4. — ca_, 


(C4 + Du] 


s—t 


~ « (18e) 


’ 


; C+ Da 
~/4, =e 


(18f) 
a eked (18 


2B, + 2e ( 


R? — 1 
Gn2Brie — cé,B, + c¢ 7p Mn + 2)a_,-2 — n(R? — 1l)a_, 


CW. D n = C. n—2 + D_,-2 
. Sea 5 Bt oe owe... Gee 
s-—t 
where 
n( R? = 1(s - t) [keC,, 


an+2 = 


—- D,) + (kes + t)A,[C-n-2 
[n(n + 2)(R? — 1)? + A,Byss|(kos + 


truncation. These values are then used to compute a, forn = 1, 
..,N. This yields improved values for Fy,'(4/c) and Fy,'(—+c) 
and the process may be iterated until the desired accuracy is at- 
tained. Experience with a number of sample problems seems to 
indicate that the method converges quite rapidly and the iteration 
technique is very well-suited to stored-program computers. 

It should be noted that a related problem of considerable tech- 
nological importance, the problem of the reinforced slit, is con- 
tained in this solution for the reinforced elliptical hole. By taking 
c = R* the ellipse C, becomes degenerate and the circle f = Rain 
the {-plane corresponds to a slit in the z-plane; 


l 
A (s+ ©) an (o ) = 242 cos 6 
4 o 


Hence z = 2AR cos 0, y = 0, and the ellipse becomes the slit of 
length 4AR directed along the z-axis. 


z=o(f) = 


4 Reinforced Circular Hole 


In the case of a reinforced circular hole c = 0 and the system of 
Equations (18) can be solved explicitly: 
1+ key kel - Do 
Bo = —2a(R*? — 1) —- — rar 


Kes > 


kes +t 


(C4 + Da 
(s — t)(B, + R? — 1)’ 


_ (62+ Da! 
BAs — t) 


»= 


+ D-, 


(19d) 
this — t) 


—(s — OBrselkeC, 


_ (nm + 2)(R* — 1)(kas + 8) [Coo-2 + D-»-2] 


R? — c*)(R? — 1) , si ; 
— (Fue) — Pu(—ve)], 
ait” 


(R*? — c?)(R?—- 1). nis , 
- 2R? [Pu'(Ve) + Fu(—vVo)] 


This system of equations can be solved in terms of known quan- 
tities and the unknown constants Fy,'(+/c) and Fu'(— +/c). 
The function 


> na,¢"—) 


1 


Pug) = 


is regular in the interior of y2 and hence the convergent power 
series can be truncated to yield the approximate function 


N 
Pu'(f) > } na,f"-! 
1 


This relation permits the unknown constants to be determined to 
any desired accuracy. A reasonable technique is to obtain a 
rough estimate for Py,'(+/c) and Fy'(—+/c) from a low-order 
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[n(n + 2)(R? — 1)? + A,B, 


+2 (kos + Os — b) 


It may be observed from the definition of B, that the denomina- 
tors of (19 
homogeneous in (C,, D,) it can be verified that the solution re- 


are nonzero when s = ¢. Since the equations are 
duces to the known result for the homogeneous unreinforced plate 
1, ki = ks, ands = 1. 

If no external loads are applied at the hole, 


with a hole when t = 


. ee 
A y Ps = \ (? 


oRT RT* 
B(f) =A [Fes aA - J 3 | 
$ $ 


A(g) = 


Then 


— ; P 2r 
> Co" = (1 — s)(1— RA] T*o+ 
o 


-@ 


C) 


> D,o” 


—@ 


= —l*Ao[(1 — t) + (ke — th)) 


_ “ (1 — #)(1 — 2R*) — (ky — thi] 


+A 
— —— RX1 — (1 — B), 
og’ 


Transactions of the ASME 





ui = Fig. 2 as a function of the ratios = H/h. The values of S,.. at 
TS TOS, s = 1 agree with the well-known solution of Kirsch for the unre- 
inforced plate. It also may be noted that the maximum mean 
a, at 2 . stress in the reinforcement decreases with s. This is in agree- 
R? + aR | a lai?) ment with the results of Levy, McPherson, and Smith [12] who 
found that the “best’’ reinforcement was one which concentrated 
most of the material close to the edge of the hole. 
For the case of very narrow reinforcements of the same ma- 
terial as the plate, a simple approximation to Equations (20) may 
Let a’ denote the reduced cross-sectional area of 


a, 


- 


be obtained. 
the reinforcement, 
' 


WAC) = BE) ,. 2H(1 — B) al —R 


a eee 


2hR R 


When the plate and reinforcement are made of the same material, 
k, = ky = k, andt = 1. In this case the principal coefficientsin A “narrow’’ reinforcement is obtained by holding a’ fixed and 
the foregoing become allowing R to approach unity. For this purpose replace s in 

Equations (20) by a’R/(1 — R) and compute the limit as 2 — 1: 
—2PA(s — 1)(1 — R*) 


1) + As — 1)(1 — FR? 


1) + k(s — 1)(1 — R*)[ek%s — 1) — (8 + &)}} 
R-*\ks + 1) — k(s — 1))[R%s — 1) — (8 + &)] 


a = 311 — R*)%Xs ks [R-%ks + 1) — ks — 1)]|[R%s — 1) — (8 + &)! 
The special case just described where the hole is free of external 

loads and the plate and reinforcement are made of the same ma- he 
terial corresponds to the most common experimental test arrange- a, = - 4T'Aa 
ment. It is of some interest to investigate the theoretical be- da’ + (1 +h 
havior of the maximum mean stress in the plate and in the rein- 

forcement. The loading states of unit uniform uniaxial tension, oT * Aka’ 
a, = 


equal biaxial tension, and pure sliear may be characterized [see — ar 
: 2ka’ + ba’ + (1 


Equation (7)] by 








— te ‘ 
l = - . :* 
where y = 0, 1, —1, respectively, for the three loading cases. 
To study the effect of varying the height-to-width ratio of the 
reinforcement cross section, consider a sequence of doubler-type re- 
inforcements of constant volume equal to the volume of the 


material removed by the hole. Then, 


2hrR? = 2(2H — 2h) — rR%2H — 2h), 


s-—l1 
e- (3) 


where s = H/h. The maximum mean stress in the reinforcement 
is given by Seg at p = R. Except for the case of biaxial tension, 
the maximum mean stress in the plate is different from Tg. 
It does, however, occur at p = 1 and can be easily computed. 
The principal stresses in a two-dimensional problem are given by 


This may be conveniently represented by 








rT = (o(z + p'(z)) + |26"(z + p'(z 





For definiteness, Poisson’s ratio was chosen to be vy = 1/3 and 
; ; = s=h/h—e 
the mapping constant A was taken to be unity. The values of the 


maximum mean stress for the three loading states are presented in Fig. 2 Maximum mean stress 
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eee 
2ka’ + 6a’ + (1 + k) 


a= 


The solution for the plate (Region II) becomes 
#,(f) -1e re 1+a’+a'y 
4° £1488 +ayv 


T* 1-a' +a’ 


V0) 2ri-a’+a'’yv 


Pt 


A Cita+av t*1+3a'+av 


or in the original plane 


¢ r l'*A? 1+ a’+a'v 
( Z) ox - 


z 1+ 3ea’+a’v’ 


2TA?1—a’+ a’y 


z l+a’+a'v 


r*At 1 — a’ + ay 
Wz I'*z — ae ener 
22 1+ 3a’+ a'r 

This approximate solution was originally obtained by Radok 
[1] whose investigations were concerned with negligibly thin re- 
inforcing rings. Radok’s results are in good agreement with the 
experimental results of Reissner and Morduchow [6] in which the 
value of R was approximately 0.92. Application of the present 
results to such narrow reinforcements differs very little from 
the results obtained by the Radok approximation. For smaller 
values of R, the predicted results differ considerably. 


3 Summary 

Equations (18) represent a generalized plane-stress solution 
to the first boundary-value problem for a plate with a reinforced 
elliptical hole. The treatment has been carried out in full gen- 
erality to include arbitrary loading at the hole and at infinity, to 
allow for arbitrary dimensions of the reinforcement cross section 
and for different values of the material constants of the plate and 
reinforcement. The presence of concentrated forces or concen- 
trated moments acting on the boundary of the hole does not in- 
troduce any difficulties since the effect may be absorbed into the 
solution for the unreinforced plate. The second boundary-value 
problem, in which the displacements are prescribed on the con- 
tours, can be solved in a completely analogous fashion. It is only 
necessary to replace the stress condition at the hole by a condition 
on the displacements. For a general value of the eccentricity, it 
does not appear to be possible to exhibit an explicit solution to 
Equations (18). However, the formulation is well suited to solu- 
tion by numerical techniques. 
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For a circular hole, an explicit solution is exhibited in Equations 
19). 
The specialization of this solution to a “‘narrow’’ reinforcement is 
shown to agree with the results of Radok and hence with the ex- 
periments of Reissner and Morduchow. This agreement with 
Radok provides new insight into the meaning of a ‘“‘compact’’ 
reinforcement. This was taken by Radok and others to be a 
curved beam without bending stiffness. It now appears as a limit- 
Of considerable 


This solution retains generality as to loading and materials. 


ing case of the generalized plane-stress solution. 
interest would be a series of experiments with smaller values of R 
in order to ascertain the range of application of the narrow 
reinforcement approximation. Experiments using face-plate rein- 
forcements of different materials and various cross-section dimen- 
sions would provide an indication of the validity of the generalized 
plane-stress assumption. 
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A Method of Solution for the 
m.netenvi # Elastic Quarter-Plane 


Walter P. Murphy Professor of 
Engineering Science, ‘ ' } : 
The Technological Institute, It is shown in this paper that for given loads on the elastic quarter-plane the prescribed 


Northwestern University, boundary conditions can be fulfilled by repeated superposition of known solutions for the 
prea elastic half-plane. This leads to a sequence of infinite integrals of a simple recursion 
0 pattern. The solution is exact, since the sequence may be continued to obtain any re- 
quired accuracy. Solutions are derived in this manner for three types of boundary 
loads: (a) concentrated normal force, (b) concentrated tangential force, and (c) partially 
distributed uniform loading 


Concentrated Force Normal to Boundary 


Lev us consider an infinite elastic half-plane, sub- 
jected at its boundary to two equal concentrated normal forces, 
Fig. 1. The Cartesian stress components at any point in this 
half-plane (z > 0) are defined by the well-known solution of 





rir 


Flamant? as: 


mw ((z?+(9 + a)*}' 


Plt Fay 


2P jy 2H +a WT jar” 


Terria rere r rir it 


- | (2? + (¥ + a)?)? re 12 7 r Pf 2 ra 


WF V*@ - 
Introducing dimensionless co-ordinates, z = B/a and y = 9/a, 
on the axis of symmetry (y = 0) we will have Z2iVY W/E 12 


4P x’ Fig. 1 Initial loading condition used in deriving solution for the quarter- 


on plane subjected to a single concentrated normal force 


[o,] 4P on successive steps. First, we will take a half-plane (y > 0) loaded 
C,),—. = (2b) 2 ear 
———- ra + gz? along its boundary, the z-axis, by a distributed normal tensile 
load that is the reverse of the foregoing [7_],~o loading, and is 
[Try] <0 = 0 (2c symmetrical] vith respect to the y-axis, as shown in Fig. 2 
In introducing the notations 
] listributed 
yl ywo Gls tribute 
normal load from the 0,z-boundary, the result will evidently be ‘ r Pa 
r) = , and G,(z) = 
(1 + 2*)* (1 + 2*)” 


Now, if we succeed in removing the above [¢ 


the solution for the quarter-plane (z, 0, y) loaded only by a con- 
centrated normal force P at an arbitrary a-distance from the 


vertex. the stress components produced by this loading along the y-axis 
The removal of this bouudary load will be accomplished in of the half-plane in Fig. 2 can be written, by means of Flamant’s 
solution, as 
1 This paper was prepared during the academic year 1958-1959, 
while the author was Visiting Professor of Mechanics and member of P 4\2 © ry 
the Mathematics Research Center, U. 8. Army, at the University of [o,)eeo = - ( ) [ 
Wisconsin, Madison, Wis. a 
2S. Timoshenko and J. N. Goodier, “Theory of Elasticity,” 


McGraw-Hill Book Company, Inc., New York, N. Y., second edition, P ( 4 ) 4 
0 


- Fo(x)dz, (3a) 
2 2)\2 
T J0 (z* + y*) 


y? 


(zx? + y?)? 


1951, p. 85 ff io 3 = 
Contributed by the Applied Mechanics Division and presented a 
at the Annual Meeting, Atlantic City, N. J., November 29—-December 
4, 1959, of Tue American Society or MecHanicaL ENGINEERS. 
Discussion of this paper should be addressed to the Secretary, : ; 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted mal loading on the half-plane x > 0, which needs to be removed 
until July 10, 1960, for publication at a later date. Discussion re- in order to obtain the desired solution. Denoting the integrals 
ceived after the closing date will be returned. in Equations (3a) and (3b) by F,(y) and G,(y), through a repeated 


Nore: Statements and opinions advance n papers be . . > . 
re: Statements and opinions advanced in papers are to be application of Flamant’s formula we find that the reversed 
understood as individual expressions of their authors and not those of 


the Society. Manuscript received by ASME Applied Mechanics boundary load, —[¢,].~0, will produce in this half-plane, along 
Division, April 21,1959. Paper No. 59—A-92. its axis of symmetry, Fig. 3, the stress components 


Fo zr)dz 3b) 
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Here the [o,],~0-stress may be regarded as a distributed nor- 
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[oz] y-0 = - (4a) 


P 4\3 s x 4 
- me Fi(y)dy, 
a T go \* Ty) 


P ( ‘ stg zy? 
a (xz? + y?) 
In the next step we take again the y > 0 half-plane, Fig. 4, sub- 
jected along its boundary to a symmetrically distributed loading 
that is the reverse of the [a,],.o normal stress obtained in Equa- 
tion (4b): Denoting the two integrals in Equations (4a) and (4b) 
by G.(x) and F.(x), respectively, the stress components along the 
y-axis of symmetry can be written now as 


ee § 

" 0 
4 \4 © 3 

. ( . z , FAx)dz 

a\r go (2? + 9°)? 


From the few steps just outlined it is already apparent what the 
recursion pattern will be if this process is continued. The solu- 
tion will involve the following sequence of functions: 


{tJ y-0 = — : F\(y)dy (4b) 
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Fig. 3. First reversal of boundary load on the half-plane x > 0 
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; Fi y dy, 
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: FA2x)dz, 


zy? 
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= f Fi(y)dy, 
0 


¥ ‘ = x 
Gz) = - 7 
Jo \@ ry) 
and so on. 


Asn— o, F,-»> Oand G, — 0. 

The convergence of this procedure, and the proof of the state- 
ment in the foregoing last line, is given in the Appendix, together 
with a discussion of some pertinent properties of the F-functions 

Ultimately the solution is obtained in terms of two half-planes, 
one of which (y > 0) is subjected distributed normal boundary 


load 


: Fx y)dy, 


a 4 4\* 
— [o,),—0 = - > ( ) F(x), 
Sipe F nw0,2,4... \* 


and the other half-plane (z > 0) is loaded by 


:? ( : y Fy) 


n=1,3,5 
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— [Ozleno = — 


(7b 
I " 





t 


Fig. 4 Second reversal of boundary load on the half-plane y > 0 
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Fig. 5 Distribution of boundary loads on the two overlapping half- 
planes, in the solution for the quarter-plane under a concentrated normal 
force 


Table 1 


2 
zy . 
F(2)dz, 
2)2 


(z? + y?) 


we find that successive terms on the left side of Equation (9a) 
will cancel out in pairs. The same argument also holds for Equa- 
once we remove F, which occurs on the left side of this 
From another point of view, 


tion (96), 
equation as well as the right side 
these F-functions may be regarded as solutions of the simul- 
Or, the 
procedure may be looked upon as an analytically performed 
since at each reversal of 


taneous integral equations in Equations (9a) and (9d). 


“systematic relaxation of constraints,” 
the loading on one of the boundaries the other boundary is 
temporarily restrained against normal displaccinents by the con- 
dition of symmetry. 

The boundary stresses, [c,],.0 and [o,].0, in the resulting 
quarter-plane, due to a concentrated P-force at an a-distance from 
the vertex, are obtained in a similar manner as 


4 4\* 
» (+) iG,(z) — F,(z)}, 
T n=0,7,4,... \* 


(10a) 


> - canal 
iG,(y) — F,{y)} (106) 
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n=1,3,5 


Boundary loads on the two overlapping half-planes, Fig. 5, used in the solution for a concentrated 


normal force on the quarter-plane 


logez or 


logey —5.0 —3.0 —2.0 —1.4 —1.0 


p [7z]z-» —0.5000 —0.4999 —0.4804 —0.4353 —0.3820 


* tovives 0.5000 0.5010 0.5193 0.5586 


P 
logez, or 
logey 0.4 0.6 0.8 1.0 1.2 


+ (z]z-. —0.1219 —0.0937 —0.0703 —0.0517 —0.0373 


pi oulue 0.2482 0.1759 0.1199 0.0796 


By overlapping these two half-planes in a manner shown in 
Fig. 5, we obtain for the resulting quarter-plane (z, 0, y) the re- 
quired solution. 

As was stated at the beginning, the required boundary condi- 
tions for this quarter-plane are 


(8a) 


[o,] ym = ‘ol (8b) 
Ta 


By means of the F-functions, these two boundary conditions 
can be written in the form: 


-— j P r . ; y? 
—_ | 1 ret . P. dy 
/ 0 a . ‘3.5 T ! wi 


P 4 - ( 1 \* 4} 
F = 
awn p T ) ae wa 


n=0, 2, 4, 


Fox) (9b) 


The fact that these boundary conditions are satisfied becomes 
obvious by a simple inspection of the sequence of the F-functions 


given in Equations (6). Since 
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0.5885 


0.0522 


—0.8 —0.6 —0.4 —0.2 0 0.2 


—0.3483 —0.3110 —0.2713 —0.2309 —0.1915 —0.1548 


0.5939 0.5840 0.5524 0.4962 0.4194 0.3326 


1.4 1.6 1.8 2.0 3.0 4.0 


—0.0265 —0.0185 —0.0128 —0.0088 —0.0012 —0.0002 


0.0340 0.0221 0.0145 0.0095 0.0012 0.0002 


The numerical evaluation of this solution was made on ap 
IBM-650 electronic digital computer, carrying the calculation up 
to n = 20 terms, which provided in the resulting stress components 
an accuracy of at least 4 correct decimals. Characteristic values 
of the boundary-load ordinates for the two half-planes are given 
in Table 1, in the original logarithmic scale in which the calcula- 
It is to be noted that these loading functions 


1/ 


tion was performed. 
While [ozleno —> [oy] pmo —_ 2 


are discontinuous at the origin 
as ror y > 0, at z = y = O we have [o,)..0 = [¢,],-0 = 9. 
This follows trom the fact that Fo(z) was zero at x = 0 and the 
stress remained zero at the vertex at each reversal of the loading. 
The boundary-stress values are given, in a linear scale, in Table 
2 and graphically represented in Fig. 6. These values are es- 
sentially the same, though more accurate, than the ones derived 
by W. M. Shepherd* through a different approach. For points 
sufficiently removed from the point of application of the P-load 
(for instance, for z > 5 and y > 5) the stress components ap- 
proach asymptotically the values 
P} 4n 


Tz\y~o = lla) 


a (xr? 


P Ss l 
[oylam = » 


7 116) 
a (lw? -4y 


2 | 
y? {’ 

These are the results of a replacement of the original P-load, 
acting at an a distance from the vertex, by its statically equivalent 
3W. M. Shepherd, “Stress Systems in an Infinite Sector,”’ Pro- 


ceedings of the Royal Society, London, England, series A, vol. 148, 
1935, pp. 284-303. 
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Fig.6 Boundary stresses in the quarter-plane loaded by a concentrated 
normal force 


illustrated in Fig. 7. The Cartesian stress components for this 
case can be written by means of Flamant’s solution as 
- 
i Viet + 32 
w l(z? + (9 + a)*] 


(pj —a) } 


[z2 + (9 — a)*}*f 


R49 + a) 


(12a) 


(9 + a)? (g—a 


9p 
= _= 3 = > (12b 
w liz?+(9 +a)? = [#2 + (9? — a)*)*f 
2P 5 Rj —a)* |) 
=e’ ¥ 
. w Uiz?+(9 +a)? [2% + (9 — a)42f 


Rj + a)* 
(12¢) 


Introducing dimensionless co-ordinates, x = #/a and y = 9/a, 
along the axis of symmetry (y = 0) we will have 
4P z* 
[oz] yo = = ~ 
mwa (1 + 2*)? 
4P 1 


oly = = 
lovly mwa (1 + 2x*)? 


[Tzyly-o = O 


Table 2 Boundary stresses in the quarier-plane, loaded by a concentrated normal force P, at an a-distance 
from the vertex, Fig. 6 


zory 0 0.1 0.2 0.3 0.4 


S(ozly-0 0 0.0148 0.0584 0.0924 
S(vlz-. 0 0.0139 0.0618 0.1143 


zOry 1.2 1.4 1.6 1.8 2.0 


0.0993 


0.1612 


0.5 0.6 0.7 0.8 0.9 1.0 
0.0767 0.0303 —0.0312 —0.0994 —0.1677 —0.2315 


0.2002 0.2314 0.2557 0.2743 0.2882 0.2983 
2.5 3.0 3.5 4.0 4.5 5.0 


zloz y-o —0.3376 —0.4122 —0.4595 —0.4863 —0.4986 —0.4932 —0.4656 —0.4326 —0.4002 —0.3704 —0.3437 


5 [Fvlane 0.3100 0.3139 0.3128 0.3086 0.3025 


loading at the vertex, consisting of a P-force and a clock-wise Pa- 
couple. 

Stress components for points within the boundaries of the quar- 
ter-plane can be calculated in a similar manner from the boundary 
loadings given for the two half-planes in Table 1, and adding 
these values to the original stress components defined by Equa- 
tions (la, b, c). 


Concentrated Force Tangential to Boundary 

In deriving the solution for the quarter-plane under a single 
concentrated tangential force at the boundary, we will start with 
a corresponding symmetrical loading case on the half-plane, as 





Fig.7 Initial loading condition used in deriving solution for the quarter- 
plane subjected to a single concentrated tangential force 
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1960 


0.2835 0.2633 0.2441 0.2267 0.2111 0.1972 


As in the preceding case, the derivation of the solution will again 
consist in removing the distributed normal load, [@y]y.0, from 
the 0, z-boundary of the quarter-plane. The sequence of F and 
G-functions used for this purpose will be generated according to 
the same scheme as before, shown by Equations (6), with the only 
exception that for the initial step we will have now 


7? 


- (14) 
(1 + 2*)* 


F(z) = and G)(z) = 


(1 + 2%)? 


The solution for the quarter-plane under a distributed tensile 
load, of the magnitude defined by Equation (13b), will be repre- 
sented in a similar manner by two overlapping half-planes, 
loaded on their respective boundaries by normal loads according 
to Equations (7a) and (7b). These distributed normal loads were 
evaluated numerically, using 20 terms of the corresponding series 
of F-functions, and the results are given in Table 3. The boundary 
stresses in the resulting quarter-plane will be defined by the same 
formulas as before, Equations (10a) and (10b), the only dif- 
ference being that along the y-axis we will have to add now the 
boundary stress resulting from the basic loading condition repre- 
sented in Fig. 7. This, according to Equation (12b), is of the 
magnitude 


Ss Re 


{ : 
‘|. = = — 4 —, ‘ (15) 
([y"len0 wa ll+y 1— yf . 


In the preceding case no correction of this kind was needed, 
since concentrated normal forces produce no boundary stresses in 
the half-plane. 

The final values of the boundary stresses for the quarter-plane 
loaded by a single concentrated P-force, tangential to the 
boundary and at an a-distance from the corner of the quadrant, 
are given in Table 4 and plotted in Fig. 8. 
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Table 3 Boundary loads on the two overlapping half-pianes, used in the soluti 


force on the quarter-plane 


loge z or 
logey —5.0 —3.0 


[Oz]z-0 —2.5662 —2.0508 


—2.0 —1.4 
2 
P 
= io ] 
P' vly-o 
loge z or 

loge y 0.4 0.6 0.8 1.0 1.2 


5 (oz}z-0 —0.1279 —0.0914 


3.8394 2.7011 2.0818 1.6904 


— 
p ovwre 


0.1988 0.1252 0.0778 0.0485 


—1.0 
—1.3860 —0.9806 —0.7230 —0.6036 —0.4935 —0.3946 —0.3082 —0.2352 —0.1753 


1.3845 


0.0307 


fora 





—0.8 —0.6 —0.4 —0.2 0 0.2 


1.2090 1.0187 0.8201 0.6254 0.4500 0.3061 


1.4 1.6 1.8 2.0 3.0 4.0 


—0.0641 —0.0443 —0.0302 —0.0204 —0.0137 —0.0092 —0.0061 —0.0008 —0.000! 


0.0197 0.0129 0.0085 0.0057 0.0008 0.0001 


Table 4 Boundary stresses in the quarter-plane, loaded by a concentrated tangential force P, at an a-distance 


from the vertex, Fig. 8 

xory 0 0.1 0.2 0.3 0.4 

re: 
~[Tzrly-e 0 
[Oy)r-0 0 0.0171 
ory 1.2 1.4 1.6 1.8 2.0 


0.5 0.6 0.7 0.8 0.9 1.0 


0.0181 —0.0005 —0.0728 —0.1796 —0.2986 —0.4122 —0.5098 —0.5871 —0.6435 —0.6814 


0.0022 —0.0716 —0.2080 —0.4214 —0.7514 —1.2999 —2.3828 —5.5896 Fo 


2.5 3.0 3.5 4.0 4.5 5.0 


[Oz]y-e —0.7133 —0.7070 —0.6805 —0.6450 —0.6068 —0.5164 —0.4425 —0.3845 —0.3388 —0.3022 —0.2725 


[Cy]r-0 3.8860 2.2479 1.6745 1.2438 


At points sufficiently removed from the point of application of 
the above force (for z > 5 and y > 5, for instance), the boundary 
stresses will approach asymptotically the values 

8 
[oz] pmo = n 
zQ-—4 
and 
P in 
y w?—A4 


(165) 


’ 


which are the results of a replacement of the original loading by 
a statically equivalent force at the vertex 


Partially Distributed Uniform Loadings 

Here we will first consider the case when the loaded region on 
the boundary extends from y = 1 to y = 2. A satisfactory 
numerical answer to this problem may be derived in replacing 





s 





Vx 





Fig. 8 Boundary stresses in the quarter-plane loaded by a 


tangential force 
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1,1757 


0.8895 0.7258 0.6163 0.5369 0.4761 0.4281 


small sections of this distributed load by equivalent concentrated 
forces, and using the results obtained for the first loading case in 
this paper. However, it is believed that the results will have a 
greater degree of accuracy if we proceed in the same manner as in 
the previous solutions, that is, by canceling the unwanted bounc- 
ary 'oads in successive stages. 

We begin with the corresponding symmetrical load on the half- 
plane, as shown in Fig. 9. The Cartesian stress components along 
the z-axis of symmetry will be now 


4 
[os] oe = ——~ G2), 
T 


4 
[oy] _~o = —— Paz), 
T 





tip pl? 


¢ / 


| 
bitter tl 7 


fe 


Fig.9 Initial loading condition used in deriving solution for the querfer- 
plone subjected to partially distributed uniform loading 
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j 2 
Go(x) = 3/2 . ry 


ig 2z w>- 38 
~-tan“'— + _—= oe 
x 4+ 2? 1+ x2f 

Using these /y and G)-functions as bases in the recursion scheme, 
given by Equations (6), the equivalent boundary loads and 
boundary stresses will be obtained in the same form as stated 
previously by Equations (7a, b) and (10a, b), respectively. The 
corresponding boundary-load ordinates for the two overlapping 
half-planes are given in Table 5. The final boundary stresses are 
obtained by adding to the stresses produced by these combined 
loadings, between y = 1 and y = 2, a compressive stress of the 
same intensity as that of the applied load, in accordance with the 
equivalent solution for the half-plane. The resulting boundary- 
stress values are listed in Table 6, and graphically represented in 
Fig. 10. 

It can be shown that from the results obtained for the foregoing 
specific loading condition, one can derive by superposition a 
solution for partially distributed loads extending between any 
two arbitrarily chosen points on the boundary of the quarter- 
plane. As an example, we give here the solution for the case 
when the uniformly distributed load extends from y = 0 to y = 1, 
Table 7 and Fig. 11. The steps taken in the derivation of these 
results are indicated in the insert in Fig. 11. It is seen that every 
element involves a partially distributed loading, the length of 
which is the same as the distance of its beginning from the corner. 
It is interesting to note that, while in a half-plane a partially dis- 
tributed loading produces no tensile stress along the boundary, 
the same load on the quarter-plane, as shown in Fig. 11, produces 
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Fig. 10 Boundary stresses in the quarter-plane due to a partially dis- 
tributed uniform loading from y = Il toy = 2 


was given previously by C. J. Tranter‘ by means of the Mellin 
transform, without any numerical evaluation of the results 


Cenclusions 
It is to be noted that each of the loading cases analyzed in the 
paper involves only one parameter, representing the distance of 


tensile stresses whose maximum value is more than 2/3 of that of the load from the corner. These results are, therefore, basic 
the applied compression. 

A solution for a similar case, when the partially distributed 
load is applied symmetrically on both sides of the quarter-plane, 


4C. J. Tranter, ‘‘The Use of the Mellin Transform in Finding the 
Stress Distribution in an Infinite Wedge,’ The Quarterly Journal of 
Mechanics and Applied Mathematics, vol. 1, 1948, pp. 125-130. 


Table 5 Boundary loads on the two overlapping half-planes, used in the solution for a partially distributed 
loading on the quarter-plane, from y = I toy = 2 


loge x or 
logey —5.0 —3.0 —2.0 —1.4 —1.0 —0.8 —0.6 —0.4 —0.2 0 0.2 


[Or }xr-0 —0.3462 —0.3470 —0.3405 —0.3215 —0.2959 —0.2782 —0.2574 —0.2336 —0.2077 —0.1805 —0.1513 


- 


0.3462 0.3459 0.3525 0.3703 0.3901 0.3999 0.4061 0.4051 0.3927 0.3659 0. ‘246 


0.6 0.8 1.0 1,2 1.4 1.6 1.8 2.0 3.0 4.0 


0.2162 0.1623 0.1160 0.0798 90.0534 0.0352 0.0230 0.0150 0.0019 0.0003 


Table 6 Boundary stresses in the quarter-plane due to a partially distributed uniform loading from y = 1 to 
y = 2, Fig. 10 

xory 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 
0.0043 0.0233 0.0443 0.0591 0.0641 0.0587 0.0440 0.0220 —0.0049 —0.0349 


{Gy)r-0 0 0.0039 0.0237 0.0491 0.0747 0.0983 0.1193 0.1374 0.1528 0.1657 ppt 


ory 1.2 1.4 1.6 1.8 2.0 2.5 3.0 3.5 4.0 4.5 5.0 
[Or ]y-o—0.0971 —0.1553 —0.2051 —0.2453 —0.2763 —0.3213 —0.3358 —0.3339 —0.3239 —0.3104 —0.2956 


—0.7855 
0.2145 


[Oz]y-0 O 


[7y)r-o —0.8073 —0.7967 —0.7903 —0.7868 0.2117 0.2045 0.1955 0.1860 0.1767 0.1678 


D2irkaoiewxaoieaoie 


Table 7 Boundary stresses in the quarter-plane due to a partially distributed uniform loading from y = Oto 

y = 1, Fig. 11 

xory 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

[ox)y-0 —1.0000 —1.0028 —1.0261 —1.0567 —1.0852 —1.1053 —1.1154 —1.1156 —1.1072 —1.1915 —1.0704 
—0.3187 


(Oylz-0 0 —0.0037 —0.0274 —0.0623 —0.1020 —0.1422 —0.1815 —0.2191 —0.2548 —0.2878 0.6813 
4.8 


ory 1.2 1.4 1.6 1.8 2.0 2.4 2.8 3.2 3.6 4.0 
[Oz]y-0 —1.0183 —0.9602 —0.9021 —0.8462 —0.7941 —0.7029 —0.6276 —0.5657 —0.5138 —0.4702 —0.4014 


0.6258 0.5776 0.5355 0.4990 0.4668 0.4130 0.3699 0.3345 0.3054 0.2808 0.2418 


DiKMaoinwxaoi-aoir 


\Oy)z=s 
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Fig. 11 Boundary stresses in the quarter-plane due to a partially dis- 
tributed uniform loading from y == Oto y = 1 


solutions which can be easily combined or superimposed to derive 
answers to a large variety of problems. This approach is not 
limite to boundary loadings. Starting, for instance, with the 
solutions of E. Melan® for the elastic half-plane loaded by con- 
centrated forces in its interior, the unwanted boundary loadings 
can be eliminated in an identical manner, to produce equivalent 
solutions for the quarter-plane. 

The procedure presented here can also be used in the analysis of 
infinite wedges of any angle of opening, as long as the angle is 
less than 7, or to derive solutions for cognate three-dimensional 
problems, such as the quarter-space under an arbitrarily placed 
loading. The amount of computational work required in such 
cases would be, of course, much more extensive. 

It may be well to comment here on the possibility of checking 
the foregoing results by experimental means. It seems that the 
first loading case, that of a concentrated normal force at some 
distance from the corner, should be easy to reproduce in a photo- 
test. we find that 


there are some basic difficulties in this regard. 


elastic However, on further consideration 
From the analyti- 
cal results it is seen, for instance, that the magnitude of the 
stresses does not decrease very rapidly from the point of applica- 
tion of the load and, therefore, there always will be a considerable 
difference between the infinite plate considered here and any 
finite plate, no matter how wide it may be. Taking, as an example, 
a finite plate whose width is 20 times the distance of the applied 
load from the corner, we find that the boundary stress disre- 
garded in this case would be still 1/5 of that of the maximum 
tensile stress in the plate. We also find that in a test the normal- 
ity of the load to the boundary would have to be ascertained with 
an unusually high degree of precision. In comparing the analyti- 
cal results for the normal and the tangential concentrated forces, 
it is seen that even l-deg angle of deviation of the load from the 
normal will cause a 10 per cent difference in the boundary-stress 
value at a point as far as twice the distance of the load from the 
corner. For points nearer to the load the difference would be, of 
course, very much greater. 


APPENDIX 


The convergence and accuracy of the method used in the paper 


6 E. Melan, “Der Spannungszustand der durch eine Einzelkraft im 
Innern beanspruchten Halbscheibe,” Zetlschrift far angewandte 
Mathematik und Mechanik, vol. 12, 1932, pp. 343-346; vol. 20, 1940, 
p. 368. 
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will be demonstrated here by means of the first example, thas of a 
concentrated normal force on the boundary. 

If we take the expression for ¢, in Equation (1b) and integrate 
it with respect to z between the limits of 0 and @, we find that 


pe 2P f° { x9 +0) 
o,dz = —— ‘ 
a3" we Jo (le? + (9 + a)*)* 


xj —-a)? | _2P 


[z? + (9 — a) - T 


The result, which is the total horizontal force resultant or total 
lateral thrust acting on a vertical section of the elastic half-plane, 
is seen to be independent of the position (a) of the normal load on 
the boundary, or of the location (#) where the vertical section is 
taken. Since any normal loading on the boundary may be re- 
garded as consisting of concentrated-load elements, it can be 
stated in general that in an elastic half-plane: 


< (total normal load on boundary) (a) 


al 1 
Total lateral thrust = - 
us 


This relationship will be used now to derive the area of any of 
the F-functions used in the solution. First we have, from Equa- 


tion (2b), 


all 4P . 
[Oy] yodr = — - dz 
0 wa . : 


o 


which gives 


» l 
f FAzr)dz = 
0 2 


Taking now the first step in our sequence of boundary-load re- 
versals, we find that in Fig. 2 the total normal load on the 
boundary of the y > 0 half-plane is twice the area of Fo(xz) multi- 


plied by 4P/mra. Therefore from Equation (3a) we get 


= P/4\' 6°, 1 4P 
[czlenody = - Fi(y)dy = , 
V0 a T 0 r ra 


oo. l 
fi Fi(y)dy = 4 


A continuation of this process leads to the general formula that 


1 


nti 
« 


Area of F,, = (b) 


The areas of the successive F-functions form, therefore, a 
simple geometric progression. This makes it possible to establish 
explicit formulas for the limits of the magnitude of the total 
boundary loads on the two overlapping half-planes, by means of 
which the solution for the quarter-plane was derived, Fig. 5. 

We find from Equation (7a), for the total normal load acting on 


the boundary (from z = 0 to z = @) of the y > 0 half-plane: 


6 ) co) 4 « 4 s 1 
; ol) = - — FP, ed 
P J, ie J, " = (=) gp bee 


. 2r (ec) 


nr? —4 


Similarly we get, from Equation (7b), for the total boundary 
the value 


295 


load on the z > 0 half-plane, from y = O for y = 
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a nie w-f 4 = (4 "KL a 
ef. [oz] 2-0dy 0 - = “ae x al ay 


= Pe r (d) 


Applying here again the relationship from Equation (a) to the 
combination of the loads defined by the last two equations, we 
find that 

P 2 ee. 4 2P 


am?*—-4 “mn amw—4 fa 

This means that the total lateral thrust on any vertical section 
(y = const) of the quarter-plane subjected to a concentrated nor- 
mal force, Fig. 6, will be equal to zero, thus fulfilling the condition 
that there cannot be a horizontal force resultant in this case. 

The limit values for the boundary loads in Equations (c) and 
(d) were obtained for the case when n > ©. In the same manner, 
however, we can derive corresponding values for the finite, n = 
20, sum of the F,-functions used in the numerical evaluation of the 


solutions. Thus we get 


n=20 


sit > 


6} 
a j 
The difference, represented by the powers of 2/m on the right 
side of these equations, is found to be in each case about one 
hundredth of one per cent of the load. Hence the degree of ap- 


proximation afforded by 20 terms is found to be extremely high. 
Furthermore, it is interesting to note that the contribution of the 
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higher F,-terms is limited to the immediate neighborhood of the 
corner of the quarter-plane. For the 20th term we find that its 
maximum value is 


[Fo] max = 4556 X 10-6, 


and this peak value occurs at an z-distance from the corner which 
is of the magnitude of 


log.x = —20.4, orz = 1.382 x 107° 


Hence it is understandable that this last term of the sequence 
had a very small influence on the final stress values, and it affected 
only the fourth decimal in the boundary stress at 2 = 0.1, which 
is the first of the ordinates listed in Table 2. 

The rapid diminution of the areas of the F-functions is, how- 
ever, only one of the requisites for the convergence of the process. 
In addition, we have to prove that the successive maxima of the 
F-functions are bounded. This can be shown as follows: 

On the basis of Equations (6) the relationship between two 
successive F-functions, such as F(x) and F,4:(y), is found to be 


’ glee ; 
Fianly) = —ams F(x)dz 
Jo (zx? + y*)? 


Replacing now F,(x) by its maximum ordinate [F,(z)] max, we 
can write that 


2 


zy 


—_ ad 
(xz? + y?) ™ 


[Patil y)] max < [P.(z)] max [ 


/0 


Since the value of the integral on the right side of the foregoing 
equation is 7/4, we find that 


Tv 
[Pati] max < ra [F'.) max 


This last result, in conjunction with that in Equation (b), pro- 
vides a complete proof of the convergence of the process. 

Though the foregoing proof was established by using the first 
loading case as an example, the arguments employed here are 
valid, of course, in the other loading conditions for which solu- 
tions have been obtained in the paper 
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Thermal Stress in a Viscoelastic- 


H. G. LANDAU! 
J. H. WEINER? 
E. E. ZWICKY, JR.° 


Plastic Plate With Temperature- 
Dependent Yield Stress 


Equations are given for the determination of transient and residual stresses in plates 
subject to transient temperature distributions, based on the assumption of a viscoelastic, 
perfectly plastic material obeying a von Mises temperature-dependent yield condition. 
A numerical procedure for integrating the equations is developed and applied to the case 


of a symmetrically cooled plate 


It is found that, for steel, viscoelasticity has little effect 


on the residual stress distribution, but the temperature dependence of yield stress ts im- 


portant. The types 


of residual stress distribution after cooling are similar io those for 


an elastic-plastic material with constant yield stress, and for this case the residual stress 
is given approximately by formulas developed earlier for a slowly varying heat input. 


1 Introduction 


I. THE heat-treatment of metals, the transient tem- 


perature distribution will frequently result in the development 
of transient stresses large enough to cause plastic flow during the 
process, and there will then be residual stresses in the body after 
completion of the treatment. At the same time viscoelastic ef- 
fects will occur which may affect the magnitude of these residual 
stresses. In this paper a thermal stress analysis of a plate is 
given in which these two types of inelastic behavior are included. 
The plasticity theory employed uses the temperature-dependent 
von Mises yield condition for perfectly plastic solids. The viscous 
effects are expressed by a Maxwell type relation, and residual 
stress calculations made with a viscosity coefficient which is a 


but more general, nonlinear viscous 


function of temperature, 


behavior can be included. The other mechanical and thermal 


properties of the material are assumed to be temperature inde- 


pendent. 
Thermal stress analyses for an elastic, perfectly plastic free 
‘ using a material model with 


plate have been given [1], [2], [3 
temperature-independent yield condition. Special temperature 


distributions were considered in [1] and [3], while [2] considered a 
temperature varying arbitrarily in the direction normal to the 
face of the plate and in time. The present paper is an extension of 
the results of [2] using a material model, which, although still an 
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idealization, is closer to representing the behavior of metal at 
high temperature and stress levels. 

The stress-strain relations are formulated in Section 2 and ap- 
plied in Section 3 to the problem of a plate with a symmetrical 
temperature distribution varying with time and the thickness co- 
ordinate. Equations are obtained for the time rate of change of 
stress in terms of the existing stress state, and the rate of change 
of temperature. 

Analytical integration of the stress-rate equations does not 
seem possible, and a numerical method is outlined in Section 4. 
Calculations of residual stress distribution were made for the case 
of a plate cooled from an initially uniform temperature, and some 
typical results and conclusions are presented in Section 5 


2 Stress-Strain Relations 

Since, under hydrostatic stress, materials behave almost per- 
fectly elastically, it is convenient to decompose the stress and 
strain tensors, o,,; and €,;, into their mean portions (1/3)o,, and 
(1/3 )€q, and deviatoric portions, s,; and e;;. 

Then the mean strain rate is given by 
\/sé_ = ~ On + aT (1) 
where the superposed dot is used for differentiation with respect 
to time, v is Poisson’s ratio, E is Young’s modulus, @ is the co- 
efficient of linear thermal expansion, and 7 is temperature. 

The deviatoric strain rate may be taken [4] as the sum of three 
parts, elastic, viscous, and plastic: 


By ’ ; P 9) 
m= 6" T Cu” TF Cag (2) 


ij 
The elastic strain rate is given by the usual relation 
oe 
6 = 5G fi 
where G = E/2(1 + pv) is the elastic shear modulus 
For the viscous strain rate, we use the relations of the same 
form as that for the Maxwell body of viscoelasticity’ theory, 
‘The term viscoelasticity is used to refer to processes which are 
essentially time dependent, such as creep and stress relaxation. 
Plasticity is reserved for time-independent material behavior, in ac- 
cordance with the usual terminology in theoretical formulations of the 


subject, despite she use of terms such as strain rate. It will be seen 
that time enters homogeneously in the plastic stress-strain relations. 
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that is 


a 


1 
on 8; (4) 
where 7 is the coefficient of viscosity. In using this relation, 7 
need not be restricted to be a constant or function of temperature 
alone, but can be a more general function depending also on 
stress. Then Equation (4) can be used to represent a wide range 
of viscoelastic behavior. 

In the calculations to be described, only the temperature de- 
pendence of 7 is included using the relation [5]: 


(5) 


where 7’ is in degrees F. 

The plastic stress-strain relations used here are given by the 
temperature dependent von Mises yield condition for the per- 
fectly plastic solid and the associated flow rules. These relations 
can be obtained as a special case of the possible plasticity laws 
satisfying the general requirements for a plastic flow theory; 
that is, strain rate independent of the time scale, the condition of 
irreversibility, and for an isothermal work-hardening solid, the 
condition of stability. Starting with the assumption that there 
is a function, f(s;;, e,;?, 7’), the yield condition, such that plastic 
flow occurs only during a period when f = 0, and assuming a very 
general form for the flow rate in accordance with the foregoing 
requirements, it can be shown that the yield condition must 
satisfy certain limitations and that the flow rules are then deter- 
mined by the yield condition. Detailed discussion of these gen- 
eral considerations has been given by Prager [6, 7]. 

The particular form of the yield condition used here is 

f(s;;, T) = 3/28;;8;; — kT) = Je — kT) (6) 


a)? 2° Ej? ij 


where J; is the second invariant of the deviatoric stress tensor and 
k(T’) is the yield stress in simple shear at temperature 7’. 
The flow rules associated with this yield condition are 


or if f=0, f<0 


8; ;65;" 
2k*%( 7’) 
where 
Te Ca & 
lin , dT 

The requirement that u be non-negative results from the con- 
dition of irreversibility, and can also be seen from the fact that u 
is proportional to and has the same sign as 8,,¢;;", the power ex- 
pended per unit volume in plastic distortion, which must be non- 
negative. 

Also it is to be noted that although the equations for the visco- 
elastic strain rate, Equation (4), and for the plastic strain rate, the 
second of Equations (7), are of similar appearance, they describe 
different types of behavior. In Equation (4), 7 is a material prop- 
erty whose numerical value would be chan; »d by a change in time 
scale, so that the result of using this viscoelastic relation depends 
on the time scale. On the other hand, it can be seen from the 
value of w in Equation (7) that the plastic strain rate is inde- 
pendent of the time scale. 

For thermal stress calculations, the flow rules, Equations (7), 
are not convenient to use because the distinction between the 
two equations when f = 0 depends on the unknown stress rates, 
§,;. The rules can be put in a more suitable, equivalent form by 
using the requirement of positive plastic power. 

From Equations (2) and (3) 


ee © 
ej é:; 
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We introduce a stress rate §,;" defined by 


1 


26 (10) 


ae 
so that 8,;" is the actual stress rate in a viscoelastic region and is 
a ficticious stress rate in a plastic region. Then the plastic 
power, which is proportional to y, is 


oe : os ee 
85655" = 86s — €y® — 6,") = 


Now if at a given instant 
J = "/285;845 — R(T) = 0 
then the stress rates must satisfy one of the two equations 


2kk <0 


2kk = 0 14) 


The second condition, Equation (14), is permissible only if the re- 
quirement of non-negative plastic power (u > 0) is also satisfied 


In this case we see from Equation (11) that 


8,.8,." 2kk > 0 15 


éj%i; 
If on the other hand, 
Qkk <0 16 


s.,8,.¥ 
47° ij 


holds, so that the al- 
ternative, Equation (13), must hold. In this case it is seen that 
Equations (16) and (13) are equivalent since now 4,,' 8; ;. 


The flow rules may then be restated in the form: 


then uw would be negative if Equation (14 


4 0, or if Sg = (), 8;;8 ” 


8;;8;;" — 2kk > 0 

These equations are more suitable for thermal stress problems 
since the criterion for choice between them depends not on the 
unknown stress rates but on the strain rates through the fictitious 
stress rates, §,;". The strain rates are generally continuous func- 
tions of time, while the stress components have discontinuous 
time derivatives at a point when the material behavior changes 
from viscoelastic to plastic in loading or the reverse in unloading. 
The continuity of the criterion is important for numerical compu- 
tations, since it permits the value of the criterion within a small 
time interval to be estimated from its value at the start of the 
interval. 


3 Stress Equation for a Free Plate 


The equations of Section 2 are now applied to the thermal 
stress analysis of a free plate of thickness 2h and arbitrary shape. 
Rectangular Cartesian co-ordinate axes, z, y, z are used with the 
origin in the central plane of the plate, and the z-axis perpendicu- 


lar to its faces. The faces z = +h are free of traction, while the 
tractions on the edges have zero resultant and zero moment. 
The temperature distribution in the plate is assumed to be of the 
form T(z, t) and the plate is initially free of stress. Attention is 
confined to that portion of the plate at a sufficient distance from 
its edges so that all quantities may be considered functions of z 
and ¢ only. 

Equations will be derived for the time rates of change of the 
stress components at a generic instant of time ¢. These equations 
will express these quantities in terms of the state of stress at time 
t and the rate of change of the prescribed temperature distribution 
at that time. The rates of change of the stress components can 
then be integrated forward to obtain the stress distribution for 
all times. 
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It is convenient to introduce first a function g(z, t) which is 


zero in the plastic state and equal to one elsewhere; i.e., 


‘<0, ori £ VU 8 é;;' a 2k k <0 


‘ 


oa £ Ff 0. 8.3 


67° sj 


2kk > 0 


Then the stress-strain relations, Equations (1), (2), | 


(17), and (18) can be combined into the single relation 


(20 


aT 


l , 
t (— Pr Ui- ou) (o, = Oi; 
I” 


Under the conditions stated for the plate, we can assume that, 


} ; 
as in the case, 


(21) 
Also for this state of stress it follows from Equation (20) that the 


only nonzero strain components are e,, and 


a (98 
ty = = € (22) 


Then from Equation (20), 
i-—-v.. l ' og + T 23 
—— ¢ + - a a - 
E 2n wal nr 


The onl y 


case 


nontrivially satisfied equation of compatibility is in this 


(24) 


For simplicity we restrict con- 
Then 


so that € is a linear function of z. 
sideration here to the case where 7'(z, t) is symmetric in z. 
o and € are symmetric in z, and Equation (24) gives 


ée = et) (25) 


From Equation (23) the stress rate when there is no plastic 


flow, i.¢., @ 

at) for g=1 (26) 
67 

For the state of stress given by Equation (21) the yield condi- 


tion, (1/2)s,.s k%T), becomes (1/3)o0? = k%7') or 


oa VT) 


where ¥(7) = VV 34&(T) is the yield stress in tension. 


It follows that during plastic flow 
og = YY for 
= (dy /aT)7. 


During plastic flow, ¢ 


where } 
+Y or so Equation (28) may be 
written 

(sgno)Y for g 0 (29) 
where 


sgn o0 = +1 for yielding in tension 


sgn o —1 for yielding in compression 
Equations (26) and (29) may then be combined into a single 


equation for ¢ which is valid throughout the plate, 


E o ‘ — 
=——g\lé-— — — al) + (1 — g) (sgn o)¥ (30) 
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The strain rate may now be obtained by using the condition 
that the stress distribution have zero resultant across the plate 


Ph 

J o(z, t)dx = 0 
0 

J o(z, t)dx = 0 
v0 


Substituting Equation (30) in (32) gives 


= yr, _ a 
Ly 0 67 
l-vp “ 
— (1 - 02,0 )( E ) (oon ope | ae (3 


Ly = f gz, Odzx 
0 


thickness; that is 


so that 


where 


is the half-width of the nonplastic regions ol the plate. 

With this expression for &(t), Equation (30) gives o(z, ¢) in 
terms of 7(z, t), o(z, t), and g(x, t). To complete the solution, we 
therefore need only to express the criterion for determining g(z, ¢), 
Equation (19), in terms of these quantities. For this purpose, we 
define ¢,,” in an analogous way to Equation (10) for &,,", ie., it 
is given in terms of é;,, 7,,, and 7 by Equation (20) with » = 0 for 
both plastic and nonplastic states. Then 


Wk & V 
*/ 205; F mm ) 


oo 


“ (85; T 1/9550 es 8,5" 7 
(35) 


_ , F : 
— 85543 5 39 nF mom 


where we use the fact that 
(36) 


since the relation between the mean stress, mean strain, and 
temperature is the same in the plastic and nonplastic states. 

For the particular stress distribution, Equation (21), considered 
here, Equation (35) becomes 


8;4;;" = 2oo" — */,00 (37) 


where ¢” is given by Equation (26) for any value of g; i.e., 


, ; Co ’ 
(« -—— = ai’) 
v\ 6n 


From Equation (19) the quantity used to determine g is then 


(38) 


8,,8,,% — 2kk Qa" — */,0¢ — 2k = Ao —YY) (39 


) 
since, when the criterion is used 
Skk 


og = YY 


The equations for determining the stress distribution can now 
be summarized as 


t ; 
o(z,t) = f, Igo” + (1 — gXsgn o) Y jdt (40) 


(41) 


aij =— gi-— + al 
Ly Jo 6 
l-y , 
— (1 -o( E ) (een 0)? | dz (42) 
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h 
Ly(t) = f, g(x, t)dx (43) 


wf @&<F oo¥ —-YYV <0 


(44) 


g(z, t) = 1, orif o? = Y%, 


gz,t)=0, if o® = Y*4, oo’ —YY>0O 

These equations are well suited for digital computation using 
a step-by-step forward calculation in time with simultaneous de- 
termination of g, ¢”, and a. These bas been carried out for the 
plate-cooling problem with some results reported in the following 
text. In the later stages of the process the temperature becomes 
low enough so that viscous flow is negligible, then an integrated 
form of the equations can be used, provided no further unloading 
occurs, just as in [2]. These integrated equations can be ob- 
tained in the same way as in that case and are: 


a(x, t) = o(z, to) + — [e(t) — eto) — aT (z, t) 
-—v 
gz, t) = 1 
g(z,t) =O (45) 


+ aT(z, to)}], for 
o(z, t) = (sgn 0) Y(T(z, t)), for 
with 


Ly(t)[e(t) — €(to)] 


h i- 
- f Jo, t) | - — a(x, to) + aT(z, t) — aT (2, to ] 
0 d 


_ (: = ") (1 — g(z, t)) (sgn o)Y(T(z, ot dx (46) 


which hold if 1/n = 0 and g(z, t) does not change from 0 to 1 
during the period t& to ¢. 


4 Numerical Computation 
Computations for the symmetrically cooled plate were carried 
out on the IBM 704 computer for a viscosity of the form of Equa- 
tion (5) and Y(7') piecewise linear in T. A step-by-step procedure 
in time was used; that is, the temperature, stress, and location of 
the plastic regions at time, ¢ + At, are computed from the values 
at time, ¢. 
The temperature is the solution of the problem: 
oT oT 
at get OS F<) 


i>0 
T(z, 0) = 1 

oF 

oz 


=0 at x=0, —-\T at 2=1 


oT 
ana — = 
or 


where dimensionless variables are used as follows: 
T = (T — T.)/(T: — To), with T, = initial temperature and 
T) = ambient temperature, 
K Hh 
A= = 


to —s 
cph? ’ K 


where K = thermal conductivity, c = specific heat, p = density» 
H = surface heat-transfer coefficient. 

The calculation was carried out for equally spaced values of % 
and of 7, 


R= (i — 1/,)AR, it = 2,....”, nA? = 1, 
j= 0,1,... 

Writing 

T((i — */e)AR, At) = Te, T(t — 1/2)Az, (j + 1)A2) = T; 
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and similarly for ¢, then T can be calculated from the explicit 
finite-difference expressions 


T, = 1/(T + TY) 


' «T; ” + Ti+1°), 


The increments of viscoelastic strain, (o/6n)Al are estimated by 
using the values of o at ji, i.e. o,°; and similarly the g,° are used 
to estimate the position of the plastic regions. Then the incre- 
ment Ae is calculated using the finite-difference equivalents of 
Equations (42) and (43), and the increments Ago,’ using Equation 
41). From Equation (44), g; = Oif |o + Ao,”| > Y(T,) and 

g; = For g; = 1, Equation (40) gives ¢; = o,° 4+ 
Ao,”, and for g; = 0, Equation (44) gives o; = (sgn o,°)¥(T;). 
If none of the g; have changed, indicating no change in the 


1, otherwise. 


position of the plastic regions during the time interval A/, these 
estimates are accepted and the calculation proceeds to the next 
time step. If some g; has changed, indicating unloading or the 
beginning of plastic loading at some point, then these estimates 
are not sufficiently accurate and the zero resultant condition, 
Equation (32) which gave Equation (42), may not be satisfied 
even though it was satisfied by the a,°. The necessary correction 
to Ae to satisfy this condition is determined using the estimated g, 
and ¢,;. This is used to correct the Ac,", and the g; are redeter- 
mined. If these second estimates of g; agree with the first, the 
corrected values are accepted, otherwise the correction process is 
repeated. The correction process was found necessary because 
of the discontinuous rate of change of stress when plastic yielding 
occurs. 


3 Calculated Residual Stress Distributions 

Examples of the calculated residual stress in cooled plates are 
given in Fig. 1. The following values of the parameters were 
used: K = 34 Btu/ft, hr, ° F; cp = 70 Btu/ft*, °F; vy = 0.3; E = 
30 X 10® psi; a 7.5 X 10-*/°F; H = 34 Btu /ft*, hr, °F; A = 
1.5 it. 





— Viscoelastic - Plastic 


4. + - - Elastic - Plastic 




















1.0 


Fig. 1 Calculated residual stress in a cooled steel plate; effect of vis- 
coelasticity 
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18,650 


7 = 8300 exp (; . ), lb, hr/in.4, TT > 500 F 
T + 460 


; 7 
= 36,000 (1 — 
’ = 36,000 psi, 


These values were chosen as extremes to test the effect of visco- 
elasticity in steel. The calculations were repeated assuming no 
viscous flow and it was found that the effect of viscosity on the 
residual stress was small in this problem. In the elastic-plastic 
case there is a region of constant residual stress, intermediate be- 
tween the center and surface, where no plastic yielding took place 
at any time. this region 
at the higher initial temperature, but hardly affects the location of 


Viscosity produces stress relaxation i 


the plastic regions. 

In this problem, when cooling is so rapid as to cause considera- 
ble plastic yielding, the plate does not remain at high tempera- 
tures long enough for viscous effects to influence the residual-stress 
distribution. The result would, of course, be different for a heat- 
treatment in which high temperature was maintained for a longer 
period. 

Fig. 2 shows the effect on residual stress of temperature de- 
pendence of yield stress, with no viscous flow. The solid curve 
was calculated for a 1-in-thick steel plate spray-quenched from 
800 to 75 F, with a Y(7') that decreased approximately linearly 
from 37,300 psi at room temperature to 23,000 psi at 800 F. 
The dashed curve is the calculated residual stress using a con- 
stant room temperature value for Y. The difference is large in 
the central part of the plate which yielded when at high tempera- 
ture. Using an average constant value for Y would give an in- 
termediate value at the center but too low a value at the surface, 
where the residual stress equals the room temperature yield 
stress. 

For values of Y(7') and 7 in the range found in steel, the growth 
of the plastic zones in the plate during cooling follows a pattern 
similar to that ii the elastic-plastic case with temperature-inde- 
pendent properties. For this case, the calculations showed that 
the possible plastic regions and the corresponding types of resid- 
ual stress distributions are those shown schematically in Fig. 3. 


The purely elastic case, of course, gives zero residual stress. 




















Fig. 2 Calculated residual stress in a cooled steel plate; effect of tem- 


perature dependence of yield stress. Y) = yield stress at 75 F 
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These five types of residual stress distribution are similar to those 
obtained in [1] for a plate whose face is exposed to a slowly vary- 
ing uniform heat input which first increases and then decreases 
monotonically with time. The qualitative similarity of the 
residual stress distribution types might have been anticipated by 
considering that the temperature during cooling could be ap- 
proximated roughly by an expression of similar form to that for 
the temperature carsed by the slowly varying heat input. This 
suggests that the residual stress distribution in the cooling prob- 
lem could be determined, at least approximately, by using the 
formulas in [1] which give the residual stress in terms of the 


parameter 


aEG yh (47 
Qu = a 7) 
iu ™ 41 — v)YK 


This was found to be 


where gy is the maximum heat input. 
possible, if in the cooling problem we put 


= 1.07 (1 -) 3 
du rN 


where 
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Fig. 3 Types of plastic regions and corresponding residual stress dis- 
tribution. Cooling of elastic-plastic plate with constant yield stress 
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The form of the relation in Equation (48) was suggested by an 
approximation to the temperature during cooling. To obtain the 
values of the constants, a curve was fitted to the condition for 
no plastic flow to occur in the cooling problem. This was 


1.07 (1 + 


which when compared to the same condition in the slowly varying 


(50) 


heat-input problem 
(51) 


gives Equation (48). 

Calculations of residual stress after cooling were made for 
several values of the parameters in the range 0.05 < Y < 0.4, 
A < 20 and compared with the values given by the formulas in 

1}. It was found that the residual-stress type was given quite 
accurately, and the residual-stress values (with 7 in [1] replaced 
by —o@/Y) also agreed, with a maximum error ranging from 5 per 
cent for small A to 15 per cent for A = 20. 

The type of residual-stress distribution indicated by Fig. 3 
will also be correct when the temperature dependence of Y is 
taken into consideration, provided the variation of yield stress 
with temperature is not too great. 

The applicability of the foregoing approximation shows that 
the residual stress is not very sensitive to details of the tem- 
perature distribution. The same results were observed in calcu- 
lations with surface heat-transfer. coefficient varying during the 
cooling. When \ was changed enough to cause temperature dif- 
ferences as large as 20 per cent of 7; — 7» (at z = 0.8h) in the 
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early stages of cooling, there was almost no effect on residual 
stress provided the same temperature-time curve was followed 
during the last half of the process. The residual stress is deter- 
mined mainly by the extent of plastic yielding which was the 


same in both cases. 
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Prediction of Creep Failure 
Time for Pressure Vessels 


When a pressure vessel is subjected to internal pressure and is made from a material 
which exhibits creep, the vessel will expand. If the internal pressure is held constant 
during expansion, the load on the wall will increase. At the same time, the thickness 
of the wall decreases. The result of these two simultaneous effects is that the expansion 
of the vessel is continuously accelerated until the wall thickness has decreased and the 
load increased to such an extent that the strength of the material is no longer sufficient 
and fracture of the vessel occurs. The time-to-fracture in the case of simple tenstle creep 
was predicted theoretically by Orowan |8)' and shown by Hoff [1] to be in good agree- 
ment with experimental results, The basis of their approach is to use true stress 
The creep-failure time is then defined as the time at which the true 
strain reaches infinity. The present paper extends the foregoing concept to the problem 
of combined stresses. The creep-failure time is determined for thin, thick, and very 
thick-walled cylindrical vessels of circular cross section with closed ends subjected to 
The theory is based upon the usual assumptions for pre- 
|. A power relation ised to 
relation in simple tension 
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and true strain 


constant internal pressure 
dicting creep deformation under combined stress |4 


express the creep rate versus stress 


Basie upon a large strain theory [2] for a pressure wall thickness) proceeds very slowly at the beginning and very 


For this reason, 


vessel with closed ends under internal pressure, an expression can 
be obtained relating the significant creep rate to the internal 
pressure in the vessel and the significant stress 

An internal-pressure versus significant-creep-rate relation can 
be obtained from a significant-creep-rate versus stress relation, 
based upon a simple tension-creep relation. In this manner, an 
expression is obtained which relates the creep rate to the creep 
strain. This equation can be integrated and results in a relation 
giving the creep strain as a function of time 

The creep-failure time is now obtained by letting the true creep 
It so happens that the time necessary to 
reach infinite strain is a finite quantity. The time 
finite strain, called creep-failure time, can be used to predict the 
In reality, the 
However, 


strain approach infinity. 
to reach in- 


time of actual fracture, called creep-fracture time 
vessel will fracture before it has expanded to infinity. 


the expansion of the vessel (accompanied by a reduction of the 
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The 
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Discussion re- 


rapidly toward the end of the life of the vessel 
the actual fracture time and the time for infinite theoretical strain 
occur at essentially the same time. This means that the creep- 
failure time can be used in place of the creep-fracture time for the 


prediction of fracture of a vessel 


Basis of Theory 

This paper assumes times of such values that the influence of 
the primary creep can be neglected. The creep relation used here 
expresses the behavior of materials during secondary creep It 
is assumed that the relation also expresses adequately the be- 
havior of materials during tertiary creep. 

The theory developed in this paper is based ipon the usual as- 
sumptions, which are as follows: 
1 The material is isotropic and homogeneous, and the vessel 
retains its circular shape during creep. 
2 The density of the material] remains constant, or 


= ( 1) 


4 


et+eét+e 
where €,, €,, and €, are the true tangential, radial, and axial 
strains, respectively 

3 The ratios of principal shear-strain rates to principal shear 
stresses are constant, or 
é-6€ 3 


fp — & r ul 9 


—_ = = 2 2) 


o- 6, G-7, 2K 


where o.,, g,, and ¢,, are the true tangential, radial, and axial 


nr? 





Nomenclature 


creep coefficient, (in.** lb~* day~') 
a function of n 
an integral 


time 


creep modulus, (in.~? lb day) strain 


inner radius, in. 
(day~') 


true stress; 
etress, psi 


outer radius, in. 
b — a = wall thickness, in. 


creep exponent 
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internal pressure, psi 
true strain; also significant true 
de/dt = time rate of true strain, 


also significant true 


nominal significant stress, psi 


Subscripts 
a = atinner radius 
b at outer radius 
f at failure 


radial 

for very thick-wailed cylinder 
axial 

tangential 
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stresses, and €,, €,, and €, the first derivatives with respect to time 
of the true strains €,, €,, and €,. 

From equation (1) and equations (2) the following strain rate 
versus stress relations can be obtained: 


—-[o, — /o, + @,)] 
[o, — '/2(o, + op)] 


[o, — '/2 (eo, + @,)] 


where K is the modulus of creep. The value of K is K = a/€ 
and can be determined for any state of stress by means of the 
following assumption: 
4 A significant rate of true-strain versus true-stress relation 
exists, which can be obtained from a simple tension test. That is 
€ = f(a) (4) 
In this paper, the relation expressed by equation (4) is assumed 
to be a power relation of the form 


€ Ao" (5) 

Assumptions similar to the foregoing also were made by Soder- 
berg [4], Marin [5], Johnson [6], and Nadai [7]. 

Three equations for creep-failure time, defined as the time re- 
quired for the true strain to reach infinity, will now be derived. 
The first is the exact equation for a thick-walled cylinder, the 
second is based upon the assumption that the cylinder has a very 
thin wall, and the third is based upon the assumption that the 
cylinder has a very thick wall. 


Failure-Time Equation 


Thick-Walled Cylinder (exact equation). The equation which re- 
lates the internal pressure to the significant creep rate can be 


shown to be [2 
. éa - 
p= v3 ff, Kde (6) 
& 


where 





s 
€a 


(a/b)* exp V/3 €, 
& = . ; - 
* 1 + (a/b)Xexp V3 €. — 1) 
By the power creep rate-stress relation for tension 
€ = Ao* 


By equation (3) for simple tension, € = o/K and 


= Anim guin-1 (9) 


Entering K from equation (9) in equation (6), integrating, and 


using the expression for €é, given by equation (7), the following 
expression is obtained: 


-| 


Equation (10) expresses the significant creep rate at the bore, as 
a function of the significant creep strain at the bore. An inspec- 
tion of equation (10) indicates that for a constant pressure the 
creep rate increases with increasing strain. 

In order to establish the strain as a function of time for a con- 
stant internal pressure, equation (10) can be integrated. Then 


i =] t* 


‘3" Ap” 
V3* Ap? , 


n* 


(a/b)? exp V3 €, je) —# 


f 


_ V3" Ap" J 


t 


i a s 
- n” 1 + (a/b)? (exp 73 €, — 1) 


(10) 


(a/b)? exp V3 € 


) 


1-|; 


t 


+ (a/b)? (exp 1/3 €, 


(11) 


Equation (11) can now be used to define the creep failure-time 


t,. Letting €, > ©, and rearranging the resulting equation, 


n" 


\ fan A p” 


(1: 


where 
(a/b)? exp 1/3 €, I/njpn 
~ ~- f de 


1 + (a, b)*exp V3 €, — 1) 


a 


A general solution of integral J is given in the Appendix. 
Curves for creep-failure time as defined by equation (12) are 


ie 


J. -[ 


(13 


| 
fe 
| 

| 

| 

| 

+ 
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Fig. 1 
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PERCENT THEORETICAL FAILURE TOE 


Strain versus per cent of failure time forn = 2, 0’ = 1000 psi 
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plotted in Figs. 2 to 7 for different values of the creep exponent 
n. 

Thin-Walled Cylinder. Making the assumption that the wall of 
the vessel is so thin that a, = 0, and that o, ¢,, and ¢, are uni- 
formly distributed across the wall, a pressure versus strain-rate 
relation for the thin-walled cylinder can be obtained. Assuming 
that the length of the cylinder is constant, the condition of con- 
stant density can be expressed by 

2aah = 27a‘h’ (a) 
where a and a’ are the original and the actual radius of the vessel, 
and hf and A’ are the original and the actual wall thickness. From 
equations (6) and (11) of reference [2] it can be shown that 


a’ = aexp [(V/3/2)e] (6) 


where € is the significant strain. 
Placing the expression for a’ from equation (b) in equation (a) 





p = 1000psi. 
p ~ 5000psi. 
p -10,000psi. 








+ | —— = 


| 
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Fig. 2. Failure time versus thickness ratio for n = 1 
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Fig. 3 Failure time versus thickness ratio forn = 2 
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p= 5000psi. 


p- 10,000psi. 
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Fig. 4 Failure time versus thickness ratio for n = 3 
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h 
h' = 7 : 
exp [(4/3/2)e] 
The stresses in a thin-walled cylinder are given by 


, 


a 


o, = —?P, go, = 0 (d) 
h 


r 


The significant stress for a cylinder (with ¢, = 0) can be shown to 


be [2 


(e) 


19710 p- 1000psi. 


p- 5000psi. 


p= 10,000psi. 


21 
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Fig. 5 Failure time versus thickness ratio for» = 4 
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Fig. 6 Failure time versus thickness ratio for a = 6 
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and h‘ as expressed by equations (b) and (c), gives 


V3.4 fi 
¢ = a PoP V3e (f) 
If o is now expressed by the creep modulus K of equation (9), 
then 
2h Ke 
9° ee 
V3a expvV3e 


(14) 
The creep rate as a function of creep strain for a given pressure is 
obtained by rearranging equation (14) and using equation (9) 
then 


(15) 


‘ /3 ap\” 
=A ~ P) exp 1/3 ne 
Ze | 


Integrating equation (15) between the limits 0 and €, and 0 and ¢, 


l 1 


; QR TL (16) 
[l — V3 An(vV/3 ap/2h)"t] 


In 
Van 
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Fig. 7 Failure time versus thickness ratio forn = 8 
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Equation (16) gives the significant strain as a function 
of time ¢t. It is used in Fig. 1 to illustrate the characteristic ex- 
pansion of a vessel as a function of time. Fig. 1 shows how slowly 
creep takes place at the beginning, and how much it is accelerated 
when the time approaches the failure time. If actual fracture 
would take place at a significant strain of, say, € = 1, the frac- 
ture time would be about 97 per cent of the failure time (point 
A in Fig. 1). It is found that the larger the value of n, the 
closer is the foregoing approximation. 

Letting € — © in equation (16), the equation for the creep- 
failure time for a thin-walled cylinder is obtained; that is, 


1 2a \* 
t; = —— (-——— 
V3 An \vV/3 ap 
As can be seen in Figs. 2 to 7, the curves defining the creep- 


failure time for a thick-walled cylinder, as given by equation (12), 
become asymptotic for small values of 6/a to the curves for the 


(17) 


thin-walled cylinder [as given by equation (17) ]. 

Very Thick-Walled Cylinder. It is also possible to simplify the 
equation for the creep-failure time for a vessel with very thick 
walls. Making the assumption that b/a is so large that a/b 0 
can be used in the failure-time equation (12), it is shown in the 
reduces to 


Appendix that the integral defined in equation (13 


18 


where B, is a quantity which varies with the creep exponent n 
The creep-failure time for a very thick-walled cylinder is then 
given by 
n” 
(7 19) 
a Ap" 


rhe curve defined by equation (19) represents the asymptote 
to the curve defined by equation (12), for large values of b/a. 
The curve for the creep-failure time for very thick-walled cylin- 


ders is shown in Figs. 2? to 6. 


Discussion 

The calculation of creep-failure time for the exact and the very 
thick-walled cylinder formulas is quite complicated. For this 
reason, creep-failure times are represented graphically as shown 
in Figs. 2 to 7. 

In the graphical presentation of creep-failure time, there are 
four variables which must be considered. They include the in- 
ternal pressure p, the wall-thickness ratio b/a, the creep exponent 
n, and the creep-failure time t;. The creep coefficient A is also 
to be considered, but it so happens that A can be combined with 
t, in the form of a parameter Af,. 

Figs. 2 to 7 show the creep-failure-time parameter Al, plotted 
versus the wall-thickness ratio h/a. A wide range of values for 
h/a was chosen in order to include the creep-failure time as pre- 
dicted by the formulas for a thin-walled cylinder and a very 
thick-walled cylinder. An upper limit of h/a = 10,000 and a 
lower limit of h/a = 0.001 were chosen, Figs. 2 to 7. The inter- 
nal pressure is used as a parameter and curves for p = 1000, 5000, 
and 10,000 psi are drawn. 

A separate diagram is drawn for each value of the creep ex- 
ponent n. Values were chosen which allowed the most accurate 
determination of creep-failure time without an undue expenditure 
of effort. The values chosen aren = 1,n = 2,n =3,n = 4,n = 
6, and n = 8. Values of n higher than 8, and higher than 5 
for odd integers, present complicated expressions for the in- 


8 For n = 1, the curves for the thick-walled cylinder and the very 
thick-walled cylinder coincide. 
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The accurate numerical determination of these ex- 


2 to 7 show curves 


tegral J... 
pressions becomes extremely difficult 
for creep-failure times for thick-walled (exact), thin-walled, and 
very thick-walled cylinders, determined by means of equations 
(12) and (13), (17), and (12) and (18). The results are plotted 
on log-log paper to facilitate the presentation of a wide range of 


Figs. 


creep-failure times. 

Figs. 2 to 7 allow an easy determination of the creep-failure 
time for vessels of any wall-thickness ratio h/a, if the value of the 
creep exponent of the material of the vessel is an integer of mag- 
nitude n = 1, 2, 3, 4,6, and 8. Curves for pressures of p 1000, 
5000, and 10,000 psi are shown; values for other pressures can 
be obtained by interpolation. 

If the creep exponent n is not one of the foregoing integers, 
Fig. 8 can be used for the determination of creep-failure times. 
In Fig. 8 the integral J, is plotted against the creep exponent n 
for values of n from 0 to 12. Since the exact integral, as given by 
equation (13), was not determined for values of n larger than 8, 
the values for 7, for n 
Various values of wall-thickness ratio h/a are represented as a 


> 8 were obtained by extrapolation. 


parameter. 
Another possibility is to plot curves of the type shown in Figs. 9 


107 


h/a*100 


h/a-40 


— — ~ EXTRAPOLATED 
Fig. 8 Quantity |.. versus creep exponent n 





and 10. In these figures, the creep-failure time is plotted versus 
the internal pressure with the wall-thickness ratio as a parameter. 
The slope of the curves is determined by the magnitude of the 
creep exponent n. Figs. 9 and 10 are similar to the usual stress- 
to-rupture diagrams. 


Conclusion 

The creep-failure time for a thick-walled pressure vessel is de- 
fined in this paper as the time at which the true creep strain 
reaches infinity. It was then shown that the creep-failure time 
defined in this manner can be used to predict the time-to-fracture 
of a vessel. The mathematical solution of the exact problem is 
quite complicated. For this reason, the solution is presented in 
the form of graphs. Simplified formulas for creep-failure time 
were obtained for both thin-walled cylinders and very thick- 
walled cylinders. These latter results appear as asymptotes to 
the curves for the exact solution of the thick-walled cylinder. 
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APPENDIX 


The integral /,, in equation (13) is given by 


, esas exp 3e, | ‘ P - 
1 + (a/b)? (exp 3e, — 1) aunts 


For the solution of this integral it is advisable to substitute for 
the variable €, by setting 


| (a/b)? exp 3e, ] 1 
00 | eee 
1 + (a/b)*exp 3e, — 1) 


Placing this new variable in equation (20) gives 


1 
n f (1 — 2x)" dr 
V/3 Jia/t)tn 1 — 2" « 


The integral, as given by equation (22), can be expanded by using 
the binomial theorem. - In order to include the limit 1 appearing 
in equation (22), the condition that n be an integer must be im- 
Imposing this condition and expanding equation (22) into 


a binomial expression, 
m n os 
(—1) z™ dz (23) 
m+ 1 


1 -1 
n f l -S 
V3 J (a/b)?/nz" — 1 
The integral given by equation (23) can be integrated term by 


m=-—1 
term. Each of these terms is of the type 


1 
n n Og 
i, * (—1( f - dz 
V3 m+ 1 (a/b)2/n z™ — 1 


The solution of the integral given by equation (24) is‘ 


I= (22) 


posed. 


(24) 


(1 — s)(—1)™*! 
In (x — 1) + ————_ 


n 


2 l)r 
[ cos + ~ te #1 


n 


2vim + 1)r ] | 
sin — 
n 


/ \(a /b)2/n 
with 


n = 2p — 8, 


m=Q@1,2,.... 


and 


R, = '/2 In[x? — 2z cos (2vm/n) + 1] 


’ xz — cos(2vr/n) 
S, = arc tan ——— 
sin (2v7/n) 
For the case of m = —1 in equation (24), the solution of the 
integral of equation (24) is® 
* Reference [3], p. 21. 
‘ Ibid., p. 18. 
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l z" 1 


lL, = -- a 
V3 2z* — 11 (a/b)2/0 
Adding the results obtained by applying the solutions of equa- 
tion (24), as given by equations (25) and (27), as often as neces- 
sary, the general solution of the integral of equation (20) can be 


obtained. Making a few simplifications, its value becomes 


n—1l 
Inz —In )> x — (1 — s)(2" — 1) In (2 + 1) 


Pozi) 


l 
\n 
V/3 | 


n—1 


2> 1)" n ¥ R _2vx(m + 1) 
+, 2 ‘ ) at 5 » COs - 


m=0 v=) 


_ 2v(m + l)r 1! 
— S, sin - 
n 


28) 

t I(a/b)?/n 
where n is an integer larger than 2, and p, s, R,, and S, are given 
by equations (26). Forn = 1 andn = 2, the integral of equation 
(22) becomes very simple and can easily be solved directly. 

The numerical value of J.,, obtained from equation (28), is 
inserted into equation (12) and the creep-failure time can thus 
be determined. 

If the diameter ratio b/a is so large that the assumption a/b = 0 
can be made, equation (28) can be reduced considerably. The 
condition that b/a is very large is valid for “very thick-walled” 
cylinders. Although such very thick-walled cylinders are hardly 
ever found in practice, the creep-failure time determined for a 
very thick-walled cylinder has proved very useful in properly 
locating the curve for the exact theory. The curve for the creep- 
failure time for a very thick-walled cylinder is the asymptote to 
the exact curve for large values of b/a. 

Letting (a/b) — 0 in equation (28) leads to an expression of the 
following form: 


2n 


V3 


(29) 


In (b/a) — B, 


where B,, is a term independent of b/a. Since B, is, however, a 
function of n, it must be determined for every value of n sepa- 
rately. The numerical value obtained from equation (29) can 
then be entered into equation (19) for the determination of the 
creep-failure time of a very thick-walled pressure vessel. 

Since the term B, is subtracted from the term 2n/+/3 In (b/a) 
it is apparent that the integral (J,.), becomes zero when 
In (b/a) = B, 


VJ 


This means that the integral (/,,), will become asymptotic to the 
value of b/a defined by equation (30), if (7..), is plotted versus 
(b/a) on a logarithmic plot. Diagrams of At,, which is directly 
proportional to (7 ..), versus h/a, which is given by h/a = b/a — 1, 
show the same characteristic if plotted on log-log paper, as can be 
seen in Figs. 3 to 6. 


(30) 
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theory is necessary 
strain can be represented by a power relation. 


On the Plastic Behavior of Rotating Cylinders 


Equations for strain and stress distribution in hollow rotating cylinders are developed. 
The deformations are considered to be of such magnitude, that the use of finite-strain 


It is assumed that the relationship of true stress to true 
The three possible modes of plastic 


failure, namely, instability, cleavage, and shear fracture, are also discussed. 


Pi AN ideally plastic material without strain-hard- 
ening, the stress distribution in solid rotating «ylinders has been 
described by Nadai [1].! The addition of a central hole and the 
consideration of a rigid-plastic material with linear strain- 
hardening have been discussed by Davis and Connelly [2]. The 
present paper undertakes to describe the behavior of rotating 
hollow cylinders by considering finite strains and a power rela- 
tionship between stress and strain, with the help of which the 
strain and stress distribution in the wall and the conditions for 
plastic failure are determined. 

In the following analysis, an idea! material will be considered, 
which behaves according to the following assumptions: 
1 The true longitudinal strain €, is constant with respect to 


the radius r, or 


(1 


This assumption is valid only for long cylinders 


2 The volume of the material remains constant, or 
0 


3 The ratios of the principal shearing stresses to the principal 


shearing strains are equal. That is 


where P is the modulus of plasticity 

4 The material is isotropic and homogeneous and the cylinder 
retains its circular shape during deformation 

1 Numbers in brackets designate References at end of paper 
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the Society. 
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5 A significant true stress-strain relation exists, and coincides 
with the true stress-strain relation for simple tension in the 
plastic range. That is 


o = fle) 4) 


In the present analysis this stress-strain relationship is assumed 
to be 

o = Ke (5) 
where K is the strength coefficient, n is the strain-hardening ex- 
ponent, ¢ is the significant true stress, defined by 


Equations (2), (3), (6), and (7) can be combined to give stress- 


strain relations of the type 


where P, the modulus 
€ 


and must be determined for every state of stress 


: 205 28 as 
Strain Distribution 

Considering the relations expressed by equations (1) and (2), 
the expression for the significant strain, given by equation (7) 


can be reduced to 





Nomenclature 


Bernoulli number 
force, lb 
strength coefficient, 


radius, in 


modulus of plasticity, psi 


nominal and actual inner radius, true 


in, nificant true strain 


outer radius, in 
a constant 
longitudinal strain 
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strain-hardening exponent T 


si = radial deformation, in. 
maximum true shearing strain 
normal 


mass density, lb sec* in. 
true normal stress; also 
significant true stress, psi 


= maximum true shearing stress, psi 


Subscripts 
at inner radius 
at outer radius 
mean normal (hydrostatic ) 


strain; also sig- 
: = radial 

longitudinal 

circumferential 
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9 


— [€g? + key + k?]'/2 (10) 
/3 ? ? 


The true circumferential strain €, can be shown [3] to be 


é» = In - = In (1 + u/r) (11) 
a 


and the true radial strain can be shown [3] to be 


(12) 


dr’ 
e. = In — = In (1 + du/dr) 
dr 


According to equation (1) this paper assumes the general case 
of plane strain where the strain in the third direction is constant, 
but not zero, in the r — ¢g plane. This limits the discussion to 
long cylinders. 

A combination of equations (11) and (12), with elimination of 
lu, gives 


déy 


13 
dr Nan 


= exp(€é, — €,) — 1 


From equations (1) and (2), 


é. = (14) 


r 


—k — & 
Entering the expression for €,, as given by equation (14), into 
equation (13), 

de 


r = exp(—k — 2€,) — 1 
dr 


(15) 


Equation (15) can be integrated by separation of variables. 
Then the true circumferential strain becomes 


€o = 1/2 In (e* + c/r?) (16) 


Equation (16), evaluated at r = a, is 


k 2 » 
Eo, = ‘/2 In (e + c/a*) (17) 
The unknown constant c can now be eliminated by combining 


equations (16) and (17). Solved for €,, 


& = (18) 


¢ 1/, In { (1 — (a/r)?]e* + (a/r)? exp 2€,,} 


From equation (10), 
(19) 


Entering the expression for €,,, as given by equation (19), 


into equation (18), and then inserting the expression for €,, as 
given by equation (18), into equation (10), gives after some sim- 


plification 


20) 


Equation (20) expresses the distribution of the significant true 
strain e throughout the cylinder wall as a function of the radius r 
for a given significant strain €, at r = a and a given longitudinal 
strain k 

With the distribution of the significant true strain known, the 
true circumferential strain €, can be obtained by rewriting equa- 
tion (10) 
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. — 
ég = '/e[—k + V3 (1 — k?/e?)/*] 21) 





With the distribution of € and €¢, known, the true radial strain 
€, is obtained from equation (14) as 


oni ae 


¢, = 


The longitudinal strain €, is given as 


The maximum shearing strain y can also be found. It is 
bao i 


i 


where €max is always equal to €,, and €min is equal to €, for an 
inner portion of the wall and then switches to €min = & for the 


outer portion of the wall. 


Stress Distrigution 
It can be shown [4] that the equilibrium equation for a rotating 
body is 


da 


r 9 


+ u) = (0, — O,) — pwrr u)* 23) 
¢ 
dr + u) 4 


Rearranging equation (23) and observing that from equation 
(11), (1 + u/r) = exp €g, that from equation (12), (1 + du/dr) = 
exp €,, and that from equation (14), €¢. = —k — €, it is 


dog f . 9 
’ = (o, — o,) exp(—k — 2e€, 


¢ — pwe*r? 24) 
dr 


By using the relation expressed by equation (21), it becomes 


possible to write 


oC, fexp [—~ 3e€ 


do, = (Go — 


¥ 


From equations (8) and (9), 


Substituting the value of 7, of equation (26) in equation (6), one 


obtains 


Replacing 


tion (27 


do, = fexp [—+/3 € (1 — k*/e?)'”*] 


Vv ” 
— pwe“rdr (28) 
Equation (20) may be rearranged to 


2 exp Vv 3 €,(1 E3 k? ¢,*) oO) 
= q? (29) 


exp V3 €(1 — k*/e?) 


Differentiation of equation (29) with respect to €, and division by 


9) 


2 r?, gives 
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l k?/e?)/* + de 
— k2/¢?) 


exp VSE 
2 (1 — k*/e*#) [exp V3 € (1 
in equation (28) 


Inserting the value of dr/r from equation (30 


ode 


exp 3 €(1 — k*/e* 


For an n-power stress-strain relation, 
ao = Ke" 


Entering of Ke" in place of @ in equation (31), leads to 
Ke'de 


—— k edr 
exp V3 €(1 — k*/e*) 


P 
— pwe 


‘| 


Equation (32) cannot be integrated in closed form; it can, how- 
ever, be successfully integrated by expansion into series and sub- 
sequent integration. The quantity 
V3e(1 — k*/é 
ane 7 


exp 1/3 €(1 — k*/e 


may, according to reference [5],* be expanded into 


with B, = 1, B, 
—'/s, and B, = B; 


ccording to reference [5 


33) is convergent for 


‘ries 


< (k? + 4/3 3? 


a condition, which will be found fulfilled for all practical cases 
The series (34) is convergent for € > k, a condition, which is al- 
ways fulfilled, as an inspection of equation (10) will indicate. 

in equation (32), integration, and 
a, gives 


Use of series (33) and (34 


consideration of the boundary condition ¢, = 0 forr = 


(35 


Equation (35) gives the distribution of the radial stress through- 
out the wall of the cylinder, provided the distribution of the sig- 
nificant strain €, and the longitudinal strain k and the speed factor 
pw*/2 are known. 

The distribution of the significant stress is found by means of 


equation (5), 


teference [5], p. 82. 


3 Tbid., p. 79. 
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The tangential stress is, from equation (27), 


V3 


a(1 — k*/e*)'/* 
| 


The longitudinal stress can be found from equation (26), 





The maximum shearing stress is defined as 





ATmax —~ Omin) (37 





where Omax is found to be always equal to oy, and Gmis is equal 


to o, for an inner portion of the wall and equal to ¢, for the outer 
portion. 
The mean normal stress can be found from its definition 


; 


| (38) 
| 





Oo, = '/k0, + Oo, + G,) 





Equation (35) also can be used to establish a relation between 
€, k, and pw*/2. Making use of the condition that 7, = 0 at 
> & 

KR, e 
V3n 


(b? — a) 


with 


nk 


9 


y . V3 >> (-1 a(” vt ") — 


R = = 
f~t, —2\ +n 


y—A+n 


(€e €& 


and, from equation (20), 


a = 


Kir ain fa + ( 


fexp V3 €(1 — k*/e,2)'”* 


An inspection of equations (23) and (24) shows, that the right 
could also have been obtained in terms of 


side of equation (39 
Then 


the actual radiia’ = a + u, 
KR, 
Vin 


= b “Tt UW, 


and b 


(42) 


It will be found in numerical work, that the y-series in equation 
(40) can be broken off after the term for vy = 1 because of the 
rapid convergence of this series for all practical cases 


The Longitudinal Force 

For a given k, two unknowns € and pw*/2, must be found. 
expression for their determination is equation (42), the other 
will now be derived from the condition that the force in longitu- 


One 


dinal direction must be zero, 
(43) 
The equilibrium equation (23) also may be written 
dr’ oe 
—— pur’ dr 
" 


do, = (a, — @,) 
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Using the expression for ¢, — ¢,, as given by equation (27), in 
equation (44) and integrating equation (44), 
cs ,. dr’ 2 
o, = — a (1 — k*/e*)'/2 -_— = (r’? — a’*) (45) 
a v3 r 2 


‘ 


where the limit a’ has been chosen to make o, = 0 atr’ = a’, 


The radial stress is also o, = O atr’ = b’, hence 


b 9 dr’ y2 

[ =o(1 — k?/¢?)' 2 -_ = “ (b’? — a’) 
, Vo r 2 

/a 


Placing the value for ¢,, as given by equation (45), in equation 
(27) and rearranging, gives 


(46) 


Fe 
o (1 — k*/e*)'/? 
» 


pw? re 1 - » 
_ (r’? — a”) + — eo (1 — €*)'/1 (47) 
2 V3 

Inserting the value for o,, as given by equation (47), into equa- 


tion (26) for the longitudinal stress, 


~ l , 
+ = (1 — k*/é)” 
Vo 


62 dr’ 
+ - (1 — k*/e*) ”* — 
Vo r 


7— qa?) (48) 


Ja’ 


The cylinder is not subjected to any force in longitudinal direc- 


tion, that is 
, b’ , 
F,= an f go,’ dr’ =0 
a 


eb’ ’ 
f , 77’ dr’ =0 


a 


(49) 


Using equation (48) for o;, equation (50) becomes 


” 6k l 
0 = o|- + —- (1 — k*/e®)"* | r’ dr’ 
Ja’ ¢ ve 


») 
o (1 — k?/e?)'/? 
3 


The double integral in equation (51) may be integrated by parts, 
giving 


b’ 1 
a’ Ve 


« 


o (1 — k?/e*) “*r’ dr’ (52) 


which, because of the relation expressed by equation (46), may 
be written 


,2 b’ l 
= b’(b’? — a’?) — i) 73 o (1 — k?/e?)'/*r’ dr’ = (53) 
1 i 
a 


Substituting this expression for the double integral back into 
equation (51), simplifying, and observing that o = Ke", 


a ee 
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—1/. pw%(b’* — a’! (54) 
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It can be shown by use of equations (11), (21), and (29) that 
r’? = ate~* [exp ~/3 €, (1 — k*/e,%)'/* — 1] 
exp 1/3 € (1 — k?/e*)'/? 


exp V3€(1 — k*/e*)'/2 — 1 
Consequently is 
b’? = ate~* [exp 1/3 €,(1 — k?/e,2)'/? — 1] 


exp /3 €, (1 — k*/e,2)'/* 


exp V3 6, (1 — k*/e,2)'/? — 1 


a’? = ate-* exp 7/3 €, (1 — k*/e,2)'/ 
Differentiation of equation (55) with respect to € gives 


‘dr’ v3 tp-k ‘< 2 2)! l 
r’dr a a*e~*(exp V3 €, (1 — k*/e,?) “? — Nate POU 


1 
exp 3 € (1 — k*/e)'/ = 


l 


. de (58 
exp [— V3 €(1 — k*/e?)'/*] — 1 


Inserting now r’ dr’ from equation (58), (pw*/2) (b’ — a” 
from equation (42), b’* from equation (56), and a’? from equation 
(57), into equation (54), and simplifying, gives 


R, exp V3 €, (1 — k*/e,2)'/* 
nT Lexp V/3 €, (1 — k*/e,2)'/* — 1 


exp y 3 €,(1 — k?/e,?)'/? 
exp V3 €,(1 — k*/e,?) 7? — 1 


where 
Me n—I 
1 6 ats sm moe ; 
J. (1 — k*/e)” exp V3 €(1 — k?/e*)'* — 1 
l 
exp [— V3 «(1 — k*/eé 


be integrated 
Using series similar to (33) and (34), 7 can however be 


The expression for 7 of equation (60) cannot 
directly. 
expanded to 


(— ye BeBe 


—1)* 
(vy + wp — 3)/2 


‘ ) ert -2A1+n-3 de (61) 


After integration, equation (61) becomes 


oo 


* arte S° (-1) 
Vip! 


h=0 
2 
Peresreres: 


, ao 4 on & a» & -. a 9 
(e,”** 2A+n 2 €7 th 2A+n ¢) 


(62) 
The vy and yp series usually converge so quickly that it is sufficient 


for practical materials to use terms up to y = 1 and uw = 1 only. 
This permits a considerable simplification of the expression for 7’. 
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Making this simplification, gives 


= —3/2 k2 
'=2) (-1( (€ 
d 2—n+ 2A 


A=0 x5 


(63 


With T as given by equation (62) or by equation (63), R, as 
given by equation (40), and €, as given by equation (41), equation 
(59) represents the relation which gives k as function of €, in im- 
plicit form. The procedure for the numerical determination of k, 
€, and pw*/2 will now be given. 

Because of the complexity of the terms involved, it is desirable 
to begin with an assumed value of k (k will always be a negative 
quantity). With & fixed, a value for €, is chosen larger than |k}. 
Then ¢, is determined by means of equation (41 With the as- 
sumed k and the trial value for €, and hence ¢,, the quantity R, 
can be found by use of equation (40). The quantity 7 also can be 
determined by means of equation (62) or equation (63). The 
validity of the trial value for €, can then be checked by entering 
all terms into equation (59). If equation (59) is not satisfied, the 
procedure must be repeated with a new trial value for €,, and con- 
sequently new values for ¢, R,, and 7. The values of €,, and 
hence ¢,, R,, and 7, for which equation (59) is satisfied, are the 
correct values corresponding to the assumed value of k. 

For oth’. values of k, the corresponding values of € and so on 
are determined in the same manner. The task is, however, much 
less formidable, since the fact that the ratios k/e are almost 
constant, Table 1, can be used to establish the first trial value 
for €,. 

The speed factor corresponding to an assumed k is found by 
rearranging equation (39), as 


pw? 


Strain distributions are determined by employing equations 
(20), (21), (14), (1), and (22), stress distributions by employing 
equations (35), (5), (36), (26), (37), and (38 A number of stress 
and strain distributions have been determined for a cylinder with 
b= 4in.,a 1 in., and made of a material forwhich K = 100,000 


psi and n = 0.2. They are shown in Figs. 1 to 3. The strain in 














Fig. 1 Plastic stress distribution at a small strain 
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Longitudinal 
strain, 


—0.01 
—0.06 


Table 1 


Significant strain at 

r=a r=hb Ratio, 
és €5 €,/k e,/k 

0.0565 0.01053 —5.65 —1.053 

0.34 0.06607 5.75 —1.101 


fatio, 
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Fig. 2 Plastic stress distribution at a lerge strain (at instability) 
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Fig. 3 Plastic strain distribution (at instability) 
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the longitudinal direction as function of the rotational speed is 
plotted in Fig. 4 for the same cylinder. In Table 1 the ratios 
€,/k and ¢€,/k are shown for the cylinder atk = —0.01 and —0.06 
(instability). 


Plastic Failure 
There are three conditions, which are of interest as plastic 
failure. The first is that of instability, or, in other words that 
state of loading at which the material is deformed to such an ex- 
tent, that the weakening of the material due to contraction exceeds 
the strengthening due to strain-hardening. At instability the 
speed reaches a maximum. If this maximum speed is maintained 
or exceeded, the cylinder will deform at a very high rate and soon 
fracture. Instability may be expressed mathematically by a con- 
dition of the type 
d(pw*/2 
ik 


(65) 


The mathematical determination of the point of instability will be 
carried out later. 

A rotating cylinder also may fracture before it has reached the 
point of instability. A maximum condition as such as expressed 
by equation (65) can then no longer be used, but must be replaced 
by a condition which predicts the type of fracture expected. 
If the material tends to fracture by cleavage, such fracture will 
likely begin as a subsurface fracture [2] close to the bore, be- 
cause it is there where the largest tensile stress, o,, occurs in the 
wall, as can be seen by an inspection of Figs. 1 or 2. 

If a material tends to fail by shear fracture it becomes necessary 
to study the distribution of the maximum shear stress 7 (or the 
maximum shear strain y) and of the mean normal stress ¢,. Ex- 
periments, such as those carried out by Crossland and Dearden 
[6], suggest that shear fracture is initiated at points where the 
absolute maximum shearing stress is the largest at constant mean 
normal stress, and at points where the mean normal stress is the 
largest Based on this 
statement, shear fracture can be expected to commence either at 
the bore surface or as a subsurface fracture near the bore, as an 
inspection of Fig. 1 or 2 will indicate. A detailed account of the 
shear-fracture properties of the material involved will have to be 


at constant maximum shearing stress. 


available if more precise predictions are to be made. 

Let us now determine mathematically the point of instability 
Equation (64) differentiated with re- 
equal to zero, results in 


defined by equation (65). 
spect to k and set 
dR, 


R, = 
dk 


From eq ation (40 


dk, B (v- ai 2rn k24-1 
- 3 —!1 ys : eset t : 
dk » y! ¥ > ( A y—-2\ +n 


. 
0 nN 0 


v—2r\ +" 
a 


( — )/2 
(-( : - *)n (e +—1 


de de 
a y—gr04n—-, ~~) 67) 
a ~* =) (67) 


Making use of the fact that €,/k ~ const and that ¢,/k ~ const, 
(see, for instance, Table 1), it can be set 


v—2A +") 


‘ — 6, 


de 
— (68) 
dk 


and 
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LONGITUJINAL STRAIN 


Fig. 4 Longitudinal strain and speed of rotation 


de, _ 
dk ok 


(69) 


Insertion of the expressions for de,/dk and de,/dk, as given by 
equations (68) and (69), into equation (66), and use of R, as de- 
fined by equation (64), gives 


- 


ae (vy — 1)/2 
rr —9*( ) 
=f, pl 2», r 


e," "+ — «” am) | (70 


If the v-series is broken off after the term for vy = 1, equation (70 


is simplified to 
¢,' . €,' +n = 
(71 
R, 


may be used for all practical cases in place of 
equation (70). The quantities k, €,, €,, and R, must, of course, 
also fulfill the condition expressed by equation (59). Instability 
for the cylinder of the example used in this paper occurs at k = 
—0.06, and is marked on the plot in Fig. 4. 


Equation (71) 


Conclusion 

Using the generally accepted assumptions of the total strain 
theory of plasticity, equations were derived for the strains and 
stresses in the wall of a rotating, hollow, circular, thick-walled 
The deformations were considered large and required 
The material was assumed to 
Failure in the plastic 


cylinder. 
the use of the finite-strain theory. 
have an n-power stress-strain relationship. 
region also was discussed and the equation for the strain at in- 
stability determined. 

There is some change in the value of the ratios of one principal 
strain to the other (or to the significant strain) during loading. 
This violates the basis for the total strain theory. Table 1, how- 
ever, shows, that the change is quite small, and it is felt that the 
changes are small enough not to impair the validity of the deriva- 
tions made. 
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given criterion. 


On the Optimum Design of Shells 


A procedure is developed for obtaining the design of an elastic, perfectly plastic shell 
or structure which will support prescribed loads and which is the optimum design for a 
The action of body forces is included in the analysis. 


Some problems 


in the minimum volume design of a circular cylindrical sandwich shell are solved to 
illustrate the method, and it is found that only for relatively short shells does the mini- 
mum volume design effect an appreciable saving over the membrane design. 


- present paper is a sequel to previous work [1, 2, 
3]? on minimum weight design. The purpose of the work is to 
supply design procedures for the optimum design of an elastic- 
plastic shell (or structure) which carries direct stresses or bending 
stresses or both. The design is sought which supports given loads 
and which is the optimum design for a given criterion. Here the 
optimum design is pursued without regard to difficulties and 
costs that may arise in its manufacture. It is to be expected, 
therefore, that the optimum design may be too impractical to be 
of use but it nevertheless will provide a designer with a basis of 
comparison with any proposed structure. 

In the following, a formal design procedure is obtained for the 
design of a structure which is optimum for a given criterion. A 
general form is taken for the criterion and it includes minimum 
volume, minimum weight, and minimum moment of inertia about 
an axis as special cases. The design procedure is obtained through 
the use of limit analysis [4] and not by a direct application of the 
calculus of variations. The use of the limit-analysis theorems 
greatly simplifies the establishment of the procedure, and in the 
case of the sandwich shell it is shown that the procedure leads to 
an absolute minimum rather than to a relative minimum. This 
is a much stronger result than can be obtained by means of the 
calculus of variations. 

For illustration, some problems are solved for the particular 
case of the minimum-volume design of a circular cylindrical 
sandwich shell. The results indicate that only for relatively short 
shells does the minimum-volume design effect an appreciable 
saving over either the design with constant thickness or the mem- 


brane design 


Statement of the Problem 

The exact three-dimensional analysis of the behavior of a thin 
shell composed of a rigid-plastic material under prescribed loading 
is usually too difficult to perform or too complex to be of practical 
use. Useful results can be obtained from an approximate analysis 
based on a theory formulated in terms of generalized stresses and 
strain-rates such as the moments and force resultants across sec- 
tions of the shell and rates of curvature and extension of the 


1 The results presented in this paper were obtained in the course 
of research sponsored by the Office of Ordnance Research, Depart- 
ment of the Army, under Contract No. DA-19-020-ORD-4564. 

? Numbers in brackets designate References at end of paper 
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at the Annual Meeting, Atlantic City, N. J., November 29-December 
4, 1959, of THe AmerRiIcAN Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1960, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, January 29, 1959. Paper No. 59—-A-47. 
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middle surface. The theory of limit analysis [4] has been ex- 
tended by Prager [5] in a general manner to structures character- 
ized by generalized stresses and strain rates. The basic theorems 
on collapse will be restated here. We remark that the results ob- 
tained apply to elastic-plastic materials, but it is convenient 
here to speak of rigid-plastic structures. 

The generalized stresses will be denoted by Q,, Qe, . . ., Qy or 
briefly Q,. The corresponding generalized strain rates q:, qa, . - -, 
@y are chosen so that the rate D, at which energy is dissipated 
as a result of plastic action is given by 

Dg = Qqm + Qa: + - + Qyan, (1) 
per unit area of the middle surface. Yielding can occur at an ele- 
ment of the shell when the stresses Q, are such that the point Q,, 
in a generalized stress space of N-dimensions lies on the yield sur- 
face 

F(Q,,) = K%, (2) 
where K is a constant. Shear forces which enter into the equa- 
tions of equilibrium of the shell have little influence on yielding 
[6] and are ignored in equations (1, 2). The strain-rate vector 
with components proportional to q, is normal to the yield surface 
(2) at a regular point and at singular points lies in the fan bounded 
by the normals at adjacent points. For a convex yield surface, 
the normality condition on the strain rates g, insures a unique 
value of the dissipation rate D, for given strain rates q,. 

The appropriate theorems of limit analysis in terms of the 
present problem are: 

Lower-Bound Theorem. If the applied loads can be carried by an 
equilibrium distribution of moments and force resultants Q, in 
the shell which is at or below yield, the loading is at or below the 
limit loading. 

Upper-Bound Theorem. If the applied loads are such that a 
deformation of the shell can be found for which the rate at which 
the applied loads do work is not less than the rate of internal dis- 
sipation of energy, the loading is at or above the limit loading. 

These theorems can be used to obtain bounds on the load-carry- 
ing capacity of a given shell for a given type of loading. Here we 
assume that the shell has a prescribed middle surface A, and is 
acted upon by prescribed loads which may be distributed over 
the shell or may act at the boundaries of the shell. The thin 
shell is to be constructed by placing a certain thickness ¢ of a 
given material at points of A. In the following, no restriction of 
homogeneity of material is imposed, so that it may be prescribed 
that different materials are to be used in different specified re- 
gions of the middle surface A. The problem is the determination 
of the variable thickness ¢ so that the shell is just at the limit 
loading or collapse under the given loads and is such that the 
design is the optimum one for a given criterion. 

It will be assumed here that it is required to design the shell so 
that the functional 


Transactions of the ASME 





f tf(P )dA 
he 


is a minimum, where f(P) denotes a non-negative function of the 
position of a point P on the middle surface A. When minimum 
volume is required, f(P) = 1, and minimum voi:me coincides 
with minimum weight for a homogeneous material. In the non- 
homogeneous case, minimizing the functional (3) will provide the 
minimum weight design if f(P) is taken to be the density of the 
material to be used at the point Pof A. Alternatively, if f(P) = 
rp", where rp denotes distance from an axis, minimizing (3) would 
design the shell for minimum moment of inertia about the axis in 
the homogeneous case. 


Procedure for Optimum Design 

The dissipation rate D, is a monotonic increasing function of 
the thickness ¢ of the shell and depends also on the position P in 
It is also a function D,(u,) of the 
the middle surface from 
which the generalized strain rates g, are derived. 
ponents of the applied loads and body force are denoted by 7; and 
F,(i = 1, 2,3). For a shell of thickness ¢, which is just at the 


point of collapse under 7; in a deformation rate pattern u,‘, 


J, DugdA = f, TugdA 4 f, FugtaA (4 


The body force F; per unit volume is assumed to act only if 


the nonhomogeneous case. 


2, 3) of 


velocity components u,; (i = 1, 
The com- 


material is present. Equation (4) can be written 


f Au )dA - | T ud, 
A i 


A, uy anal D, ‘3 I ut 


‘ 


where 


and A, uy 

We now consider a shell of thickness ¢, which is a neighboring 
shell to the shell of thickness /, in the sense that ¢, = ¢, + 6t, where 
6¢t is a (small) variation in the terminology of the calculus of 


will be called the modified dissipation rate 


variations. Neglecting second and higher-order terms, the modi- 


fied dissipation rate for the shell of thickness ¢, in the deforma- 


tion-rate pattern u,* is equal to 


i 


. QO 
Au) +  — A, 
ol 


provided that A,/u;*) is a continuously differentiable function of ¢. 
It is now assumed that the shell of thickness ¢, is at or below col- 
With the value (7 
dissipation rate for the shell t, it follows that 


lapse under the loads 7; of the modified 


ise of the uppe r-bound theorem (and ire collapse 
shell t, under the loads 7 


5) from this inequality gives 


for otherwise the 
mode u,*) wouid predict collapse of the , 


Subtraction of equation 


An immediate consequence of inequality (9) is that if the shell ¢, 


is such that 


is constant (and positive) over the middle surface A then 
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f 6tf(P )dA 2 0 
A 


Thus a shell designed to be just at the point of collapse under 
the loads 7’; and which has a collapse mode such that 

1 oA, 

f(P) at 


= const (11) 


over the middle surface A provides a relative minimum of the 
functional (3) for shells which are at or below collapse under the 
loads T;. 

We remark that if it were required to minimize the functional 


f g(t, P)dA, 
A 


where g(t, P) is continuously differentiable with respect to ¢, the 
corresponding condition would be 


a(t, P 


onstant over A. 

When minimum volume is desired, i.e., when f/ P 4 
condition (11) has been obtained previously [2] for the particular 
case of the bending of a plate loaded by transverse pressure and 
body force, direct stresses being negligible. In this case D, is 
proportional to ¢? and condition (11) was interpreted in |2] as re- 
quiring the modified dissipation rate A per unit volume to be con- 
When no body force is present, 


the 


stant on the surfaces of the plate. 
condition (11) requires D,/t constant for minimum-volume design 
of a plate in pure bending, as found previously [7]. 

The dissipation rate A, per unit area of the middle surface is 


given by 


where A is the modified dissipation rate per unit volume and the 
co-ordinate z measures distance from the middle surface so that 
The derivative 0A,/dt 


z = +'/t are the surfaces of the shell. 
is therefore given by 


oA, 
ol 


l 
= = {Adenine + (Adem =r}, 


and is the average of the values of the modified dissipation rate 
A per unit volume at the two surfaces of the shell. In pure bend- 
ing, at a section of the shell, A has the same value at each oi the 
surfaces of the shell. 

The result of this section applies to a sandwich shell if the 
appropriate form of the dissipation rate D, is taken. However, 
a stronger result can be obtained, and the sandwich shell is con- 
sidered in detail in the next section. 


The Sandwich Shell 

The ideal sandwich shell 
variable thickness H between two thin identical face sheets each 
of thickness h, where A < H. 
Moment and force resultants across a section of the shell are 
The thickness H 
of the core is prescribed and it is required to determine the thick- 
ness h of the faces so that the shell is just at the point of collapse 
under loads 7; and the functional 


f hf(P)dA 
A 


has a minimum value, where f( P) is ncn-negative. 


consists of a core of constant or 


The core carries only shexr force. 


carried by membrane stresses in the face sheets. 


Any body force 
acting on the core which is not negligible is assumed to be in- 
cluded in the applied loads 7’; 
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Since the thickness H of the core is large compared with the 
thickness h of the face sheets, the strain rates in each of the faces 
can be considered to be constant. The dissipation rate D,(u;) is 
then linearly proportional to h. 

Consider now a sandwich shell with face sheets of thickness h, 
which is just at the point of collapse under the loads 7; in a 


deformation-rate pattern u,°. 


I, A,(us)dA = f, T ud, (13) 


where A,(u,*) = D,(u;‘) 2F ju;ch,. 
pendence of D, and therefore A, on h, for any sandwich shell 
with faces of thickness h, in the deformation-rate pattern u,¢ the 
modified dissipation rate is given by A,(u,‘)h,/h,. With equation 
(13), the assumption that the shell A, is at or below collapse under 


7, requires for the collapse mode u,¢ 


A,(u.*) A e) 
f fh, dA > TusdA = [ Bales’) h,dA. (14) 
a he JA Ja he 


It follows that 


Because of the linear de- 


f h,f(P)dA > f hf(P)dA 
A ed A 


provided that A,(u;*)/h,f(P) is constant (and positive) over A. 
Thus a sandwich shell designed to collapse in a mode such that 

A,/hf(P) = const (16) 
over the middle surface A provides an absolute minimum for the 
functional (12) for shells which are at or below collapse under the 
given loads. The quantity 4,/h is equal to the sum of the values 
of the modified dissipation rate A per unit volume in the two 
faces of the sandwich shell. 

The condition (16) has been obtained previously [8] for the 
particular case of a symmetrically loaded circular cylindrical shell 
with zero body force and f(P) = 1 (minimum volume). The 
analysis of [8] uses the calculus of variations and it is not im- 
mediately apparent from this work that the condition (16) pro- 
vides an absolute minimum. 

The condition (16) for the optimum design of the sandwich 
shell is independent of the design thickness because of the linear 
dependence of A, on the thickness A. For the solid shell of the 
previous section, however, the condition (11) for optimum design 
involves the design thickness in general. Thus, in the case of the 
solid shell, the optimum design is much more difficult to obtain 
than the corresponding design for a sandwich shell. 

The problem of the minimum-volume design of a symmetrically 
loaded circular cylindrical sandwich shell is relatively straight- 
forward. Some simple problems will be solved in the following 
sections to illustrate the procedure and to indicate the type of 
solution obtained. Internal pressure only is considered as failure 
by buckling is not taken into account in the analysis. 


Circular Cylindrical Sandwich Shell 

Fig. 1 shows the moment and force resultants acting upon an 
element of a circular cylindrical shell under axially symmetric 
loading. In this case the generalized stresses are M the axial 
bending moment per unit length, NV, the axial force resultant per 
unit length, and N the circumferential force per unit length. The 
circumferential bending moment (Mg) is a passive or induced 
moment and is omitted from the figure. When the applied load 
is an internal pressure p, which may vary with the axial co-ordi- 
nate x, equilibrium prescribes NV, to be constant and 


dM dQ ; N 
=Q, — = p(zr) — 


dz dx R : 
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Fig. 1 Element of circular cylindrical shell 











D 


Fig. 2 Yield locus for sandwich shell with zero axial force 


where Q is the axial shear force per unit length and R is the radius 
of the shell. The two equilibrium equations combine to give 


18) 


The radial and axial velocity components of the middle surface 
are denoted by w and u, respectively. The generalized strain 
rates are the curvature rate x and the axial and circumferential 
strain rates €, and €, where 
d*w du u 
= é, = : 
dx? dx R 


(19) 


The rate of internal dissipation of energy per unit area of the 


middle surface is given by 
D, = Mx + Nye, + Ne 20) 


It is assumed that the perfectly plastic material of the face 
sheets obeys the Tresca yield criterion. When no axial force is 
present (NV, = 0), the limiting combinations of M and N lie on 
the yield locus shown in Fig. 2. For minimum volume f(?) 1 
and with zero body force the condition (16 
This condition restricts the position of the stress point on 


becomes D,/h = 
const. 
the yield hexagon in Fig. 2. 
example, the radial velocity w is zero and if this applies over a 
finite length of the shell, D, is zero in that region. In fact only 
the stress states represented by the corners of the hexagon can be 
associated with a velocity field for which D,/h is constant for a 
finite length of the shell. For these stress points, the condition 
D,/h = const can be written: 


For stress points on the side B-C, for 
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Zale! = const for j«| > Ik H, (2] 


oo{lel + \x|H} = const for lel < |«lH, (22 


where ¢» is the tensile yield stress of the face sheet material. 

When the axial force NV, is nonzero, the appropriate yield sur- 
face in M, N, N, space for a sandwich shell has been determined 
by Hodge [9]. Fig. 3 shows the part of the yield surface for which 
the force resultants N and N, are positive. 

As for the zero-axial-force case only portions of this surface are 
such that the condition D,/h = const can be satisfied for a finite 
length of the shell. For the part of the yield surface shown in 
Fig. 3, only the stress states represented by points on the corners 
A-G, A-H, B-G, F-H, G-K, H-K and K-L, and on the side 
A-G-K-H can be associated with a deformation pattern for which 
D,/his constant. For stress points on the corners G-K and H-K 
for example, the condition D,/h = const becomes 
Ix|H} 


oo | 2e T const, 


where for points on G-K and H-K we must have 


€ > Oand €, = KH 


No Axial Force Examples 
We consider now the design for minimum volume of a circular 
cylindrical sandwich shell of length 2L loaded by a known dis- 
tribution of internal pressure p(z) and carrying no axial force. 
If the ends of the shell are not restrained, then the membrane 
design with zero bending moment and the pressure p carried by 
circumferential force N provides the minimum-volume d_sign 
This design is associated with the stress point A in Fig. 2 and 
the velocity field satisfying D,/h = const is the field w = const 
(a) Ends Simply Supported. When conditions of simple support 
apply at both ends of the shell, the bending moment M and the 
radial velocity w must be zero at the ends. In this case two types 
of minimum-volume design arise depending on whether the shell 
is short or long. 
For short shells, the minimum-volume design is associated with 
the stress point F in Fig. 2 throughout the shell. The condition 
99 


D,/h = const requires, from equations (19) and (22), 


d*w w a 


— — 24 
dz* RH RH 


where @ is a positive constant. For the velocity fieid w to be as- 


sociated with the stress point F in Fig. 2 we must have also 
d*u 


dx? 


H 


Measuring axial distance z from one end of the shell, w must be 


zero at x = O and z = 2L so that the appropriate solution of (24 


18 


w = a{l — cosh(l — £)/cosh l}, (26) 


£ = 2//RH, l = L//RH. (27) 


The inequalities (25) are satisfied throughout the shell by expres- 
sion (26) for w provided that 
1.317+/RH (28) 


L < V(R#) cosh 2 = 


Thus, in the present context, by a short shell is meant a shell such 
that L < 1.317+\/RH. The velocity distribution (26) is shown 
in Fig. 4(a) for L = +/RH (1 = 1). 

The thickness distribution is found from the equilibrium equa- 
tion (18) and the values 
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Fig. 3 Portion of yield surface for sandwich shell (N, N. > 0) 











Fig. 4 Simply supported shell: Velocity field and minimum-weight 

design for (a) short shell (L/./RH = 1), and (b) long shell (L/./RH = 2) 

under uniform pressure 
M = (29 


Oolth, N = oh, 


which hold for the stress point F. Substitution of (29) into (18) 
gives an equation for h which is solved subject to the conditions 
h = Oatz = Oandz = 22 as M is zero at the ends of the shell. 
The thickness A for minimum volume can be written in closed 
form for any distribution of pressure p(z). For illustration, the 
minimum-volume design in the particular case of constant in- 
ternal pressure is indicated pictorially in Fig. 4(a) for the case L = 
VRH. 

For long shells (1 > 1.317), a central portion of the shell is 
stressed by circumferential force N only, stress point A in Fig. 2; 
the portions of the shell between the central portion and the ends 
are at the stress state F. The velocity field satisfying D,/h = 
const throughout the shell must satisfy (24) in the end portions 
and, from (21), w = a/2 in the central portion. In addition, no 
discontinuity in dw/dz is permissible at the junctions of the regions 
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Fig. 5 Ratio of face-sheet volume for mini- 


mum-volume design to constant-thickness de- SIMPLY SUPPORTED 





sign (uniform internal pressure) ENOS 


as this would violate the condition D,/h = const. The velocity 
w must be zero at the ends of the shell and such that the inequali- 
ties (25) are satisfied in the end portions. It is readily found that 
the velocity field must be symmetrical about the mid-section and 
for the half length 0 < & < lit is given by 


»=ajl cosh(a — £)/cosh aj} 0<£& <a, 


where a = cosh~! 2 = 1.317. Thus two end portions of length 
1.317+/RH are at stress state F while the remaining central 
portion is at stress state A. The velocity field (30) for the case 
L/V RH = 2 is shown in Fig. 4(b). 

The thickness distribution for minimum volume for any dis- 
tribution of pressure p(x) can now be found from the yield condi- 
tion and the equilibrium equation, and closed-form expressions 
can be written down for A in terms of p(x). In the central region 
V is zero and N = 2o,h so that equilibrium gives 

N = 20h = p(z)R, (31) 


<&<2l-—a. Atthe 
M is continuous 


giving at once the thickness in the region a 
junctions § = a and & = 21 — a of the regions, 
and therefore zero there so that the thickness h must approach 
zero as the junctions are approached from the end regions. The 
thickness is also zero at the ends of the shell. These conditions 
and the equilibrium equation (18) together with (29) are sufficient 
to determine h for 0 < & < — < 2l. It remains to 
satisfy the condition that the shear force Q, ie., dM/dz = 

oH dh/dzx, be continuous at the junctions & = a, § = 21 — ain 
In the central region the shear 
force is zero but is nonzero, in general, in the end regions. The 
discontinuity in Q at the junctions is removed by adding flanges 
of zero width but of finite cross-sectional area to each face sheet at 


a and 2] — a< 


the absence of concentrated load. 


the junctions € = a, & = 21 — a. These flanges can be con- 
sidered as the limit of flanges of finite width stressed to states 
represented by points on A-F near point A in Fig. 2; in the limit 
when the flanges become vanishingly thin, the flange is stressed at 
state A. 

To illustrate, in the case of constant pressure the design for the 
case L = 2+/RH is as indicated in Fig. 4(b). The infinitely thick 
flanges* can be avoided if an upper limit is placed upon the 
thickness h of the face sheets. A procedure similar to that used 
earlier [2] in the minimum-volume design of a rotating disk can be 
used to obtain the minimum-volume design when the face-sheet 


* The author is grateful to a referee for his alternative suggestion 
that the discontinuities in the shear force could be removed by using 
transverse ring stiffeners with an idealized T cross section. The 
idealized T-section would consist of a web of zero thickness and a 
flange containing all of its area. 
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thickness is restricted. However, this will not be considered here 

The design with constant face-sheet thickness designed to 
collapse at the pressure p (ends simply supported) is readily ob- 
tained. Fig. 5 compares the volume of the face sheets (including 
the volume of the fianges) for the minimum-volume design to that 
for the constant-thickness design. The discontinuity in the slope 
1.317 is due to the different forms of the 
The corner in 


of the curve at 1 = 
minimum-volume design for short and long shells. 
the curve at / = 1.571 is due to the change in character of the 
solution for the collapse of the shell with constant face-sheet 
thickness. Only for short shells is the saving effected by the 
minimum-volume design appreciable. 

(b) Ends Built in. When the ends of the shell are under conditions 
of built-in support, the radial velocity w must be zero at the ends 
In addition, the condition D,/h 
constant throughout the shell requires dw/dz to be zero at the 


as for the case of simple support 


ends of the shell. 
on whether the shell is short or long. 

For a shell with built-in ends, the adjective short will be used 
for shells such that L/1/RH < 1.691. For a short shell, two 
portions of the shell of length b1/ RH at the ends are at stress 
point B in Fig. 2 and the remaining central portion of the shell is 
At the junctions & = b, & = 2] — b of the re- 
It is found that 


The type of minimum-volume design depends 


at stress point F. 
gions, w and dw/dz are continuous. w is sym- 
metrical about the mid-section and is given by 

w= afl — cos £} 


0O<é<b, 


h< é < 
(2 <4 ££ 


w = a}l — cosbcosh(l — £)/cosh (1 — b 


where, in order that dw/dz be continuous at —& = b, the distance b 
must be chosen so that 


tan b = tanh(/ b 33) 


The velocity field (32) satisfying D,/h constant for short shells 
is shown in Fig. 6(a) for the case L/x/RH = 1 

The thickness distribution is found from the equilibrium equa- 
tion (18) together with the values (29) for M and N in the central 
portion b < & < 21 — b and the values 


M = oplth, N = oh (34) 


in the end portions 0 < & < band 2l—b< & < 2. As Mis 
negative in the central region and positive in the end regions, 
the continuity of M requires M to be zero at the junctions of the 
regions. In addition, 
in the absence of concentrated load, Q = dM/dx must be con- 


Thus h is zero at § = band & = 2/ — b 


tinuous at the junctions § = b and & = 2/1 — b. 

Closed-form expressions for the minimum-volume thickness can 
be written down for any distribution of pressure p(x) but will not 
be done here. When the pressure is constant, the minimum- 
volume thickness is indicated in Fig. 6(a) for the case L/.1/RH = 
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When / < 1.691, the velocity field (32) satisfies D,/h constant 
throughout the shell. For long shells with values of | greater than 
1.691, the condition D,/h constant can only be satisfied (with 
nonnegative w) by introducing a central region of constant radial 
a/2, associated with stress point A in Fig. 2. 
for the case! = 2. It is 


velocity, w = 
The velocity field is shown in Fig. 6(> 
again symmetrical about the mid-section of the shell and is given 
DY 


cos = 


cosh (d 


~ 
~ 


IAIAIA 


ore Ste ory 
IAIAIA 
~ 


The constants c, d appearing in these equations have the values 
c = 0.659, d = 1.691, and are such that 


tanc = tanh(d c) » cosh(d — t) 36 


The end regions 0 < & < cand 2/ < 2/ are at stress state 
B, the regions c < & < d and 2/ d < 21 - 


state F, and the remaining central region is at stress state A 


c are at stress 


Fig. 6 Built-in shell: Velocity field and minimum-volume design for (a) 
short shell (L/ ,\/RH = 1) and (b) long shell (L/ RH = 2) under uniform 
pressure 


SS 


| SIMPLY SUPPORTED 
Ewos 


— 


The equilibrium equation (18) and the appropriate values for M 
and N in terms of A serve to determine the minimum-volume 
tnickness distribution for a given distribution of pressure. The 
thickness h is zero at the junctions = c and & = 2/1 — c of the 
stress states B and F. As the boundaries § = dand £ = 21 —d 
of the central region are approached from the regions at stress 
state F the thickness tends to zero. Flanges or tension rings of 
zero width but of finite cross-sectional area must be placed at the 
sections § = d, — = 2/ — d in order to make the shear force Q 
contunuous. 

For example, for constant pressure p, the minimum-volume 
design is shown in Fig. 6(b) for] = 2 

Fig. 5 shows the ratio of the face-sheet volume (including 
flanges), for the minimum-volume design to that for the constant- 
thickness design [9] for uniform pressure. The saving effected by 
the minimum-volume design is greater for the built-in shell than 
for the simply supported shell, but again is only appreciable for 
short shells. 

(c) Comparison With the Membrane Design. 
son, Fig. 7 shows the ratio of the minimum volume to the volume 


For further compari- 


of the face sheets in the membrane design, given by equation (31), 
for the case of uniform internal pressure with both buili-in and 
simply supported ends. The saving is again only appreciable for 
short shells 

Also shown in Fig. 7 are the results for loading by a ring of 
force at the mid-section of the shell. In this case the minimum- 
volume design coincides with the membrane design for long shells, 
that is, for Z 2 1.317+/RH with simply supported ends and for 
L > 1.691+\/ RH with built-in ends 
mum-volume design for long shells places material in the face 
The ring of 


This is because the mini- 


sheets cnly at the section of application of the load 
force is carned by a tension ring, and the end supports are not 
used to carry load in the minimum-volume design 

More generally, if the pressure p(x) is nonzero only in the cen- 
tral region (region a < € < 2/ — a for the simply supported shell 


d for the built-in shell), minimum 


gs 2 


and region d < 
volume is achieved by the membrane design (31), the supports at 
the ends of the shell being of no value in carrying load 


Axial Force Present 
When end loads produce a constant axial force 
the 


manner 


; mn the shell, 
minimum-volume design can be obtained in an analogous 


We remark that if V, 
thick enough to carry 


pR, a shell with face sheets 
sufficient 
the 
minimum-volume design then has face sheets of constant thick- 
ness A = N 


z 


the axial force can also carry 


circumferential force N to balance the internal pressure p, 


20% 
For the shell closed at the ends by rigid plates and under con- 
stant internal pressure p, the axial force N, is produced by the in- 


Fig. 7 Ratio of face-sheet volume for 
minimum-volume design to membrane de- 
sign: Uniform pressure and ring of force at 
center section 


UNIFORM PRESSURE 


RING 
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ternal pressure acting on the end plates, so that N, = '/.pR. 
It is assumed that the rigid plates produce clamped conditions at 
the ends of the shell. Only stress points on the corners G-K and 
H-K in Fig. 3 are involved in the minimum-volume design. The 
design is indicated in Fig.8 for a shell of half length L = +/(2RH). 
The design for other lengths is similar in form, and no ring stiff- 
eners are necessary. In Fig. 5 is shown the saving in volume ef- 
fected by the minimum-volume design for the closed-end shell 
over the design with face sheets of constant thickness [9]. The 
maximum saving is just over 10 per cent for shells with half length 
& near 1.4+>/ RH. 
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Symmetric Shells Under 
Axisymmetric Loading 


The yield condition for a rotationally symmetric shell may be represented as a surface 


in a four-dimensional stress space. 
yield condition 1s compared with various approximations 


The exact yield surface according to the Tresca 
A new approximation is 


suggested which combines the advantages of mathematical simplicity and reasonable 


accuracy. 
pressure 


1—Introduction 


| state of stress in a shell is described by the re- 
sulting moments, direct forces, and shears. Within the limits of 
a thin-shell theory, transverse shears are considered only in re!a- 
tion to equilibrium. If the shell and loading are rotationally 
symmetric, the twisting moment and the shearing component of 
the membrane forces vanish by symmetry. Thus the state of 
stress is essentially defined by four generalized stresses; namely, 
the principal stress resultants NV, and N; and the principal moment 
resultants M, and M;. Similarly, the state of strain is defined 
by four generalized strains which may, in turn, be expressed in 
terms of displacements. For the rotationally symmetric shell, 
there are only two such displacements, U and W. 

The six unknowns which define the state of the shell must 
satisfy two equilibrium equations and four further relations which 
depend upon the properties of the material. In particular, for a 
rigid-plastic shell, the additional relations are all provided by the 
yield condition and a flow rule whose precise form depends upon 
the yield condition. Therefore, the determination or choice of a 
vield condition will affect four of the six equations for the rota- 
tionally symmetric shell 

The plastic yield condition may be represented as a surface in 
a Cartesian space whose co-ordinates are the generalized stresses. 
The plastic flow rule then states that the strain-rate vector whose 
components are the generalized strain rates is normal to this sur- 
face. For the general rotationally symmetric shell under axisym- 
metric loading, this stress space is four dimensional and the yield 
surface essentially three dimensional Thus there are certain 
difficulties in visualization. Partly for this reason and partly due 
to the inherent complexity of the equations, relatively little work 
has been done on the general problem of rotationally symmetric 
shells. 
simplified approximation to the yield surface together with a 


The primary purpose of the present paper is to suggest a 


technique for visualizing it so that future applications to prob- 


lems of practical interest can be atiempted. As an illustration of 
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The theory is illustrated with reference to a spherical cop under uniform 


the relative simplicity achieved, an application is made to a 
spherical cap under uniform pressure. 

The exact yield surface for a uniform shel whose material satis- 
fies the Tresca yield condition is described in the next section. 
This is followed by a general discussion of approximations to this 
surface with specific reference to two previously suggested ap- 
proximations. In Section 4 a new approximation is described in 
detail. The following two sections apply the new approximate 
theory to a spherical cap which is subjected to uniform external 
pressure and is either clamped or simply supported around its 
edge. Finally, the conclusions to be drawn from the investiga- 
tion are discussed in Section 7. 


2—Exaet Tresca Yield Condition 


It is convenient to carry out the analysis in terms of dimen- 
sionless stress resultants defined by 


n, = N,/N,o ’ N./N m = M,/M, m: = M:/M, (1) 


1 


and M, are the maximum uniaxial direct stress and bend- 
If the uniaxial yield stress of the ma- 


Here N 
ing moment, respectively. 
terial is oo, then 


No = 20.4H M, = o.H? 


for a uniform shell of thickness 2H, and 
No = 2auh My, = 2o.hH 


for an ideal sandwich shell of face thickness A and core thickness 
2H. 
The generalized strain rates \,;, As, «1, K: must be chosen so that 


the rate of dissipation of energy per unit area has the form [1, 2]. 


D, = C(Avm, + Ags + Kum, + Kym, (4) 


If A,, A: are interpreted as the strain rates of the middle surface of 
the shell and «,, x: are given in terms of the curvature rates A,, Ke 
of the middle surface by 


Ki = (Mo/No) Ki Ke = (Mo/No)K: 
then the dissipation function is 
D; = Ni + AWN: + KiM, + KM; 
= No(Aim; + Age + Kym, + Kym, 
in agreement with Equation (4). 
The flow law states that the strain-rate vector 


? Numbers in brackets designate References at end of paper. 
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E = (Ai, Aa, Ki, Ke) (7) 


is directed along the outward normal to the yield surface. Ata 
smooth point on the surface, E is uniquely determined to within 
a magnitude factor; at an edge or corner, E will contain one or 
more parameters. The requirement that E be directed outward 
is equivalent to requiring the dissipation function D; to be posi- 
tive 

Historically, the Tresca yield condition was first derived for 
various special cases of rotationally symmetric shells such as the 
curved beam [3], the circular plate [4], and the cylindrical shell 
without [5, 6] and with [6, 7] end load. Here the general result 
is stated for a rotationally symmetric shell as determined by Onat 
and Prager [8]. The terminology and viewpoint are slightly dif- 
ferent from [8] in order to better serve the present purpose. 

The first step is to define the strain-rate vector in terms of a 
magnitude parameter v and three direction parameters p, g, and r 
by 

1 Ai + Ae 
- — (8 
Ki + Ko 


—_— AL 


agert 


4K, 4K: “rane 


Therefore the strain-rate vector is 
E = p[(—4p(q — r), —4r°(p — @—,¢9d—7, 7? —- |!) (9) 


The strain rates in the material are now known in terms of p, q, 
and r since 
q = Ay + 2K) €& = rz tT 2Ke (10) 
z being the dimensionless co-ordinate in the thickness direction- 
Therefore, for any given p, 7, and r, €; and €, can be found for each 
z. The vector (€, €2) must be normal to the Tresca yield hexagon, 
Finally, an integration yields 
the stress resultants in terms of the parameters p, q, and r. An 


hence the stresses are easily found. 


ingenious graphical method is used in [8] to reduce the computa- 
tions. The results are summarized in Table 1 which is subject 


to the following interpretation: 


Table 1 

Intermediate 
parameter 
Pp Fip + q) 

q ¥F(p + q) 

r F\q — Pp) 


ny Ne 


F(q 
Fig 
F\q 


In all cases the upper or lower signs must be used consistently 
in a given line, the correct choice being that which makes D; 
positive. 

If p, q, and r are all distinct and all within the interval (—1/2, 
1/2), then the ‘‘intermediate parameter’’ in Table 1 is that one of 
P, q, r which lies between the other two. 

if p, g, and r are still distinct but one or more is greater than 
1/2, 
similarly if one or more parameter is less than — 1/2. 


then that parameter must be replaced by 1/2 in Table 1; 


If any of the parameters, p, q, or r becomes indeterminate as 
computed from Equations (8), the other two parameters must 
necessarily be equal. For example, if A, = ke = 0, r is indeter- 
=q. Either of the first two lines in Table | then 
vields the relation n,2 + m? = 1; the remaining resultants 
which contain r are undefined in this case. 


minate and 7 


Similar results hold 
for other indeterminate possibilities. 

Finally, if p = q = r, Table 1 can be used with the convention 
that 
largest numerator of Equations (8). 


intermediate parameter corresponds to the absolutely 


The various special cases shown in Figs. 1 to 4 may be obtained by 
setting suitable strain rates or stresses equal to zero; alterna- 
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tively, they may be obtained directly as was done historically 
[3 to 7]. 


3—Approximate Yield Conditions 


The exact yield condition obtained in the previous section is 
nonlinear. If the yield condition is linearized by a suitable ap- 
proximation, not only are the equations made linear, but also, as 
pointed out in [9], the stress and velocity equations are un- 
coupled. 

Two linear approximations have been proposed in the literature 
to date. Hodge [2, 9] has suggested that the exact yield condi- 
tion for an ideal sandwich shell be used as an approximation for 
the uniform shell. The yield surface for this case is easily ob- 
tained; it consists of the twelve planes shown in Table 2. The 
signs + and +’ in Table 2 must each be consistent but are inde- 
pendent of each other. 


Table 2 Tresca condition for sandwich shell 

Strain-rate vector (A:, As, «i, «:) 
w(+1, 0, +’1, 0) 

»~0, +1, 0, +1) 

xX +1, +1, ='1, ='1) 


Stress equation 
+n, +’m = 1 
nz +’m = 1 
+(n; — nme) +’ (m — m) = 1 

Some special cases are shown in Figs. 1to4. As with the uniform 
shell they may be obtained directly [2, 6] or as particular cases 
in Table 2. 

A much simpler approximation has been proposed by Shield 
and Drucker [10]. They argue that in most rotationally sym- 
metric-shell problems the moments are generally small compared 
with the direct stresses. Therefore, they ignore completely the 
hoop moment m, = mg. The longitudinal moment m, = mg must 
be retained if boundary conditions are to be satisfied, but any 
interaction between it. and the direct stresses is neglected. The 
resulting yield condition is defined by the eight planes listed in 
Table 3; 


surface. Typical special cases are shown in Figs. 1 to 4. 


it will be referred to as a one-moment limited interaction 


Tresca condition for uniform shell 


— Stress resultants - - 


my me 
+2(r? —_ q*) 

+1 + 2(q*? + r?) 
+1 + 2%q? + r?) 


+1 = 2p? + gq? 
+1 = 2p? + gq?) 
+2(p? — q’ 


Table 3 One-moment limited interaction curve 
Equation Strain-rate vector (As, Ao. Ke 
ne = »(1, 0, 0) 
ne 2X0, 1,0 
—I1, 1, 0) 
»—1, 0, O 
—ne x0, —1, 0) 
ng — ne x1, —1, 0) 
Mme r0, O, 1) 
me —1 r(0, O, —1) 


—ne tT Ne 
9 


\ final assessment of the value of any proposed yield condition 
can only be made after several examples have been solved and 
compared with experimental results or with more accurate 
theories. However, for the sandwich approximation, bounds on 
the error introduced can be obtained from the theory of limit 
analysis [2,11]. The pertinent result here is that if a yield con- 
dition A is wholly interior to another yield condition B, then the 
collapse load computed according to A is not greater than the col- 
lapse load computed according to B. 

As shown in the Appendix, the sandwich surface is interior t& 


the exact one. If it is multiplied by 1.25, the result will be a sur- 
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Exoct Curve 
—-— Sondwich Approximation 
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Fig. 1 Yield curves for arches 
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All curves except one-moment limited 


nterection for moments 


-————-- One-moment limited interoction curve 
moments only 


Fig. 2 Yield curves for plone stress, stretching of plates, or bending of 
plates 

face exterior to the actual one. Therefore, if p* represents the 
collapse load according to the sandwich surface, the actual load p 
must satisly 


p* < p < 1.25p* 11) 


In the only examples considered to date [2, 12], the sandwich 
surface, despite its linearity, leads to complex mathematical 
problems. On the other hand, although the one-moment linear 
interaction surface may lead to practically important results in 
problems for which its assumptions are valid, it is open to certain 
theoretical objections. In the first place, in order to eliminate mg 
from the problem, the equilibrium equations must be modified. 
Therefore, the theorems of limit analysis are no longer applicable. 
Further, it is not clear whether the arguments used to show that 
moments are unimportant in the case of static loading are equally 
valid under dynamic loads. Finally, even if the moments are 
small throughout most of the shell, there may be regions near the 
axis of symmetry where mg is locally important. 

For the foregoing reasons, the subject of approximate yield 
surfaces appears to be worthy of further study. In the next sec- 
tion a surface is proposed which eliminates the major drawbacks 
of the one-moment limited interaction surface and yet leads to 
simpler equations than the sandwich approximation. 


4—Two-Moment Limited Interaction Yield Surface 


The proposed approximate yield surface is based on the premise 
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Exoct Curve 
—-— Sondwich Approximation 
---——- Limited interoction Approximation 


Fig. 3 Yield curves for circular cylindrical shell without end load 















































(c) 


Fig. 4 Yield surfaces for circular cylindrical shell with end load 


(co) Exact surface 
(b) Sandwich approximation 
(c) Limited interaction approximation 


that in most shell problems the moments and direct forces will 
not be of simultaneous importance so that yield relations between 
moment and force are of limited importance. However, the 
theory recognizes that either moment or direct force may domi- 
nate so that all resultants must be included. Thus all interaction 
between force and force or between moment and moment is main- 
tained, but all interactions between force and moment are ne- 
glected. The result is a linear surface in four-dimensional space 
defined by the twelve planes listed in Table 4. Evidently the 
twelve planes represent the six conditions on direct stresses in the 
of moments and the six conditions on moments in 
Appropriate special cases in 


absence 
the absence of direct stresses. 
Table 4 are shown in Figs. 1 to 4. 


Table 4 Two-moment limited interaction -urve 
Strain-rate vector 
Equation (Ae, Ad, KA, Ke) 
n= »(1, 0, 0, 0) 
ne x0, 1, 0, 0) 
—ng + ne » —1, 1, 0, 0) 
—ne xn —1, 0, 0, 0) 
—n¢ »(0, —1, 0, 0) 
ng — ne x~1, —1,0,0 
me v0, 0, 1, O) 
me rf 0, 0, O, 1) 
—me + me X(0, G, —1, 1) 
—me = »(0, 0, —1, 0) 
—me¢ »(0, 0. 0, 1) 
me — me x0, 0, 1, —1) 


SDN. wWhoe 


WR 


Although the proposed yield condition is a surface in four- 
dimensional space, it is possible to visualize it partially. Sup- 
pose, for example, that the stress point is in the interior of face 2. 
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Fig. 5 Representation of part of two-moment 
timited interaction yield surface 

(a) Yield curve for direct stresses only 

(b) Yield curve for moments enly 

(c) Direct stress toroid 























Then, in terms of direct stresses, it is on side BC of the yield hexa- 
gon, Fig. 5(a); in terms of moments, the stress point is in the 
interior of the hexagon G-H-I-J-K-L, Fig. 5(6). If the ruoments 
remain constant and the direct stresses vary, the stress point may 
move from the interior of face 2 to its intersection with face 1 or 3. 
On the other hand, if only the moments vary, the stress point 
may move to the intersection of face 2 with any of faces 7, 8, 9, 0, 
a, or B. Therefore, on the yield surface, face 2 is bounded by 
faces 1, 3, 7, 8, 9, 0, a, and B. 

In similar fashion, each of faces 1 to 6 is bounded by the neighbor- 
ing faces which represent direct stress yielding and by all six faces 
which represent moment yielding. Since a surface in four-dimen- 
sional space is essentially a solid, that part of the yield surface so 
far described may be schematically represented by an hexagonal 
toroid as shown in Fig. 5(c). The center line is the hexagon 
A-B-C-D-E-F drawn to a large scale and the cross section is the 
hexagon G-H-J-J-K-L. Since any given problem will probably 
not involve the entire toroid, it may be more convenient to 
“straighten’’ the toroid as in Fig. 6(c). 

The remaining part of the yield surface is a similar toroid based 
on the moment hexagon as center line. A straightened version is 
shown in Fig. 6(d). The two surfaces intersect in all of their 
common double numbered sides. 
stress profile might go from the interior of face 8 to the side 82 in 
Fig. 6(d) and then into the interior of force 2 in Fig. 6(c). 

Further insight into the nature of the yield condition is gained 
There are 


For example, a continuous 


by a qualitative consideration of the shell equations. 
three equilibrium equations which may be written [2] 
(rong)’ — ring cos @ + romps = ros 
(12a) 
ryng sin @ + rong + romp, = —(Tos)’ 
k[(romg)’ — rime cos @) = rons (12b) 


Here physical quantities are defined by capital letters in Fig. 7. 
Dimensionless quantities, denoted by small letters, are defined by 


s = S/No 


p= PL /No 


n = N/No m= M/M, 
r= R/L k= My/ LNo 


(13) 
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L being a typical length and primes indicating differentiation with 
respect to @. Further, the strain rates and dimensionless veloci- 
ties (v = V/L tangentially, w = W/L inward radially) are related 
by 


Ae = (v cot @ — w)/re (14a 


kcot Ov + w’ 


T2 ri ri 


Ke = 


) (146 


For a linear yield surface, the stress and velocity equations are 


uncoupled. Since there are four stress unknowns and two equi- 
librium equations after shear is eliminated, there should be two 
stress yield conditions. Since there are two velocity unknowns 
there should be two conditions on the strain-rate vector. Both of 
these requirements are satisfied by a stress point on any plastic 
side formed by the intersection of two of the faces in Table 4. 
Therefore, a simple count would indicate that plastic flow can 
take place only on the boundaries of the toroids in Fig. 5 or 6. 

However, a closer examination reveals that there are several 
exceptions. In the first place, at any of the intersections 78, 89, 
90, Oa, a8, 87, Table 4 shows that Ay = Ay = 0. It then 
follows from Equations (14a) that, at least for finite radii of 
curvature, the most general velocity field is the rigid-body mo- 
tion 


v=Asing w= Acos@d (15 


The case r2 = © leads to a cone, cylinder, or flat plate. It can be 
shown that Equation (15) applies also to the cone and cylinder 
but not necessarily to the flat plate. 

The second exception concerns the plastic faces 1 to 6. 
of these faces, it follows from Table 4 and Equations (14b) that 
two of the three strain-rate requirements are satisfied by the 


On any 


single relation 
v+w’ =0 (16 


Therefore, the interior of the toroid in Fig. 5(c) or 6(c) may sup- 
port plastic flow. In such a case, the yield condition and Equa- 
tions (12a) determine ng and ng, but the moments are not uniquely 
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Fig. 7 Element of shell of revolution 


determined. It also follows from the foregoing reasoning that no 
finite portion of the shell can be on any of the intersections 12, 23, 
34, 45, 56, or 61. 

To summarize, except for a flat plate, plastic flow is possible 
only when the stress point is on the boundary or interior of the 
toroid shown in Figs. 5(c) and 6(c). 

The two-moment limited interaction curve can be used to find 
upper and lower bounds on the exact collapse load. Since the 
exact yield condition contains all of the restrictions in Table 4, in 
addition to further interaction requirements, the polyhedron in 
Table 4 circumscribes the exact surface; hence it provides an 
upper bound. To obtain a lower bound, it is necessary only to de- 
termine a factor f less than 1 such that when the approximate sur- 
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Fig.6 Representation of two-moment 
limited interaction surface 

(a) Yield curve for direct stresses only 
(b) Yield curve for moments only 

(c) Direct stress toroid (straightened) 
(d) Moment ioroid (straightened) 


face is multiplied by f it will lie wholly within the exact one. 
Since the approximate condition is a convex polyhedron, it will 
be sufficient to require the vertices to lie on, or within, the exact 
surface. Further, since both surfaces are symmetric with re- 
spect to moments and direct stresses, only 4 of the 36 vertexes 
need be considered. Therefore, the problem is to determine the 


largest number f such that the four points 
P; 


P, = (0, f, ff P, (0, f, 0, f) 
are all on, or within, the surface defined in Table 1. 

Since f is to be positive, the upper signs are appropriate in 
Table 1. 
lines in Table 1 should be used. 


However, it is not known in advance which of the three 
If any particular point P; is sub- 
stituted into each line in Table 1 and resulting equations solved 
for p, g, r, and f, two of the three solutions will violate the condi- 
tion of the line in question; the third will give the desired value of 
f. Itis readily verified that if 


f =(1/2(V75 — 1) = 0.618 (17) 
then P; and P, are on the g-surface and P; and P, are on the r- 
surface. 

Therefore, the yield surface each of whose dimensions is 0.618 
times the two-moment limited interaction surface is wholly within 
the exact yield surface. Thus, if p* represents the collapse load 
according to the two-moment surface, the actual collapse 
load p must satisfy 


0.618p* < p < p* (18) 


5—Simply Supported Spherical Cap 
If the typical length of the shell is taken to be its radius, the 
dimensionless radii of the sphere are 


(19) 


21 


"1 ro = sin d 
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Therefore, under a uniform radial load, Equations (12) and (14) 


become 
(ng sin @)’ — neg cos @ = s sin d 
(s sin @)’ + sin @(p + ng + ng) = 0 


k[(mg sin @)’ — me cos d] = s sin d 


Ae = vcot oQ-w 
(21) 


Ke = —k cot dv + wu’ ke = 


—k(v + w’)’ 


At the center of the shell, isotropy and symmetry demand that 


@?=0: ng = ng mM=m 8 =0 22) 


(either w’ = v = O or there is a hinge circle) 
At the edge of the simply supported cap 
od = a: 
(either v = O or there is a hinge circle) 


Hinge circles in shells play a role analogous to yield hinges in 
beams. By definition, a hinge circle is a circle on the shell across 
which the slope rate w’ and/or extension rate v are discontinuous. 
If such a circle is regarded as the limiting case of a narrow region 
across Which w’ and/or v vary rapidly, then w” and/or v’ must 
There- 
fore, within such a narrow region, the components (21) of the 


be numerically large compared to all lower derivatives. 
strain-rate vector (7) become 


E = (0, v', 0, —kv’ — kw”) (24) 
It follows from Table 4 that if v has a positive discontinuity with 
increasing @, then the stress point must be on face 2 or its intersec- 
tion with one or more other faces. Similarly, a negative jump in 
v corresponds to face 5 and positive and negative jumps in v + w’ 
are associated with hinge circles on faces @ and 8, respectively. 
The general procedure for finding the collapse load of a plastic 
structure is first to make a hypothesis as to which plastic regime 
In general, the equilibrium equations 
and flow law can be solved for any such hypothesis, and the cor- 


rect hypothesis is distinguished by the fact that all of the asso- 


or regimes are involved. 


ciated inequalities are also valid. 

In choosing the correct stress profile, it is frequently helpful to 
begin by considering extreme values of the parameter. If a@ is 
very small, the cap is essentially a simply supported circular 
plate. In the limit, me = 1 throughout [2, 4]; hence the stress 
profile for a circular plate is everywhere in regime 7. At the other 
extreme, the solution for the complete sphere [2, 8] is 

nga=ng = —1 m=m=0 s=0 p=2 
which is everywhere in regime 45. Therefore, in view of the gen- 
eral remarks in Section 4, it appears reasonable to try either of 
regimes 47 or 57 for the simply supported spherical cap with finite 
angle a. 

It turns out that regime 57 is the correct hypothesis. In view 
of Table 4, Equations (20), and the stress boundary conditions at 
@ = 0, the stress solution must be 


ne = —(1/2)[p — (p — 2) sec? d] ng = —1 


—(1/2)(p — 2) tan @ me = 1 
p—2 i 1+ sing 
my =1-—- - log ———_ - 1 
2k sin d cos @ 
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Finally, if this solution is to satisfy the Boundary Condition (23 
on mg at @ = a, the collapse load must be 


: 1 + sin a@ ; i 
p =2+ 2ksina E — sin a (26 


cos @ 


This solution will be statically admissible if it remains on the 
In view of Table 4 or Fig. 6, these require- 
ments mean that the stresses must satisfy 


finite faces 5 and 7. 


—-l<nge <0 0< m<1 (27 


The discussion of Inequalities (27) is begun by expanding the 
bracketed term in the last Equation (25) in a power series in sin 


Qo: 
l 1+ sind 


log 
cos @ 


- 1 = 
sin @ 


'/; sin? @ + '/, sint@d 


+ '/, sin? O +. : oa 
It follows from Equation (26) that p is always greater than 2. 
Equations (25) then show that ng is a monotonically increasing 
There- 
fore, the stress profile will be as shown in Fig. 8(b). Evidently it 
will be statically admissible provided only that n@a) < 0. This 


1 + sina . 
log -—sina|>k 
cos a 


Inequality (29) is a restriction on the parameters of the cap; it 


function of @, whereas m¢ is monotonically decreasing. 


condition leads to 


cos? @ 
° (29 
sin*® a 


will be true for most cases of practical interest. 
Since the stress profile is everywhere on regime 57, it follows 
from Table 4 and Equations (21) that the velocity equations are 


Ne = v cot va) —-w=0 
(30 
ke = —k cot Ot + w’) Vy Ko = —k(v + w’)’ = (0 


where v; and v; are arbitrary positive factors. The solution of 


Fig. 8 Stress profiles for spherical cap 


(a) Stress plane orientation 
(b) Profile for simply supported cap 
(c) Profile for clamped cap 
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Equations (30) which satisfies the boundary condition w(a) = 0 


1s 


=wtang (31 
tan @) 


log (sec @ + tan @ 

_— tl 
log (sec a 4 

cot @ 


log (sec a + tan @) 


tan @ 


u y= kw, 
log (sec a + tan a) 


Here wo is the velocity at the center of the shell so that », and »; 
are evidently positive. 

At @ = 0,v = Oand w’ has a discontinuity in the proper direc- 
tion for the hinge circle mg = 1. At @ = a, v = 080 that the 
tangential displacement is continuous 

Therefore (26) and (31 
satisfies the equations of equilibrium, the yield condition and as- 
further, it 


the solution given by Equations (25), 


sociated flow rule, and all the boundary conditions; 
satisfies all stress inequalities and leads to positive multipliers for 
the strain-rate vector. Thus it is the desired complete solution 


according to the two-moment limited interaction yield surface 


6—Clamped Spherical Cap 
The only mathematical difference between this problem and the 


preceding one is that the Boundary Conditions (23) at @ = a 


must be replac ed by 


(32 
either w’ = v = 0 or there is a hinge circle) 


The stress profile for the clamped circular plate is in regimes 7 
and 6 [2, 4 This information, together with the results of the 
previous section, suggests the stress profile shown in Fig. 8(c). 

The complete solution according to this hypothesis is readily 
computed from Equations (20), (21), (22), and (32) and Table 4. 
The direct stresses throughout the shell and the moments for 0 < 
@ < >; are again given by Equations (25); for @ < @ < a the 


moments are 


cos a 


The velocity distribution for the shell is 


| (’ + sing, cos@ ) 
log > " 
cos >: 1 + sin o 


1 tan a@ 
sin og 
tan d; 


v=wtan @® 


C cos @ 
sin >? 


vs = C tan desc ¢; v; = Ck cot d ese >, 


oo <@< a: w = Cocos ¢ log (tan a/tan dg) v = wtand 


vs = Csec vg = Ck cos @ csc? @ 


The collapse load p and the boundary angle @, are defined by the 
two relations 


sin PD . : 
— sin 
cos 6| 


l 
= 2+ 2k sin @, oe 
(35 
2+ log (sin a/sin ¢;) 
log (cos @,/cos a) 


2+ 2 


It may be verified that Equations (25), (33), (34), and (35 
satisfy the Equations of Equilibrium (20), the yield condition 
and flow rule for the profile in Fig. 7(c), and the Boundary Con- 
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ditions (22) and (32). Further, the stresses, velocities, and 
velocity slope w’ are continuous throughout the shell. The stress 
inequalities are all valid provided the parameters satisfy In- 
equality (29). The strain-rate multipliers are all positive 
Finally, the only hinge circle is at @ = @ where the discontinuities 
are of the proper sign. Therefore the foregoing listed equations 
constitute the complete solution for the two-moment limited 


interaction surface 


7—Discussion of Results * 


The spherical cap under uniform pressure is one of the simplest 
nontrivial examples of a rotationally symmetric shell. Previous 
bounds on the collapse load have been obtained according to the 
exact Tresea theory [8] and the Tresca theory for an ideal sand- 
wich shell (2, 12]. 
none of the previous solutions has been complete and even the 
Therefore, the outlook for ob- 


Despite the relative simplicity of the problem, 


bounds have not been very close 
taining solutions to more complex rotationally symmetric shell 
problems according to either Tresea theory is rather bleak. 

As previously mentioned, upper and lower bounds according to 
one theory may be used to find upper and lower bounds according 
to any other theory by multiplication by a suitable factor. For 
the sake of defining the problem, let it be assumed temporarily 
that the Tresca condition for a uniform shell accurately represents 
the behavior of the shell. 

Onat and Prager [8] obtained the first upper and lower bounds 
by direct consideration of the exact yield surface. Their upper 
bound for a typical case is shown by the light short-dashed line in 
Fig. 9; their lower bound is the membrane solution p = 2. 

In [2], Hodge obtained relatively simple bounds according to 
the sandwich yield surface. However, if the upper bound is to be 
interpreted for the exact yield surface, it must be multiplied by 
1.25. The resulting upper bund is shown by the light long-dashed 
curve in Fig. 9. The lower bound may be used directly; for 
small cap angles it is an improvement over the membrane solu- 
tion as shown by the heavy long-dashed line in Fig. 9. 


* The author wishes to thank Mr. L. K. Chatta for carrying out the 
computations in this section. 








-————— Onat ond Prager bounds (8 
——— First bounds bosed on sandwich structure 
—-—— Better bounds bosed on sondwich 


Two-moment limited interaction surfoce 
bounds 


tructure 


Light lines ore upper bounds, heovy lines ore lower 
bounds 


“ lal 
a Tl oR * 0.005 
e 











"@ rT 02 o3 4 0o4 os o« or 


Fig. 9 Upper and lewer bounds on collapse load of a clamped spherical 
cap for different theories 
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Fig. 10 Collapse load of a spherical cap 

Better bounds based on the sandwich yield surface were ob- 
tained in [12]. However, as shown by the light and dark dot- 
dashed lines in Fig. 9, there is still a considerable gap between 
the upper and lower bounds. 

The one-moment limited interaction surface is a very poor 
approximation, leading to the membrane solution p = 2 for all 
cap angles. Further, this result cannot be interpreted as either 
an upper or a lower bound. 

Finally, the results of the two-moment limited interaction sur- 
face are shown by solid lines in Fig. 9. The light curve is plotted 
from Equations (35). It is the exact solution for the approximate 
yield surface; hence it is an upper bound on the exact surface. 
The heavy curve represents a lower bound and is obtained by 
multiplying the pressure in Equations (35) by 0.618. For large 
cap angles, the best lower bound is still the membrane solution. 

Fig. 9 shows that even though the two-moment limited interac- 
tion surface is a crude approximation to the exact Tresca surface, 
the bounds obtained from it compare favorably with those ob- 
tained by other methods. Since the results are comparable, the 
simplicity of the present method recommends it for practical ap- 
plication. It should be pointed out that this simplicity is two- 
fold in that not only are the equations more tractable, but a 
single solution provides both an upper and a lower bound. 

The preceding discussion has assumed that the Tresca yield 
surface for a uniform shell is indeed the exact yield surface. How- 
ever, this point is certainly debatable. If, for example, the shell 
material really satisfies the Mises’ or some other more complex 
condition, then all previously obtained solutions are merely ap- 
proximations. Until such time as further information is availa- 
ble concerning the actual behavior of plastic shells, it is cer- 
tainly justifiable to choose the simplest from among several 
approximations. 

Although the primary purpose of the present paper has been to 
compare theories, the problem considered is of some interest in 
its own right. Fig. 10 shows the collapse load as a function of the 
cap angle a for some typical values of the thickness parameter k 
= H/2R. For very small angles, p as defined tends to infinity; 
it is more informative to express the results in terms of a different 
dimensionless pressure 
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p = psin* a/6k = PR? sin’ a/6o.H* (36) 


As a@ tends to zero, p tends to the collapse pressure for a flat 
plate. 

Fig. 10 shows that for relatively large cap angles the effect of 
the supports is small. The solutions for the clamped and simply 
supported plates are close to each other and do not differ a great 
deal from the membrane shell. For very small angles, on the 
other hand, the curvature of the shell is relatively unimportant 
and the shells are similar to flat plates. However, there is a 
rather substantial intermediate range, particularly for the thicker 
shells, for which both the membrane solution and the plate solu- 
tion considerably underestimate the collapse load. Thus the 
present analysis would appear to be particularly valuable for cap 
angles which lie in this intermediate range. 


References 


1 W. Prager, ““The General Theory of Limit Design,’’ Proceed- 
ings Eighth International Congress of Applied Mechanics, Istanbul, 
vol. 2, 1956, pp. 65-72. 

2 P.G. Hodge, Jr., “Plastic Analysis of Structures,”” McGraw- 
Hill Book Company, Inc., New York, N. Y., 1959. 

3 E. T. Onat and W. Prager, “Limit Analysis of Arches,” 
Journal of Mechanics and Physics of Solids, vol. 1, 1953, pp. 77-89. 

4 H.G. Hopkins and W. Prager, ‘**The Load Carrying Capacities 
of Circular Plates,” Journal of Mechanics and Physics of Solids, vol. 2 
1953, pp. 1-13. 

5 D.C. Drucker, “Limit Analysis of Circular Cylindrical Shells 
Under Axially Symmetric Loading,’’ Proceedings of the First Mid- 
Western Conference on Solid Mechanics, Urbana, 1954. pp. 158-163. 

6 P.G. Hodge, Jr., “The Rigid-Plastic Analysis of Symmetri- 
cally Loaded Cylindrical Shells,” Journat or AppLiep MECHANICS, 
vol. 21, Trans. ASME, vol. 76, 1954, pp. 336-342. 

7 XE. T. Onat, “Plastic Collapse of Cylindrical Shells Under 
Axially Symmetrical Loading,’ Quarterly of Applied Mathematics, 
vol. 13, 1955, pp. 63-72. 

8 E. T. Onat and W. Prager, “Limit Analysis of Shells of Revo- 
lution,”” Proceedings Royal Netherlands Academy of Sciences, 
series B, vol. 57, 1954, pp. 534-548. 

9 P. G. Hodge, Jr., “The Linearization of Plasticity Problems 
by Means of Nonhomogeneous Materials,’’ Nonhomogeneity in Elas- 
ticity and Plasticity, Proceedings Symposium in Warsaw, 1958, Per- 
gamon Press, Ltd., London, 1959, pp. 147-156. 

10 D.C. Drucker and R. T. Shield, “Limit of a Symmetrically 
Loaded Thin Shell of Revolution,”’ Journat or AppLtep MECHANICS, 
vol. 26, Trans. ASME, vol. 81, series E, 1959, pp. 61-68. 

11 W. Prager and P. G. Hodge, Jr., “Theory of Perfectly Plastic 
Solids,”” John Wiley & Sons, Inc., New York, N. Y., 1951. 

12 P. G. Hodge, Jr., “The Collapse Load of a Spherical Cap,” 
Proceedings of the Fourth Midwest Conference on Solid Mechanics, 
Austin, 1959, pp. 108-126. 


APPENDIX 


Relation Between Exact Surface and 
Sandwich Approximation 

The sandwich approximate yield surface in Table 2 is a convex 
polyhedron; hence it will be interior to the exact surface in Table 
1 if all of its vertexes are in or on the exact yield surface. As 
shown in [2], there are 36 vertexes. If account is taken of sym- 


Table 5 Sandwich yield surface inscribed in exact yield surface 
Vertex Parameters 
Ne m, my r Inter- 
mediate 
0 /‘ 1/: 1/2 P 
0 0 Pp 
0 ra : —1/2 p 
1 0 q 
0 2 -—1/2 p 
-138 ° @ —1/2 p 
—1/2 0 —1/ 0 Pp 
1/2 -—1/2 0 —1/2 p 
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Table 6 Sandwich yield surface circumscribed on exact yield surface 


Plane of inscribed polygon nm, + 
Strain-rate vector tae ies 
Parameters for exact surface. p 

Stresses for exact surface... . m = 1/: 
Plane of circumscribed polygon. m + 


metry, it is sufficient to discuss only the 8 vertexes whose com- 
ponents are listed in the first four columns in Table 5. 

It develops that for the two surfaces as defined the vertexes of 
the sandwich approximation are all on the exact surface. This 
result is verified by finding values of p, g, and r from Table 1 for 
each of the eight points. These verifying values are listed in the 
last four -olumns of Table 5. 

To use the sandwich approximation for an upper bound it is 
necessary to expand the polyhedron until it is exterior to the 
actual surface. This will be the case if each of the 12 planes is 
exterior or tangent to the exact surface at the point where the 
Because of symmetry, 


The 


normals to the two surfaces are the same 
it is sufficient to consider the two planes listed in Table 6. 
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m = 1 ny 


(1, 0, 1, 0) 


m = 5/4 ny 


— 2 +m — m = 1 
x~1, —1, 1, —1) 

p=rTr= —1/4 

™% — Me = 1/2 m, — m = 3/4 
— fe + mm — m = 5/4 


strain-rate vector for each plane is given in the second line in 
Table 6. Values of two of the three parameters are then uniquely 
defined by Equations (8). The stress point on the exact surface 
with the same normal is then determined from Table 1. Actually, 
since there is still a one-parameter family of stress points, the two 
surfaces are tangent along a line or curve. Finally, the plane 
through this stress point (or curve) and parallel to the original 
plane is shown in the last line in Table 6. 

It follows from Table 6 that if the approximate surface is 
multiplied by 1.25 it will be exterior to the exact surface. Evi- 
dently the corresponding collapse load will also be multiplied by 
1.25. Therefore the exact and approximate collapse loads must 
satisfy the continued Inequality (11). 
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An Approximate Analysis of the Influence of 
Aerodynamic Heating and Initial Twist 


LIT S. HAN 


Associate Professor, 

Department of Mechanical Engineering, 
The Ohio State University, 

Columbus, Ohio 


on the Torsional Stiffness of Thin Wings 


In the present paper, approximate formulas are derived, based on the ‘‘fiber-stress”’ 
concept, for the combined influence of aerodynamic heating and initial twist on the tor- 
stonal stiffness of a thin wing. Criteria are established for calculating the critical tem- 
perature difference between that of the edges and that of the mid-chord position, for 
preventing possible aeroelastic reversals or buckling. Formulas are valid for wings with 


large aspect ratios. 


Introduction 


I. REFERENCE [1],! the author and his co-worker 
derived a simple formula for calculating the thermally induced 
twist in a thin wing which has an initial twist about its axis. The 
problem of induced twists is related to the general problem of re- 
duction of torsional] stiffness treated in references [2-5}. In this 
paper a general treatment of the influence of aerodynamic heating 
and the effects of initial twist on the torsional stiffness are given; 
the method of approach adopted herein being that of the ‘‘fiber- 
stress’’ concept 


Analysis 

Consider a symmetrical thin wing whose cross section is shown 
in Fig. 1, and assume that the ends are far removed from the 
section under consideration. The wing has an initial twist about 
its axis, 8; radians per unit length, and has a nonuniform tem- 
perature distribution in the chordwise direction as a result of 
aerodynamic heating. For an approximate treatment, the tem- 
perature distribution is assumed symmetrical about the mid-chord 
axis and uniform in a direction transverse to the chord. It may 
be easily observed that these restrictions may be removed by 
performing a similar analysis to the following developments. 

' Numbers in brackets designate References at end of paper. 

For presentation at the Summer Conference of the Applied Me- 
chanics Division, University Park, Pa., June 20-22, 1960, of Tue 
AMERICAN SocreTy OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 22, 1960, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, May 4, 1959. Paper No. 60—APM-13. 


We shall employ the inverse method to obtain the characteristic 
curves relating to the applied moments and the resulting twists; 
i.e., assuming a new angle of twist 67 and proceeding to calculate 
the external torque required to maintain equilibrium. 

In Fig. 2, a fiber is shown to assume a new position after a 
rotation (@, — 6,) with the corresponding helix angles y,; and ¥,. 

The initial and final lengths of the fiber are therefore given by 


l; (i + ¥;2)'”? (1) 
ly (1 - ¥,;)' 2 (2) 


based on the assertion that ends do not approach each other. 


Fig. 1 Co-ordinate system of a symmetrical wing 





Nomenclature 


= area of cross section 
chord 
modulus of elasticity 
subscript, final 
shear modulus 
subscript, initial 
defined by equations (11) 
stiffness constant 
length 
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= external moment 


moment due to longitudinal 
stress 

distance from center to fiber 

temperature rise 

differential temperature be- 
tween edges and mid- 
chord position 

average temperature rise, de- 
fined by equation (11) 


critical value of A7’, equa- 
tions (20) and (23) 

coefficient of thermal expan- 
sion 

helix angle 

unit strain 

angle of twist 

Poisson’s ratio 

stress (+, tension; —, com- 
pression ) 
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Fig. 2 Positions of a fiber 


The strain induced can be approximated by 


€ = (! 2rO,2 a 62 A 4. r29.2) : 


wherein the following approximation is made: 
Yiy = rds 4 


If the local fiber temperature is 7 above the initial tempera- 
ture, the resulting strain is therefore 


. r(@,2 6,7) 
€r = (1/2) 74? —al 


where @ is the thermal expansion coefficient. The corresponding 


kK 2 -_ 2 
~ XG, 6.*) -aTE 
2 (1 + r26,)'/? 


In order to maintain self-equilibrium with respect to axial ten- 
along all fibers 
within the cross section so that the following condition is satisfied: 


stress is 


Cr = 


sion, there will be induced a uniform stress, ¢ 


a 
S (or + ¢,) cos yA = 0 6) 
A 


and the final fiber stress is given by 
¢,=or+ea (7) 


Application of condition (6) results in the following expression 
for ¢, 


| f rdA 
LJ (1 + 7°0,2)'(1 + 76,2)’ 
j [ TaA f dA } 
ak \T — > (8) 
7 Ja +7r9,)'2/ J 1 +r,2)'2 Ih 


Equation (8) gives the fiber stress which is along the fiber direc- 
tion in its equilibrium position. These stresses produce a moment 
given by 


M, = J4¢,7 sin ydA 


Introducing the following simplifications: 
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r~sr 
sin ¥, ~ 76 
r6,< 1 
20;,< 1 


and the following notations: 


l, f z‘dA 
A 
f z*dA 


4 
Tz*dA 
i 


lip = 


l 
TdA 
A Ja 


the moment M, is accordingly given by 


9 


- 


E 
Me = ( ) 040, —_ 6,7) (U4) — (1,°/A )] —~ ak (1s7 —_ 7 ,/2)0, 
(12 


The external moment required to produce equilibrium is there- 
fore the sum of M, and that of Saint Venant’s moment; i.e., 


— aE(Izr — T,1:)6 
+ GJ(6, — 86 13) 


The slope of M., versus (6, — @,) curve is given by 


dM... 


— 6,2)[I, — (122/A 
dé, ; 


| — aB(ler — T.J:) + GJ 


14) 


where GJ is Saint Venant’s stiffness 


Discussion 

Equations (13) and (14) show the combined influence of aero- 
dynamic heating and initial twist on the torsional stiffness of a 
thin wing. 
initial twist 
ture was treated in references [6] and [7]. 

In order to arrive at some further observations, regarding the 


The equations also give the nonlinear effect due to 
A similar analysis without an imposed tempera- 


nature of the M-@ curve, a temperature distribution is assumed 


as follows: 


T = 7, + (AAT /b*)z? (15) 
where 7’, is the mid-chord temperature rise and AT’ represents 
the differential temperature between the edges and the mid-chord 


position. Use of equation (15) gives the following results: 


4 
M.x = E@,(l, — (I? an 14 = ar | 


b? 


+ GJ(6, — 0 (16) 


1M ox ' 
on 7 Elle — (Ie*/A)I 30,2 — 82 


2] — (4a AT /b*)} + GJ 
(17) 

In view of equations (16) and (17), the following observations 
can be made: 

(a) Zero Pretwist, 0, = 0. 
equation in 6,; for each M,,, it may have one or three roots for 
6,. The criterion is therefore whether (dM../d@,) changes sign 
or not. This in turn depends on whether the equation 


Since equation (16) is a third-order 
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possesses a solution or not. 
Application of equation (18) shows that it is satisfied when 


AT > AT, (19) 


AT, = = hha + v)[I, — (12*/A)]}} (20) 
8a / 

where v is Poisson’s ratio and A7, is defined as the critical tem- 

perature differential. 

Three typical characteristic curves are shown in Fig. 3 for 
AT < AT,, AT = AT, and AT > AT,,. It is of significance to 
observe that for AT > AT, the torsional characteristic curve 
exhibits elastic instability and the motion will therefore proceed 
according to the dashed lines. The reversals of this kind have 
been discussed for the case of a propeller blade with initial twists 
in reference [8]. 

(b) Finite Pretwist (9, ~ 0). For a finite pretwist, the condition 
of buckling can be likewise examined by letting (dM.x/d6,;) = 0 
and determine the roots. This leads to the following expression: 


(122/A}}(30,2/2) = E [Ty — (I2?/A)]((0,2/2) + 
(4aAT /b?)| — GJ 


Ell, - 
(21) 


Thus the right-hand side must be zero or positive for the exist- 
ence of real roots for 6,; i.e., 


AT S AT. 
[(b2J /Sa)/{(1 + v)[I, — (122/A)]}}] 


(22) 


AT, = 
— (b90,2/8a) (23) 
Comparison of equations (20) and (23) leads to the obvious con- 
clusion, that a wing with an initial twist will have a lower buckling 
temperature differential than one without: 
Rewrite equation (16) as 


Mex = Elly — (Is*/A)1(0,2/2) — (AT — AT.)(4ee/b*)]8, 


— GJ0; (24) 


tepresentative curves for a fixed @; and at various A7' are 
The so-called thermally induced twist is 
For 


shown in Fig. 4. 
easily calculated by setting M.x = 0 in equation (24). 
AT = AT.,, the induced twist angle (0, — 6;) is given by 





(0, — 0) = 0.( VI/0%1 + v)[l, — (1y2/A)}} — 1) (25) 


which is in a more explicit form than that shown in reference [1]. 
For a temperature distribution other than that indicated by 
equation (15), an equation may be written as 


T = T, + Ciz® + Cort + 


and an analysis similar to the one contained herein may be easily 
performed. 
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Fig. 3 Torsional characteristics for a thin wing without initial twis! 
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Fig. 4 Torsional characteristics for a thin wing with initio! twist 
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Postbuckling Behavior of Rectangular 
vosoru vamaxi § Plates With Small Initial Curvature 


Assistant Professor, . - ‘ 
Institute of High Speed Mechanics, 
wonrstticresissces: | Loaded in Edge Compression—(continue 


In the previous paper {1),' the title problem ts theoretically treated under eight different 
boundary conditions and numerical solutions are obtained for the deflection, edge 
shortening, and effective width of the square plaie in edgewise compression. Asa con 

tinuation of this work, the stress state in the buckled plate is investigated and numerical 
results for the square plate are given graphically. Further the formulas for the ultimate 
‘oad of the square plate in each case are derived by using the maximum-shear theory for 
tiie beginning of yielding and comparison ts made with the previous results and ex- 
periments. 


T ; Finally, the formulas for the ultimate load of the square plate 
HE LARGE deflection problem of the rectangular plate “il ; - : 
d : ; are derived by using the maximum-shear theory for the beginning 
subjected to edgewise compression has been treated theoretically ola 

‘ : , : of yielding and the results are discussed in some detail. 
under eight typical boundary conditions [1] and, through 
numerical calculations, the connections of deflection, edge short- Basic Equati 
ening and effective width of the plate with applied loads are asi¢ Equations 
clarified for square plates with and without initial deflection. 
Continuing this study, the stress state in the buckled plate is 
First, the previous theoretical analysis is out- large deflection of the plate with initial curvature have been 


For the sake of completeness, we summarize the previous 
theoretical analysis briefly. The governing equations for the 


here investigated. 

lined for completeness and then the expressions for the stress and derived by Marguerre [2], which can be expressed as* 

strain are derived. Next, using the values of deflection co- vir E c 

= ° . Y = Hiw -_— 1 

efiicients previously determined, the stress field in the buckled zy . 

square plate is calculated and the results are presented graphically. 

! Numbers in brackets designate References at end of paper Vu h/D\F Cw 
Presented at the West Coast Conference of the Applied 

Mechanics Division, Stanford, Calif., September 9-11, 1959, of Tue 


AMERICAN Society OF MECHANICAL ENGINEERS The boundary conditions for this case consist of the supporting 


Jise is paper s ve addressed to the Secrets 
Discussion of this paper should be addressed to the Secretary and loading conditions, Fig. 1. 


ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1960, for publication at a later date. Discussion re- 
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of the Society Manuscript received by ASME Applied Mechanics 
Division, March 12, 1959. Paper No. 59—APMW-22. 


For the supporting conditions, we will consider the following 
four cases: | All edges simply supported; II—loaded edges sim- 
ply supported, the other edges clamped; III—loaded edges 


?Subscripts following a comma stand for differentiation, e.g., 
O%w /Ordy; Fy, = °F /dy*, et 





Nomenclature— 


rectangular co-ordi- 
nates 

length of plate 

width of plate 

thickness of plate 

a/b = aspect ratio 

displacements of a point 
in z, y, and z2-direc- 
tions, respectively 

initial deflection 

coefficient for initial de- 
flection 

coefficient for net de- 
flection 

Young’s modulus 

Poisson’s ratio 

Eh*/12(1 — v*) = flex- 
ural rigidity of plate 

Airy’s stress function 
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0*/dr* + 20*/dr*0y? + 
0*/dy* 

total loads in z and y- 
directions, respec- 
tively 

ultimate load 

P./ah = ultimate aver- 
age stress 

average compressive 
stress in y-direction 

pya*/m*Eh? 

critical value of A cor- 
responding to buck- 
ling load 

Aa®*Eh?/a? = buckling 
stress 

yield-point stress 

maximum shearing 


stress 


membrane stresses 

extreme bending stresses 

nondimensional stress 
factors obtained by 
multiplying a*/r*- 
Eh*) to original ones 

membrane strains 

extreme bending strains 

nondimensional strain 
factors obtained by 
multiplying (a?/a*h*) 
to original ones 

cos (mar /a)2 

cos (nw /b)y 

sin (ma/a)zx 

sin (na /b)y 

sinh (naw /b)x 

cosh (nw /b)z 
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0 
< 


ay < 
S 





Fig. 1 Rectangular plate 
loaded in edge 
compression 


, 


1.2) 








j = ee 


-a 


clamped, the other edgessimply supported ; 1V—all edges clamped. 
[t is assumed that both the initial and additional deflections sat- 
isfy the same supporting conditions in each case. 

Concerning the loading conditions, we have along the loaded 
edges 
F = (), (3) 


v = const, P, y 


= —p,ah, 
while along the side edges, we consider the following two cases: 


‘ase (a): u = const, P, = F = (0, 


ty 


(4) 
Case (6): Fy, = Fiz, = 0 
Cases (a) and (b) stand for the straight and stress-free edges, re- 
spectively. 

The problem consists in finding the solutions of w and F which 
satisfy Equations (1) and (2) together with the given boundary 
conditions. To obtain the solution, we first assume the deflec- 
tions in each case as follows: 


wo = h ps ys OnnSm(L)GnACY)s 
m n 
wah >. »% Dantm(Xgn(y), (5) 
m n 


where a,,, and b,,,, respectively, are the prescribed and undeter- 
mined constants and where 


cos (ma /a JZ, m= 1, 3, xe 


for Cases I and ITI, 


—1)"*! + cos (2mmr/a)z, m = 1, 2,3,... 
for Cases II and IV, 


cos (nw/b)y, n > yer 
eo ae 


9 for CasesI and II, (6) 


or sin (nw/b)y, n 


oe YY 


for Cases III and IV. 


+ cos (2nir/b)y, 


It will be easily seen that these expressions satisfy the related 
supporting conditions. 

Now we will express the stress function F in terms of the de- 
flection coefficients a,,,, and b,,,. Substituting the expressions for 
the deflections in Equation (1), the results may be expressed in 
the following form: 


VF = (rtEh?/a%*) D> D> DypXep¥2u 
P q 


n@@eOt?2.. 
where we have used the abbreviations 


X2, = cos (2pmr/a)z, Yq = cos (2Qgm/b)y 
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Dyq are the quadratic functions of a,,, and b,,, obtained in each 
case. The general solution of Equation (7) is obviously given by 
adding the biharmonic function F, to a particular integral F,, and 
after determining Fy) so that the loading conditions are fulfilled, 
we finally obtain the desired expressions of F as 


—"/spyz + Eh? D> D> yeXap¥ oq 
Pp 4a 


n=1,2 


F = 


+ Eh? E,,{(sinh nx8 + nwB cosh nwB) cosh (2nr/b)x 


(2nar/b)z sinh nwB sinh (2n7/b)x| cos (2nm/b)y, (9) 
where 


8 =a/b, ¢,, = B°D,,/16(p* + 978*)*, 


for Case (a). 
(sinh n78 cosh nr8 + nwB)~ 
m=0,1,2 , 
(—1)™*¢,,, for Case (b 


Making use of the foregoing expressions for w and F, only the 
unknowns b,,,, can now be determined by applying the Galerkin’s 
method to Equation (2). Once 6,,,, are found, w and F are known 


and the problem is solved. 


Stress and Strain in the Buckled Plate 
The 


o,, and T,, are given by the stress function F as 


Membrane Stresses and Strains. membrane stresses ¢,, 


Hence, letting 
AX = p,a?/mEh?, &, = o,0°*/r*Eh’, 


&, = 0,0°/r*Eh?, 


y 


Foy = T,y07/m*Eh?, (12 


we obtain from Equation (9) 


N-4 >> D> pty,.Xv Ve 
p @g 


+ 46° ) {G,.Con — H,[2Con + (2nx/b)zSen)} ¥en, 


fa = 8D paver 
Pp @ 
+ 48? z {G,Sin — H,[Smn + (2nm/b)xCon)} yon, 
n 


where 


Xa; sin (2pm/a)z, Yoq = sin (2gm/b)y, 


Sen sinh (2nr/b)z, Con = cosh (2nm/b)z, 


G, = nXsinh nr8 + n7B cosh nrB)E,, 
H,, = n*E,, sinh nx8 


? (14 
| 


Defining the corresponding strains by ¢,, €,, and ,,, and let- 
ting 


é, = €,07/mh? &, = €,a°/mh*, Vey = YVey4"/w*h*, (15) 


we have 
= 3 (16) 


—v8,, Voy = AlL+v)rey 
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1 Fermulas for extreme bending strains in each case 
é,’ Fay’ 


‘ ’ 4, 
1/8*T Un DanX mn ( : *) FBLTImnNbanTn \ f) 


/28*ZEn*hmn[( —1)"** + Xam] ( *) F2BTUminbmnXem ( y ) 


rl + Vo, 287ZE2*bmnX mY on — 282 TmnbmeLmYon 
Y; 287ZEn*dmn[(—1)"*! + Xam] Von —482Umnb,. .TemYon 


Nore: In Cases I and II, the upper and lower letters, respectively, correspond with each other. 
Extreme Bending Stresses and Strains. Denoting by €,’, €,’, 


and ,,' the bending strains at the surface of the plate, z = A/2, 





we have 


hw.z, (17) Fig. 2 Positions in the plate 
where stresses ore calculated 
Hence, letting 


‘a2 2},2 a! os ‘a2 2}, 2 =, = % , 242 
€,a*/m*h®?, @° = €,'a*/m*h Yey = Vey 27/e°h*, (18 








we obtain, from Equations (5) and (6), the formulas shown in 


Table 1. 
The corresponding stresses oc, yy and rT,,’ are given by and D in the Cases except for Case II, where they are chosen as 


= E, B, C, and F.* The results of the calculation for the mem- 
brane stresses are given in Figs. 3(a—h), while those for the bend- 
ing stresses are shown in Figs. 4(a—h). In these figures, solid 
and dotted curves correspond to the initially flat and deflected 
plates, respectively, and the meaning of the marks labeled on the 
curves are as follows: e.g., A, = &, at A, B,’ = @,' at B, C,,’ = 
T,,' at C, etc. Further, the stresses which are not shown in the 
figures, for instance, ¢, at C or D in Case I(6), are to be under- 
stood as identically zero. 

From these figures, it will be seen that the stresses in the 
buckled plate are remarkably affected not only by the supporting 

Stress Field in the Buckled Square Plate ; 
Now we will investigate the postbuckling stress state of the 
square plate under eight different boundary conditions, combining Case Amn bean 


four kinds of supporting conditions and two kinds of loading con- I an bu, bis, bas, 
II aie Dis bez, bss 
those as shown in Table 2 and take the values of a,,, in each case i rs Pu bas, re 
so that both cases can be treated where the plate is initially flat . ” ; 


and initially deflected, the deviation of which is one tenth of its Table 3 Valves of Xu, hi, ond fe in Equations (25) 
thickness. Poisson’s ratio v is taken as 1/3. Under these condi- : : 
tions, values of b,,,, for various values of \ in each case have been Case =, -4 HI . IN 

4 a . 7 re 2 ( oC oaks 
calculated, with the results shown in Tables 2 to 5 of the previous : na ; +7 3 oy = 
paper [1]. Making use of these results together with the formulas ee (a) 4) 2 76 6 08 4 48 7 63 
Case (b) ff 0.177 0.141 0.199 0. 183 
me (9) Ik 3.05 6.14 5.00 7.71 


Table 2. Nonzero deflection coefficients in each case 


ditions. First we assume the nonzero deflection coefficients are 


given in the foregoing, we can calculate the stresses at any point 
in the plate. 

Here we will observe the stresses at the four principal points in *In Case II, it is to be noted that the plate buckles in two half- 
the plate as shown in Fig. 2. These points correspond to A, B,C, waves in the y-direction, which is antisymmetric about the z-axis 





Table 4 Comparison of ultimate loads obtained by various formulas with test results 


Material Duralumin Brass 
Test condition V-groove plates Square tubes 
Width, a, in. 4.00 3.515 10.01 1.0 1.0 2.0 
Thickness, /, in. 0.0893 0.0356 0.0322 0.0065 0.0056 0.0065 
E, 10° psi 1.06 1.0 1.0 1.64 1.60 1.64 
eyp, 10* psi 4.1 4.5 4.5 3.14 2.86 3.14 
yp 0.786 4.44 44.1 4.59 5.77 18.4 
{ Test 7,300 1,175 1,270 290 210 340 
P... lb ) Timoshenko 10,200 2,700 6,375 391 300 726 
“ ) Karman 9,990 1,620 1,310 231 161 231 
| Author 8,350 1,390 2,670 2° 193 438 


Table 5 Values of c./c; calculated by various formulas 
oye/ Cer l 2 3 4 5 } 10 
Formulas (28), with a = 0.78, n = 0.8 l 1.358 . 2.364 2.827 3.271 4.922 
Formulas (28), + a = 0.8,n = 0.58 | 1.196 51: 1.788 2.035 5 3.042 
. Case I(a) l 1.253 j 1.759 2.012 2 ; 3.277 
Formulas (29) { Case I(b) 1.177 3! 1531 1.708 : 2.593 
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Fig. 3(c) Membrane stresses versus applied load for Case I(c) 
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Fig. 3(b) Membrane stresses versus applied load for Case I(b) 
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Fig. 3(c) Membrane stresses versus applied load for Case Ii(a) 
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Fig. 3(d) Membrane stresses versus applied load for Case II(b) 
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Fig. 3(e) Membrane stresses versus applied load for Case Iil(c) 
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Fig. 3(f) Membrane stresses versus applied load for Case Ili(b) 
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Fig. 3(g) Membrane stresses versus applied load for Case [V( a) 


= 3 
Fig. 3(h) Membrane stresses versus applied load for Case IV(b) 
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Fig. 4(a) Bending stresses versus applied load for Case I(c) 
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Fig. 4(b) Bending stresses versus applied load for Case I(b) 
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Fig. 4(c) Bending stresses versus applied load for Case Ii(c) 


ve 






































roll 














J 





0 6 8 10 


Fig. 4(d) Bending stresses versus applied load for Case I(b) 
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Fig. 4(e) Bending stresses versus applied load for Case Iil(c) 
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Fig. 4(f) Bending stresses versus applied load for Case Ili(b) 
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Fig. 4(g) Bending stresses versus applied load for Case !V(c) 
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Fig. 4(h) Bending stresses versus applied load for Case IV(b) 


Transactions of the ASME 








conditions but also by the loading conditions along the side edges. 
On the contrary, the slight initial deflections considered here may 
be seen to have minor effects on the post-critical stress state. 

For Case I(a), Levy [3] has calculated the stresses at the same 
points as here for the initially flat square plate, by taking the six 
by), bis, Bar, Bes, bis, and bs, and 
by assuming the value of v as 0.316. It is found that the results 
here obtained by taking y = 1/3, namely, Figs. 3(a) and 4(a), are 
in good agreement with those obtained by Levy. 


yb ie 


nonzero deflection coefficients, i.e., 
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(c) Case Wi(c), \ = 1.419 
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(g) Case lii(b), \ = 1.392 (h) Case IV(b), \ = 2.098 


Fig. 5 Distribution of membrane stresses along 
boundaries and symmetrical axes cf square plates 
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Next, we will consider the stress distribution along the bound- 
aries and symmetrical axes of the initially flat square plate, at 
some fixed loads several times the critical ones. Numerical re- 
sults for the membrane stresses‘ in each case are presented 
graphically in Figs. 5(a-h). Owing to the symmetrical nature, 
only a quarter of the square plate is shown. In these figures, solid 
and dotted Jines correspond to ¢, and @,,' respectively, and 
dashed lines, represent the average compressive stress p,. Fur- 
ther, positive and negative stresses are drawn inward and outward 
with respect te ihe square region, respectively. For Case II, the 
stress distribution along y = b/4 is added, since the plate buckles 
in two half-waves in this case. It will be noted that the stress 
distribution differs measurably according to the variation of the 
side edge conditions. 

For Case I(6), Coan [4] has reported the load-strain relations 
and stress distributions of the square plate, with » = 0.316. The 
accuracy of his results seems to be somewhat insufficient, as only 
the three nonzero deflection coefficients were used. 


Ultimate Load of the Square Plate 


Here we will determine the ultimate load which can be carried 
by the initially flat squa’e plate without yielding. As the criterion 
of yielding, we will use Tresca’s condition or the maximum- 
shear theory, which can be expressed as 

™ = 1/2 Cyp, (21 
where T,, is the maximum shearing stress and cyp is the yield 
point stress in simple tension. Introducing the dimensionless 
quantities 7,, = 7,,a°/m*Eh* and yp = oyp a*/x*Eh?, the foure- 
going condition becomes 


Tn = | 2ayp (22 


* Those for bending stresses are omitted to save space. It is com- 
paratively easy to calculate them by using the values of bma together 
with Table 1 and Equations (19) 


* Membrane shearing stress r,, always vanishes along these lines 
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Fig. 6(b) Maximum shearing stresses versus applied load for Case (b) 
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Now, from the numerical results in the preceding section, the 
positions which give the maximum shearing stress*® in the buckled 
square plate are found to be the point C in Case I, F in Case II, 
and D in other cases. Performing the calculations, we obtain 
the relations between A and 7,, as shown in Figs. 6(a) and (6). 
It will be noted that before the plate buckles, 7,, = 1/2p, or 
+, = 1/2X. 

Making use of these figures, the ultimate load can be deter- 
mined for any given material, dimensions, and bounda 'y condi- 
tions of the square plate. That is, first calculate the value of éyp 
by the given data and find the value of \ at which 7,, = 1/2éyp, 
on the curve corresponding to the given boundary conditions. 
Then the ultimate load P,, will be given by 


P,, = Am*Eh3/a (23) 
Next, we will derive the simple formulas for the ultimate loads 
in each case. For this purpose, we approximate the relations be- 

tween A and 7,, as follows: 
0 s Gyp s ) Van 


#, = 1/2d 
(24) 


Fm =O +d | 


Aer s Gyp » E.. ) 


cr is the critical value of \ corresponding to the buckling load 
and X,, is the upper bound of éyp, within which these relations are 
considered to be valid. From Figs. 6(a) and (5) it will be seen 
that the value of A,, can be taken as 20 in Case II and 10 in the 
other cases. c, and c, are constants. Then, recalling Condition 
(22), we obtain from Equations (24) the following formulas: 


O S Gyp S Yer? P, = cypah, 
(25) 
Aer S yp S Ay! 


Py = ah|kioye + k,E(h/a)*), 


where kj = 1/(2c.) and ky = —2*e,/c2. Values of Aer, k:, and 
kz in each cage are listed in Table 3. 

As is well known, the estimation of the ultimate load is of con- 
siderable importance for the design of airplane construction, and 
a number of studies, both theoretical and experimental, have 
been made chiefly for the case of simple support [5]. 
will compare the present formulas with those obtained by 
Timoshenko [6] and von Karman [7], referring to the experi- 
mental data given in the Tables 48 and 49 of Timoshenko’s book 
[8]. The results are shown in Table 4. Considering the degree 
of constraint along the side edges, present formulas corresponding 
to Cases I(b) and I(a), respectively, are used for the cases of the 
V-groove and square-tube tests. Observing the values of &yp in 
the table, it will be seen that, within the range of application, 
present formulas give results which are in better agreement with 
experiments than those obtained by Timoshenko and von Kar- 
man. 

Timoshenko’s formula 


P, = ah[0.4340yp + 2.04E(h/a)?), (26) 
which is derived for Case I(a) through the similar procedure as 
here, is seen to give always exaggerated values for P,. This 
seems to be due to the underestimation of the maximum shearing 
stress, which is approximately calculated at the point D making 
use of the energy method.’ 

Von Karman’s formula 

ah? 
P. = ( Eay pP) 

“—— [8(1 — v)]'72 

‘ The maximum shearing stress is given by one half of the largest 
difference between two principal stresses. Of course, both the mem- 
brane and bending stresses should be taken into account. 

’ For comparison, the corresponding forniula is obtained by using 
the values of 7m at D here calculated, which gives 

Py = ah(0.374cyp + 2.32E(h /a)?} 
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First, we * 


is derived under a rough assumption on the postcritical stress 
state, but is known to give fairly good estimation. 

Another comparison will be made with the formulas proposed 
by Gerard [9]. They can be expressed as 


Oye < A "Ge: Oy = Cer, 


Oye 2 A "Gq: (Oy/Cor) = Al Cyp/ For)", 


where o,(=P,/ah) is the ultimate average stress and 
Corl = Acrt*Eh?/a?) 


is the critical stress. Values of @ and n obtained from the 
theoretical results of Mayers and Budiansky [10] for Case I(a 
are 0.78 and 0.8, while those obtained by Gerard from the experi- 
mental results for the V-groove and square-tube tests [11, 12, 13] 
are 0.8 and 0.58, respectively. 

The corresponding formulas can be easily 
Equations (25) as 


obtained from 


Oye S&S Ger: 


(A,,/Aer) Gor? 


(oy Ca) = 


oc, = COyp, 


Cr S Ove S 
1 — ky + &(oyp/cer) 


In Table 5 is given a comparison of the values of 7, /@er as cal- 
culated by using each formula. It will be seen that the agreement 
between the present formula for Case I(a) and the empirical 
formula by Gerard is quite excellent. 

Both from the theoretical nature of the derivation and from 
the discussions given in the foregoing, it will be recognized that 
the accuracy of the present formulas may be fairly good, in so far 
as the range of application is not exceeded. 
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Introduction 


0. of the safest and most general methods of sup- 
port tor vertical closed-end pressure vessels (towers ) is to set 
them on a comparatively short continuous cylindrical shell, com- 
monly referred to as the skirt. In usual practice, the junction be- 
tween the tower and the skirt is made by a continuous fillet weld. 

Ordinarily, stresses at this junction are very high; if calculated 
by elastic theory, they are usually 10° psi. 
While this may be of little consequence under steady-state con- 


found to exceed 


ditions, the overwhelming portion of these stresses being of a 
bending character and therefore subject to relaxation, under 
cyclic conditions these stresses may rapidly induce fatigue fail- 
ures, especially at service conditions associated with high pres- 
sures or temperatures [1].! 

A detailed treatment [2] 
the analysis, design, and recommended fabrication practices for 
skirt that the effective 
method of reducing the critical junction stresses is achieved 
through a lowering of thermal gradients by means of rearranging 
While this should be sufficient 


was recently presented, dealing with 


solid supports. It was shown most 


the insulation about the junction 


1 Numbers in brackets designate References at end of paper. 

For presentation at the Summer Conference of the Applied Me- 
chanics Division, University Park, Pa., June 20-22, 1960, of Tue 
AMERICAN Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 22, 1960, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, May 21, 1958. Paper No. 60—APM-2. 


The Junction Problem of Solid-Slotted 
Cylindrical Shells 


This paper presents a solution for the problem of three cylindrical shells, one of which 
is slotted lengthwise 
the solid three-sheill problem as a particular case 
stress problem of a closed-end vessel supported either by a slotted or an ordinary skirt, 
or one that is mounted on lop of another vessel 
reduces the critical stress at the junction 


With slot length as ore of the parameters, the solution includes 
The results are applicable to the 


It is shown that slotting substantially 


for most practical cases, under extremely severe operating condi- 
not suffice. It is then 
This can be achieved 


tions even these improvements may 
necessary to reluce stresses still further. 
most conveniently by means of slotting the skirt and thereby 
reducing its stiffness. This concept is gaining increasing accept- 
ance in the process industry. 

Examples of such a slotted-skirt construction are shown in Figs. 
1 and 2. 


and terminate in drilled holes (generally '/: in. diam) in order to 


The slots are spaved evenly around tke circumference 


minimize stress concentrations at the change of section from 
slotted to solid construction. The slots are generally narrow in 
relation to their circumferential spacing; in a representative case, 
slots 16 in. long and */,. in. wide would be cut on a 12-in. spac- 
ing around the circumference. The slots terminate about 1 in. 
short of the top of the skirt, as shown in Fig. 2, retaining a 
narrow ir ‘tact band which allows for the deposition of a continuous 
skirt-attachment weld. 

This paper considers the solution of the slotted-skirt-attach- 
ment problem. Since the slot length is retained as a parameter in 
the analysis, the general solution reduces to the particular case of 


the solid skirt [2], as the slot length is permitted to vanish. 


Assumptions and Method of Analysis 


The actual physical case of a tower supported on a slotted skirt 
represents a highly complex problem. It is necessary to make 
admissible simplifying assumptions in order to arrive at a reasona- 
bly tractable solution 

In the analysis presented here, the system is idealized as the 
axisymmetric problem of three cylindrical shells joined at a com- 
mon junction. Shell 1, the skirt, is then replaced by a series of 
flat cantilevers, representing the slotted portion, which frame into 





Nomenclature 


mean radius of cylinder, in 

wall thickness, in 

modulus of elasticity, psi 
Poisson’s ratio 

distributed internal moment (lb), and internal shear 
(Ib/in ) at 
shown in Fig. 4 


junction, respectively, positive as 

rotation and deflection (in.) at junction, respec- 
tively, positive as shown in Fig. 4 

center-of-wall distances between cylinders 1 and 2, 
and 2 and 3, respectively, in. 

free-body deflection of cylinders 1 and 2 with re- 
spect to cylinder 3 at junction, in., positive as 
shown in Fig. 5 

free-body rotation of cylinder 1 related to cylinder 
3, and cylinder 2 to 3, at junction, positive as 

shown in Fig. 5 
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external distributed moment (Ib), shear and thrust 
(Ib/in.) applied at junction, positive as shown 
in Fig. 4 


Ed /(1 — v*) 
[3(1 — v?)] 


B,D 


*/(ah,) 

El, = B,/(1 — v*) 

subscripts to be replaced by 1, 2, 3 for referenc 
component cylinders 


Subscripts / and c denote quantities acting in longitudinal and 
circumferential directions, respectively. Subseript z indicates 
quantities occurring at a distance z from junction. 


functions are as defined in text. 


Auxiliary 
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Fig. 1 Junction of three cylindrical shells, one slotted lengthwise 
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‘INSULATION 
Fig. 2 Dimensional details for numerical example 


i solid cylinder representing the intact bottom portion of the 
skirt. The effect of curvature on the stiffness of the cantilevers is 
neglected, since practical problems generally deal with large- 
~D < 50ft). Also neglected is the reduc- 
tion in circumference resulting from removal of material at the 


diameter vessels (10 ft < 


slots, this effect generally being small as mentioned before. If 
warranted, this condition could be readily considered, as ex- 
plained later in the text. 

The stiffening effect of the skirt-attachment weld and the 
narrow continuous band retained at the top of the skirt is ig- 
nored, the slots being assumed to penetrate to the junction. This 
is entirely admissible, since the rotational stiffness of a ring with 
the dimensions considered here is completely negligible as com- 
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Fig. 3 A slotted skirt subjected to end moment and shear 


JUNCTION 


Fig. 4 Junction moments, shears, and associated displacements 


pared to that of the shells, so that the inclusion of this effect 
would merely serve to make the analysis far more intricate 
Apart from the necessity of determining the ailatational and 
rotational stiffness of the slotted skirt, presented in the Appendix, 
the analysis follows the familiar lines established in [2]. The free- 
body cylinder displacements are first determined from known 
conditions of internal pressure and thermal gradients [2, 4, 5). 
Next, compatibility of the structure is restored by the application 
The effect of 


local axisymmetric moments, shears, and thrusts at the junction, 


of suitable end-moment and shear distributions 


if any, are then superposed on the results to complete the solution 


Analysis for Differential Expansions and Rotations 


Shell 1, 
The ‘‘fixed’’ ends of the cantilevers, however, must maintain 


with lengthwise slots, behaves as a series of cantilevers 


continuity with the cylindrical shell at a distance L below the 
junction where the slots end, Fig. 3. 

Fig. 4 shows the final displacements due to the application of 
moment and shear in each shell. Then, by Equation (25) of the 
Appendix, the radial and angular displacements at the end of Shell 
1 may be related to the applied moment and shear as follows: 
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Fig. 5 Relative displacements at free end 


l 


= [( A, BYLAQ, 
28,*D, ~ Pr . 


1 + 26,L + 26,7L? + 


2p:L + 


] 
26,°D, 


1+ 26.1 + KiB), +: 
Similarly, for shells 2 and 3 (3): 


a= 
26.'D, 


u 


e 28;°D 


l 


— QO 26,:M 
28;2D, * 


6, = 
Continuity and equilibrium of forces at the junction require 


that: 


If the amount of material removed by the slots is substantial, the 
last two of }-quations (4) should be re plac ed by 


nb 
+ Y 


“ 


27a, 


nb 
M,+M 
27a, 


where n is the number of flat plate elements between slots of 
width b. The results will be an intensification of moments, shears, 
and stresses in Shell 1 by a factor of 27a,/nb 
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The system represented by Equations (1, 2, 3, 4 


duced to eight equations in cight unknowns: w, @, M,, Q, 
closed-form solution of these simultaneous equations yields: 


can be re- 


The 


+ B.2DA2BB, + A)d; 


l r 
” = K ES (20 + A 5)4 
+ BD, ( Br + —)¢. 4 
( 5) 
Bb, (241 cz) 
KL" 4 B,) 
C')\de + BD, ( Ar 4 ca) 
8, 


B.D¢ BB 


wo ee 
, a 

+ (Cs — K/B,D,)\di 

4+ As 


B,*D, (28, BByr + As) + ABy 


+ B2*D2 (284 BBir 
d; + B.D, (B:r( BBir + 2A 
+ BD.[B¢ BBir + A 


ow AB,r + Cs 


's — K/B,D,)\¢, 


7 & 


M, = - 
A 
+ B.*D,(B(2BB; + 3. C — K/B:D2)d; 
+B D, (pir BB, + A T 8 1p, + C 1 


B.D;(B( BB, + 24)+C-K BDiler, 
1s ee 

2a ) Pi D, (BA 2BBit + Ar 
Cr) id, + Bo*D2 [Bs 2BB. + A) — (2AB: 
B,D, (Bx BByr + As) — (ABir + Cs) le, 


BDz B BB, T A = 1B; + Cc ery 


2ABit 


= ~ \B:*D 48,( BByt + Ar) + Cr? 

— 2Kt/8,D,\d; + B:*D.(2842BB,t 

+ Crid. + B,D, [28,t( BByr + As) 
K/B,D,)\e, + 8:D2(BA2BBit + 


282"D- } 
. ee 
+ B,"D.[4B8( BB, + A 
+ £,D,[Bir(2BB, + A 


+ §.D.(B(2BB, + 3A 


BZD, (28, 2BB 


28;°D 
= kK ‘8 */), (28. 2BBu 


+ Cr)jdi:+ B*D.[282BB. + 
+ B,D, [28 BBir + As 


+ BD.[28;( BB. + A) - 


where 





= —(B,*Dir + Bo*D. — Bs*D;) 
= (B,Dis + B.D. + B:D;) 
2B'Dit + B.D: + B,*Ds) | 
BC — A? 


/ 


1+ 26,1 + BKiL? 


2K,B,L* + (4 K,B,*L*/3) + (K,B,;*L4/3) 


28.L + 28,°L* + (2 KiB,*L‘/3) 4 
+ 2K\L + 2K.BL? + (4 KiB,2L*/3) + (K:*B7L4/3) | 
= l - KiL = : —— ie 
1 + 2KiL + 2K,B,L* + (4 KiB2L4/3) + (Ki2B8:2L4/3) | 


It should be noted that Equations (6, 7, 8) are perfectly general 
as long as only cylindrical shells are considered; they permit the 
treatment of component shells of different mean radii made of 
different materials. Also, when Shell 1 is not slotted, L = 0, 
r = gs = ¢ = 1, and the solution reduces to the solid-cylinder inter- 
section problem [2]. 

In most practical cases Shell 2, the bottom head, will not be a 
cylinder; rather, it will be hemispherical, torispherical, conical, 
or toriconical in shape. Nonetheless, the results obtained here 
for cylindrical shells are still expected to hold with good accuracy, 
as explained in detail for the solid-skirt problem [2]. If Shell 1, 
the skirt, is conical rather than cylindrical, the ‘‘equivalent- 
cylinder’ approach, with suitable corrections for shear, affords a 
satisfactory approximation [2]. 


Analysis for External Moments and Shears Applied to 
Junction 

Since the center lines of Shells 1,2, and 3 are at slightly different 
radial distances, the internal pressure, weight, and wind loads 
may give rise to distributed moments which can be considered as 
external moments applied to the junction. Distributed shear will 
be introduced, in turn, if any of the shells deviates from the 
cylindrical shape. These local forces will be represented by axi- 
symmetric moment and shear distributions—the wind-induced 
effects are taken as constants with values equal to those of their 
Then, from the condition of continuity 


and equilibrium of forces: 


maximum intensity. 


Ww; 


0 


DQ, =e 
M,+M.-—-M; = M 


Displacements, moments, and shears are obtained by solving 
the familiar set of simultaneous equations: 


BQ — AM) 
CM — AQ) 


M(ABir + Cs) — Q(BBir + As)] 
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»D. 
¢= ss  (M(AB, + C) — Q(BB: + A)!| 


_ BD; 
a 


B,2D, 
" 


(7 48, — C) — Q(BB; — A)] 


[—M(2AB,t + Cr) + Q(2BB,t + Ar)] 


2]. 
— ae (—M(2AB; + C) + Q(2BB, + A)] 


B;*D; 


Q; = K [—M(2AB; — C) + Q(2BB, — A)] 





Equations (10) again represent a general solution for cylindrical 
shells. 


The Resultant Junction Moments and Shears 


With known free-body displacements d;, de, ¢:, ¢2, and external 
forces M and Q, the solution for the junction moments and shears 
can be simply obtained by superposing the results of Equations 
(6) and (10). 

Considerable simplifications can be achieved in the treatment 
of the problem if all three shells are cylindrical with identical 
junction radii and moduli of elasticity. For this case E; = E, 
a; = a,i = 1, 2, 3, with 


B.D, _— BoD» Sh i 
oo? 


re ee 


b . - = ’ 
ag 


i (“) , 
B, Me 


The resulting expressions are, after simplification: 


1 1 
Tnfi + 
oe 


[(ree — ru)\Q — Bol pe — pa)M) 


y = red; + rade + 


Tne 


l 

 28.3Ds 

0 = —(Bipiwd: + Bepwdet+ pugi + pugs) 
1 

28:*D, 

= 28,D (8, Kyd; — Kiyd2) + luigi — hee) 


[(r22 — 2rn)Q — Bs (poo — 2pn)M] 


] 
- B, ruiQ + puM 


2 = 26:D2[Blkad; — kode) + (pi/pe N/a, — leper) 
1 
— 3 ruQ + pxuM 
=M,+M:-—M 


= —26.°D, [Bi mud) — myd2) + ku¢gi 
— (pe2/p1)*kage) + rxQ — Bipr»M 
282*Ds» | Bs{(ui/Me)"/*mizd, — masds) 
+ (j1/pa)*hiegi — Keser} + ra Q — Rep! 
Q-a-2 
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where 


S/o 


= 2 pe 
+ *r — 1)? 
In problems of a recurring nature, the functions of Equations 


(13) may be arranged conveniently in chart-form solutions. 


Stresses at and Away From the Junction 


Unslotted Shells. When the displacement, moment, and shear 
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at the end of each shell are determined, the longitudinal and 
circumferential stresses at any point along the shell can be 
evaluated by the expressions: 


where 


e~*:* (cos Bz + sin Bw 
e~8* (cos Bz — sin Bz 
ei sin Bx 
e~°s* cos Bx 


1,2,3 


Membrane stresses resulting from internal pressire are additive 
to those given in Equations (14) According to the functions of 
the stresses die out in an exponential fashion; 
hence the stresses must be localized near the end of shell. A ten- 
scns refer to 


Equations (15 


sile stress is designated as positive and the upper 
internal surfaces in Equations (14). 
The stresses at the junction (z = 0), which normally are maxi- 
mum for unslotted cylindrical shells, can be deduced from Equa- 
14 Assuming Poisson’s ratio v to be 0.3, one gets: 
_ 6M, . adp 
+ + 
h 2 2h, 
3.305 ‘ , aAp (16) 
+ (1.7 = 0.551 
Bae“ 2h, 


0.3 + 0.551)0,; — 


where Ap denotes pressure differential, assumed positive if the 
pressure inside is larger than outside of the shell 

It should be pointed out that the stress created by the vessel 
load P is considered negligible in comparison with that induced 
by the internal pressure. If Shell | is a skirt, the vessel load in- 
duces a cumpressive stress uniformly distributed around the 
circumference, whereas the pressure difference vanishes, so that 


the stresses in the solid skirt can be described as follows: 


P 


_6M 


" 


h,2 hy 


0.3 + 0.551 (0; } 


The Siotted Skirt. 
the skirt is uniaxial 


The stress condition in the slotted portion of 
At the junction, the stresses take the follow- 
ing form: 
6M, P 
+ 
h 


Numerical Example 
The skirt support selected to illustrate the treatment of the 
problem is shown in Fig. 2. The applicable numerical values are 


as follows: 


Dimensional Data 


a= 0.83 in., 0.9063 in 


E = 25.! ; i, ° 0, ho = j 


0.75 in 
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Table 1 

Moments, in-lb/in. 

Slotted 
skirt 

3060 

— 2130 

— 480 


Solid 

skirt 
4063 

— 3405 


—752 


Component 
Shell 1 (skirt 
Shell 2 
Shell 3 


Per cent 
reduction 
24.7 
37.4 496 
36.2 


Values of junction forces 


Shears, |b/in. 
Slotted 
skirt 
—214 
212 


151 2 


Solid 
skirt 
—647 


Per cent 
reduction 
66.9 
57.3 


98.7 


Table 2 Comparison of junction stresses, psi 


Slotted 
skirt 
— 24280 


Solid 
skirt 
— 31560 
27800 
40125 
— 32475 
11825 
—4175 


Component Surface 
Inner 
Outer 
Inner 
Outer 


Shell 1 (skirt 


Shell 2 


8940 
— 1290 


Inner 


Shell 3 Outer 


* Numbers in parentheses designate per cent increases. 


Loading Parameters 


¢, = 0.558 10~2: 1410 in-lb/in., 


1700 Ib/in. 


50 psi 


This numerical example, representing the skirt-support prob- 
lem of an actual refinery vessel, already incorporates the improve- 
ments obtainable from a redistribution of insulation around the 
The problem was to determine the added advantages 
to be gained from a slotting of the skirt. Comparative results for 
the cases of a solid skirt (L = 0) and a slotted skirt (L = 16 in.) 
are presented in Table 1 for the junction forces and in Table 2 for 


crotch [2]. 


the junction stresses 
The numerical! ex imple points up the pronounced benefits ob- 
tained by slotting the skirt. Not only are the junction forces and 


reduced by the added flexibility imparted 


stresses substantially 
to the skirt thro igh 
highest stressed elements, notably the skirt and Shell 2 (the bot- 


slotting, but the reduction is greatest in the 


tom portion of the vessel). Comparable reductions were obtained 


in a number of other cases analyzed by the authors 


Conclusions 


The practic stress problem of three shells, one of which is 


slotted, is solved in The solution 


though 


this paper in general form. 
pa} £ 


given, explicit, is rather tedious. However, with high- 


speed digital computers, the auxiliary functions that are pre- 
the solution can be expediently tabulated numerically 
With tables so constructed, the relative 


be studied with ease. 


requisite to 
for design applications 
| 


Gesigns cal 


merits of different 

A numeri imple is presented, dealing with a vertical re- 
velic service and examining both alternatives of 
The merits of slotting the skirt 
for greater flexibility and lower junction stresses are well brought 


finery vessel ir 
a solid and slotted-skirt support 


out by this ex For average conditions, a minimum slot 


mple 
length with a 6, value of 2.0 is suggested for an effective reduc- 
tion of junction stresses 
Design criteria and recommended fabrication practices for skirt 
vers subject to high pressure and temperature as 


rvice have been discussed in another paper [2]. 


supports on to 


well as cyclic s« 
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APPENDIX 
Slotted Skirts Subjected to End Moments and Shears 


Owing to slotting, the continuity of the cylindrical skirt in the 


McGraw-Hi 


hoop direction is destroyed. If a uniformly distributed moment or 
shear is applied at the end of the slotted skirt, the slotted portion 
will behave like a series of cantilever beams with their far ends 
framed into a continuous cylindrical shell. The cantilever also 
has a mild curvature, but this will be neglected in the subsequent 
analysis for sake of simplicity. 

As the slotted portion must maintain continuity with the ad- 
joining cylindrical shell, certain moments and shears are generated 
in the shell. 
duced are local in nature. 


It can be shown that stresses and deflection so in- 
Hence, for practical purposes, the 
problem can be treated as a cantilever of finite length framed 
into a cylindrical shell of infinite length assuming, of course, the 
unslotted portion is not too short 

and the 


The differential equation governing the curvature 


bending moment takes the following form: 


where 


VW, + Q r 


Equation (19) can be integrated to get 


dy 


21) 


the slotted skirt and the shell have a common tan- 


Atz = L, 
gent, therefore 3: 


28:.M, + Qz) 
28,2D, I 2B 


M, 
Qe 


=M,+ QL 


= Q 
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Hence 


- Eyl; 


2B,*D, 26:M,| — 


28.L + 1)Q 4 VL 


Equation (20) then becomes 


7 dy El 


— = 


) = (26,2 + 1) 
' dz 28;2D, aL + 1)0 


E\l, 


dy l 8,7 NO 
dr a6, oY oe 


KL — z)[ 
BD, E 


hee 


Also, at z = L, the slotted skirt 
the same amount, so that 


ild deflect 


ind the ‘ll sho 
B,M 


: . ly L? , 
Eyl, | 4 
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Substituting the constants back into Equation (21) 


El, 
28,*D, 


Bu; 26;°L? + 2B,L + 1) 
T 28.3D, i\\=“1 4 —prise « 


(2B,L + 1)Q, + 28,My Jz 


+ B(28,L + 1)M,] + M, 


} 
After simplification 


1s, 
- 288D, V' 


the equation of the elastic curve becomes 


2B,7L(z — L) + B(x — 2L) - 


B,(2B(L — zx) 


i bee ee 
aoe: eo 


I duces to 


L, Equation (23 


l 
BL + 1)Q, 


[(B; BM) 
28,*D, 


(24) 
It may be observed that when L and z are set equal to zero, the 
results reduce to the case of a solid skirt. 

For the slotted skirt with a moment and shear applied at the 
end, the aagular and the radial displacements at the free end may 


be evaluated by setting z = 0 in Equations (22) and (23 


dy l 


- 26,L + 1) 
28;2D, “ 


+ 26,M;} 
Kul (ar L) 
B.D, \ ea 


28,°L? + 2B,L + 1)Q, + BY 26,0 + 1)M;] 


1 


~ 28,°D, 


K,L* 


+ (20,1 + 3M,) 
63.D,* ™ _— 
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Briel Notes 


On the recommendation of the Executive Committee of the ASME Applied Mechanics Division, it was 
decided to initiate a section devoted to brief notes on technical matters in mechanics. These notes 
must not be longer than 750 words (about 2'/, double-spaced typewritten pages, including figures) and 
will be subject to the usual review procedure prior to publication. After approval such notes will be 
published as soon as possible, normally in the next issue of the Journal. The notes should be sub- 
mitted to the Technical Editors of the Journal of Applied Mechanics. 


A Method of Numerical Evaluation 
of a Large Determinant 





F. R. E. CROSSLEY! and USTUN GERMEN? 


When solving problems in the vibration of a close-coupled system, 
there arises the need to expand a tridiagonal determinant of the 
type of equation (1 A very quick and accurate means of ac 
complishing this expansion is provided by the following numerical 
procedure, which can readily be adapted to computer programming 


IN FINDING the natural frequencies of torsional oscillation of a 
multicylinder engine, or the eigenvalues in an electric ladder 
network, one encounters a determinant which has the form: 


—B; 


(a + 8, — w?) 


In this, all terms @ and 6 are presumed to be known, while w is 
unknown, The determinant is typical of a class and, if it is of an 
order higher than the third, it becomes rather laborious to expand 
it by minors, although this is a common approach. The order of 
the determinant will agree with the number of degrees of freedom, 
which is also the number of characteristic values in the system; 
in the determinant shown, five have been taken merely as an ex- 

When expanded, the determinant will yield a polynomial 
and the roots of this polynomial are the desired natural 


ample. 
in w?; 
frequencies. 

The equation of fifth order, obtained when the determinant is 
set equal to zero, will arise in the analysis of the ladder-type sys- 

1 Associate Professor, School of Engineering, Yale University, 
New Haven, Conn. 

? Graduate Student. 

Manuscript received 
October 28, 1959. 


by ASME Applied Mechanics Division, 


k, ke 


ms me as 
Fig. 1 


tem of five masses and five or six springs, such as is shown in 
Fig. 1. 
From a consideration of the forces on each mass in succession, 


the five simultaneous linear equations are: 
mF; ko( 22 ‘ — kx, 


2L2 


(as + Bs — w?) 


In these, we first define a, = k,/m, and 8, = kys:/m, and 
then assume in the usual manner that each co-ordinate varies 
harmonically with a different amplitude but the same circular 
in this manner we come immediately to the La- 
It is also clear that if this 


frequency w; 
grangian determinant in equation (1) 
determinant is multiplied out, there will appear a quintic equation 
in w*, such as 
w” — Ao + But — Cw! + Dw? — E =0 3) 
The five coefficients, A through £, are all sums of products of 
the known parameters a, and 8,. These can readily be evaluated 
by using a table, Table 1. In the first column we list the known 
ratios @;, 8;, @2, 82, a3, and so on, in order: here they are given 
round-number values in order to present the process as simply as 
possible. That the last term §; is zero indicates that the spring 


ke (Fig. 1) is absent. 


Table 1 


Com tS OF 


n= 


w 


no > 


B =233 
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540 
120 
108 

54 


6 
0 


D =984 E =120 
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We then proceed as follows: 
Column 2: Add the numbers in column 1 from the bottom up, 
Thus in the eighth 


row put 0, in the seventh 0 + 2, in the sixth 0 + 2 4 


putting the successive sums two rows higher. 
4, and so on. 
Column 3: Multiply the numbers in column 2 by those in 
column 1, row by row. Thus 5 X 19 = 95,2 * 15 = 30, and so 
on 


Column 4: Add the numbers of column 3 from the bottom up 


and set two rows higher, in a similar process to that for column 2. 


Column 5, and all odd-number columns: Multiply the num- 
bers of the preceding column by those in column 1 in the same 
row 

Column 6, and all even-number columns: as with columns 2 
and 4 

Lastly, add the total of all numbers in each odd-number column 
These will be the coefficients of the poly nomial. 


For this example, therefore, equation (3) has the form 


26a% + 233w* 828w 984? 120 = 0 

The roots of this equation can then be found by synthetic 
division, or by a procedure such as Giucffe’s 

It may be noted that this process involves only a little more 
computation for a twentieth-order determinant, and is certainly 
In fact, the 


larger the determinant, the greater the advantage of this method 


no more complicated, than for one of tenth order 


APPENDIX 


The algebraic proof of the method needs demonstration 


The 


expansion of a determinant A of n™ order such as equation (1 


vields 


A= 


B, 


We observe that the two highest-order terms in the polynomial 
expansion can only arise from the first product term cited; that 
the next two polynomial terms can only issue from the first and 
second types of product terms (i.e. from the first five terms in the 
We note 


parameters, which “escape” from the brackets with w?, escape in 


foregoing case), and so forth. ilso that those individual 
pairs (such as Ba in the second term cited), and that these pairs 


are the ‘‘bend sinister’ terms of the determinant. They may be 
recognized in the physical system as the two derived from the 
same spring acting on neighboring masses. In the expansion, all 
polynomial coefficients involving products of neighboring parame- 
ters, either a,f,, or B Ons, are always eliminated 

Proceeding then to multiply out the products cited, one can 


obtain 
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1A = w™ — fa, + B, + B, Jw? 
+ [ai(ae, 4+ 
+ BB, 

+ ala; + B; + 


+ Ba-aB,)w%-* — 


To simplify the coefficients of this second term and subsequent 


terms we define 


and with these, equation (5 
-1)"A4 = w™ 

+ [a,S, 

— fa,(S 


+ aol 


and so forth 


9 


. [ay tT Qs tT B. t 
BS: + aS; + 


Ww 
T fa, 8; 


— [a,7; 


B T; T eT; 7 « 


+ [an(Ts + 74 T; aa BC 1 


lt -8 4 


From these it is plain that the successive coefficients of the poly- 
nomial terms are 
A= " = 
B = aS, + BS: + aS: + .. 
( = aT +t BT: T QT’; T and 80 forth 


and these were found by the table. 
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BRIEF NOTES 


On the Griffith-Irwin Fracture Theory 
J. L. SANDERS, JR.’ 


THE purpose of the present paper is to give a new mathematical 
formulation of the criterion for crack extension according to the 
Griffith-Irwin theory in terms of a path-independent line integral. 
The derivation will be made for the case of a crack in a plate 
where the plane-stress theory applies, but it may be generalized 
easily to other cases (three-dimensional elasticity, shells, etc.). 
An account of the Griffith-Irwin theory as such may be found in 
[1]? and in the papers referred to in that paper. 





Analysis 

Suppose we have a plate with arbitrary boundaries on which 
we prescribe arbitrary boundary conditions (possibly time-de- 
pendent). The plate is supposed to contain a crack of length L(a@) 
where @ is some parameter which increases when L increases 
The edges of the crack itself are assumed stress-free and all inertia 
effects are neglected. We will assume that the (quasistatic) 
solution of this plane-stress problem is known, that is, @;;, €;;, and 
u; are known functions of z, y, t, and a. Let C be some simple 
closed curve surrounding the crack. According to the Griffith- 
Irwin theory, the following energy balance must hold during a 
(virtual) extension of the crack: 

The rate at which work is being done by forces acting across 

C equals the rate of increases of strain energy stored in the 

material inside C plus the rate at which energy is dissipated 

by the growing crack. 
The last term in this equality is assumed to be proportional to 

dL dL da 


= = L'a 
dt da dt 


In symbols the equality reads: 


du; 1d 2 
_* dt ds = 2 dt a Tu, ds + GL’'& (1) 


where 7; are the boundary tractions, and G is a constant which 
depends on the power required to extend the crack at a given 
Equation (1) may be transformed into 


rate. 


or) 
ds + 
Oa 

l . 
“ (Ta; — uP ds = GL'a& (2) 
JC 


9 


where 


and similarly for d7,/dt. Now the second integral on the left is 


easily shown to vanish, and so we have the result: 


1 on oT 
= f (r, Dai u,— ]}ds — GL’ | a=0 (3) 
2J/c oa oa 


Ordinarily equation (3) has no solution other than & = 0 and we 
have here a kind of eigenvalue problem. For certain values of 
the crack length (or load level) which may be cailed critical the 
following equation holds: 

1Gordon McKay Lecturer on Structural Mechanics, Division of 
Engineering and Applied Physics, Harvard University, Cambridge, 
Mass. 

? Numbers in brackets indicate References at end of Note. 

Manuscript received by ASME Applied Mechanics Division, 
October 2, 1959. 
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oT 
(te Set — we Sat) as = aus (4) 


In the usual case a crack length longer than that determined by 
(4) would extend and lead to failure of the structure. However, 
in other cases the solution of equation (4) may determine the 
conditions under which a running crack would be arrested (neg- 
lecting inertia effects) and so the proper physical interpretation 
of the solution to (4) must be left to depend on the case at hand 
The most useful feature of the present form of the criterion (4) 
is that the integral J is independent of the path C (by the manner 
of its derivation). One obvious advantage is that there will be 
no difficulties connected with calculating the strain energy in in- 
infinite regions. 4) is that C need not 
necessarily be a closed path but may begin and end on a free 


A simple modification of 


boundary in such a way as to enclose the tip of the crack 

Since the integral J is independent of the path C, one might 
expect it to take a simple form if the solution of the plane-stress 
problem is known in terms of the two analytic functions @ and 
of the Muskhelishvili formulation of plane-stress theory [2] 


This is indeed the case. According to Muskhelishvili, 


— w) (3 


E(u —v)d — (1 + v)2p’ —(1l + 
v, and a bar over a quantity denotes the com- 


dX, T:ds = dY, and let a subscript 
a denote differentiation with respect to a. 


where u U, Ue 
plex conjugate. Let T,ds 
The integral J may 
be written 


| 
I = - Re \f, [(ua + tvq)d(X — iY 
2 isc 


l 
- Im } fol 
2B Ie 


— [1+ y)2d’ — (3 — v)o + 


1 + v)zd,’ — (3 


+ (1+ v)~.ld(zo’ + G+ y 


- VIP « 


(1 + v)Wid(a 
(6) 
where Re or Im means the real or imaginary part of, and where 


d(X — iY id(3o’ + 6 + yp). 


becomes: 


After some manipulation (6 


2 \ , a 
->3 Im } f. Vad’ + V'ba)dz¢ 


If the path C begins at point A and ends at point B on a free 
boundary where the boundary condition is #76’ + @ + Ww = 0, 
then equation (7) must be modified to read: 


/ 
. R) 
\ 


2 a B , , 
E Im s[26’bala? + f, (Vad + W'ba)dz 


Applications 

The following two examples are not new results but are pre- 
sented to illustrate the application of the criterion (4). 

Consider the problem of a cracked rectangular plate loaded on 
two opposite edges which are constrained to remain straight and 
free on the other two edges. On the first loaded edge let u, Us 
= 0. Let C be the boundary of the plate; then the only con- 
tribution to J comes from the second loaded edge. We have: 


1 oU l 
: fr ds — U = fr: fds 
2 da 2 oa : 


[= 


(9) 
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where F S Ts, uy 0, and u U on the second loaded 
edge. For the present purpose, all we need to know about the 
solution of the plane-stress problem is that, for a fixed value of a, 
there exists a linear relation between the resultant load F and 


the displacement U, namely 
F 10 


From the foregoing we can show that the critical crack length for 
a fixed grip test (OU /da O) is the 
»F/da = 0 


same as for a dead load test 


In the first case we have from (9) and (10 


OF l 
Oa 


In the second case from (9) and 


1 ow 4t4] ”. 


2 Oa 


rhe value of J is the same in both cases and hence so is the critical 


This several 


crack length result has been noted before by 
authors 

For another example, consider the problem of an infinite plate 
with a periodic array of cracks of ieugth 2a along the z-axis with a 
distance | between the centers of the cracks. The plate is sub- 


jected to a uniform stress a, o at infinity. The problem of 


determining the distribution in this case was solved by Wester- 
gaard [3] In terms of the Muskhelishvili functions the solution 


M7 2’ 


Let C enclose the crack which extends from z 


we have 


: Im fs v0’ + 


2 (28 


By using (14 


he path C encloses the two simple p les at z aandz = —a 


so the integral may be evaluated easily After the calculations 


have been performed the criterion reads 


2a is 


Conclusions 


The Griffith-Irwin criterion for crack extension has been ex- 
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pressed in the form of a contour integral. The path independence 
of the integral makes it clear that the amount of strain energy 
available in the cracked structure is irrelevant. The quantity 
that does matter is the strength of the square-root singularity at 
the tip of the crack. This strongly suggests that the Griffith-Irwin 
approach to fracture mechanics via energy concepts is equivalent 
to an approach via stress-concentration factors (which reinforces 


a conclusion reached in Ref. [4]}). 
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On the Flexure of Plastic Plates’ 
S. LERNER’? and W. PRAGER’ 


IN THEIR pioneering work on bending of rigid, perfectly plastic 
Hopkins and Prager‘ used the yield condition of Tresca 
and the associated flow rule. Hopkins and Wang?! later extended 
the analysis to arbitrary yield conditions and the associated flow 





plates 


rules. On account of the mathematical difficulties presented by 
other shapes, work in this area has been almost exclusively con- 
cerned with circular plates under rotationally symmetric loading. 
Attempts at experimental verification of the theory have likewise 
been restricted to circular plates under rotationally symmetric 
loading. Such tests can at best provide indirect verification of 
the theory because they deal with the over-all deformation of the 
circular plate under a nonuniform distribution of radial and cir- 
cumferential bending moments. The purpose of the present note 
is to draw attention to a simple test that provides a direct check 
on the fundamental assumptions of the theory, when the two 
principal bending moments have opposite signs 


Analysis 

Fig. 1 illustrates the pr posed test: A horizontal rhomboid 
plate of the uniform thickness h and semidiagonals of the lengths 
a and 6 is subjected to four vertical loads of the same intensity P, 
two of which act downward at the end points of one diagonal, 
while the remaining two act upward at the end points of the other 
diagonal. As was first pointed out by Kelvin and Tait, this type 
of loading is compatible with a distribution of bending and twist- 

' The results presented in this Note were obtained in the course of 
research sponsored by the Office of Naval Research under Contract 
Nonr 562(10 
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dence, R I 

*L. Herbert Ballou University Professor, Brown Universit, 
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*H. G. Hopkins and W. Prager, ‘‘The Load-Carrying Capacity 
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*R. M. Haythornthwaite and E. T. Onat, “The Load-Carrying 
Capacity of Initially Flat Circular Steel Plates Under Reversed 
Loading,” Journal of the Aeronautical Sciences, vol. 22, 1955, pp. 867- 
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Fig 1 


ing moments that is uniform over all of the plate except narrow 
strips along the edges in which all shear forces are transmitted. 
As the intensity P of the loads is increased slowly, starting from 
zero, the plate remains rigid until a critical value P* of the load 
intensity is reached and plastic flow sets in. The rate of deflection 
for this incipient plastic flow can be assumed to be given by 
< (at — yty'), (1) 


9 


- 


where c and ¥ are constants. The corresponding rates of curva- 


ture and twist are 

= —d%w/dr? = —c,) 
= —0*%w/dy? = y*c, > 
—d*w/dxrdy = 0. 


~ 
Kry = 


According to the general theory of limit analysis, the bending 
and twisting moments associated with these rates of curvature and 


twist can be written as follows: 


M, = Xy*e, M,, = 0; (3) 


M, = —Xe, 


here A is a positive factor of proportionality, which can be de- 
termined from the yield condition of the plate. The vanishing 
of the twisting moment M,, in (3) shows that M, and M, are 
principal bending moments. 

If, for instance, the plate material obeys the yield condition of 
von Mises, these principal bending moments must satisfy the 
relation 


M,?+ M, — M,M, = Me, 4) 


(see Hopkins and Wang),5 where M, is the yield moment in 
simple flexure. In terms of the yield stress a) in simple tension 
and the thickness A of the plate, this yield moment is given by 


My, = ovh?/4. (5) 


Substitution of (3) into (4) and use of the resulting value of \ in (3) 
furnishes 
—-M(1l + y? + ¥*)7”, 

M, = M1 + ¥ 


M,= 
~~ 
The critical load intensity P* can now be determined by equating 
the moment of a corner load with respect to a diagonal to the total 
bending moment transmitted along this diagonal; one finds 


(7) 


Comparison of the values of M,/M, obtained from (3) and (7) 
shows that 
y = b/a. (8 


For the yield condition (4), the critical load intensity (7) can 
therefore be written as 


JUNE 1960 


mn ibs 


LOAD P 


2 3 
DEFLECTION in .iin 


Fig. 2 


2yM 
Y 2 + 7‘ 


where ¥ is given by (8) and M, by (5). 

The preceding analysis starts from an assumed yield conditio1 
(4) and furnishes the critical load intensity P* in dependence on 
the shape parameter y = b/a. Conversely, for a given value of 
this shape parameter, the experimentally determined value of the 
critical load intensity P* furnishes, by means of (7), the co 
ordinates M, and M, of a point on the “yield locus,’’ which 
represents the yield condition of the plate. By using rhomboid 
plates of different shapes, those parts of the yield locus may be 
determined that lie in the second and fourth quadrants of the 


M,, M,-plane 


Experiment 

As budget limitations ruled out a complete test series of this 
kind, only a single test was performed with a square plate of mild 
steel with the following dimensions: a = b = 9 in., h = 0.25 in 
To determine the yield stress o) in simple tension and check the 
isotropy of the plate, two strips were cut in each diagonal direc- 
tion from the same sheet as the plate and tested in simple tension 
The observed yield stresses had the mean value a = 34,700 psi 
from which they differed by at most | per cent. The diagrams in 
Fig. 2 show the load intensity P versus the deflection of the 
points B and C with respect to the points A (see inset). Each 
set of observations closely fits two straight lines; the ordinate 
of the point of intersection of these lines gives the critical load in- 
tensity P* = 620 lb. This agrees well with the yield condition of 
von Mises, because for a square plate (y = 1), Equations (9) and 


(5) furnish 


joe 


< 34,700 « 0.25? = 625 lb. 
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Induced Velocities in the 
Two-Dimensional Cascade Theory 


J. POLASEK' 

In a paper,? M. J. Schilhansl described an approximate method 
for calculating the velocity component induced on a section of a 
two-dimensional cascade by vortexes distributed on the remaining 





sections.? This method gives good results only in the case of 
1 the expansions in his 
the 


small solidities (o < 1), since for ¢ 


equations (35) and (36) diverge For greater solidities, 
method can be employed so that the effect of one or two adjacent 
pairs of blade sections is calculated directly, as stated in Prof 
Schilhansl’s paper. However, the calculation by means of the 
Simpson's rule, as mentioned in the paper, is time-consuming; for 
this reason we would like to point out that relatively simple ex- 
pressions for exact calculation can be obtained by the use of the 


function of complex variable 


Analysis 

The basic distributions on two blade sections with the ordinal 
1umbers +v and —v induce on the chord of the blade section zero 
velocities which can be written in a complex form: 


where 


l 
T 


which can be calculated by considering — a complex variable and 
b+ selecting the integration path as shown in Fig. 1 Since the 
integrand of Equation (3) has for finite values of the argument & 
only a pole of the first order for £ = a and branch points of second 


order for & = l and & = 1, the following applies according to 


the residue theorem: 


Aeronautical Research Scientist, StAtni vyzkumny tstav tepelné 
techniky, Prague, Czechoslovakia. 
2M. J. Schilhansl, ‘A Simple Approach to an Approximate Two- 
Dimensional Cascade Theory,”’ JourNAL or APPLIED MECHANICS, vol 
25, Trans. ASME, vol. 80, 1958, pp. 607-612. 
* Several printing errors appear in the text of Prof. Schilaansl’s pa- 
per 
. ° 2Um 
(a) Equations (30) and (31) should read: i = 
r 


(b) In Table 1, the individual items should read: Fx 


s — */42%, Fu = = ad — 3/5 7? 


—'/5,Pu = 
x? 


(vy) n , 
should read: — ('/s 
dim 


(c) Equation (36) r 
) 


-~4 
a0 | 1/o0)4 cos 48.F' an + 
(d) Page 611, 2nd column, 2nd line should read: \ = 60 deg. 
Manuscript received by ASME Applied Mechanics Division, No- 
vember 25, 1959. 
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d& = ilres f(a 


— res /(« (4) 


Other details of the calculation which can be performed quite 
easily are not included, only the results being presented herein 


Denoting 


a? 


where the signs of the roots are selected so as to yield | 


we! < |, it fc'lows that 


(qi? + we?) — — (ait + we! 11)4 


The velocity components (v,),,, and (wy),» are then the real 
and the imaginary part, respectively, of the expression on the 
right-hand sides of equations (7) to (11). In a numerical ecal- 
culation all operations are carried out with complex numbers, the 


‘ For small values of o/y it is possible to develop the foregoing 
expressions into power series and to obtain relations (35) and (36) of 
the original paper directly. 
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Table 1 


—1 —1/2 
-0846 
1607 
2935 
5093 
8431 


-0935 
1946 
-4016 
7607 
3138 


—0.0036 
—0.0134 
—0.0457 
—0.1314 


0.0009 
0.0035 
0.0122 
0.0234 


120 deg 


150 deg 


| 


-oooo ccooceo 


Table 2 
—1/2 
—0.0010 
—0.0036 
—0.0125 
—0.0398 
—0.1118 


0.0005 
0.0015 
0.0038 
0.0048 
—0.0142 


0.0006 
0.0029 
0.0147 
0.0701 
0.2256 


90 deg 


| 

| 
owe 
| 
| 


120 deg 


Soooco Krooo 


ea 
ooo 


150 deg > 


separation into the real and the imaginary part being performed 
at the end. 

When calculating the velocity induced by the two blade sec- 
tions with the ordinal numbers +1 and —1 according to the exact 
formulae (7) to (11) and the remaining according to the modified 
expressions (35) and (36), results are obtained with arbitrarily 
(For yet larger solidities, the effect of blade sec- 
+3 and —3 
must be calculated in accordance with the exact formulas. 


small errors. 
tions with ordinal numbers +2 and —2, or possibly 


Tables 1 and 2 contain certain values of the components of (uy )o 
and (vy)o for various 8 and a, calculated by the described method; 
the error of the values thus obtained is smaller than 0.0001. 


The Relation Between Stress 
Concentration and Boundary Displacement 
for Simple Openings 

J. S. BROCK’ 


IN THIS note an interesting relation between stress concentra- 





tion and boundary displacement is pointed out which applies for 
openings in the form of circles and ellipses loaded parallel to a 
semiaxis. 

It is well-known that both the boundary and fieldi stresses 
around a general opening in a uniformly stressed infinite plate of 
homogeneous isotropic material are independent of the elastic 
constants. First, let us show that the boundary displacements 
for a given strain in a plate are also independent of the material 
boundary free of ex- 


constants. The familiar condition for a 


ternally applied forces is,? 


@ Co) 


bes ‘al (1) 
w'(&) 


(6) + We) =0 


g(a) + 
1 Department of the Navy, David Taylor Model Basin, Washing- 
ton, D. C. 
2 I. 8. Sokolnikoff, ‘‘Mathematical Theory of Elasticity,’’ McGraw- 
Hill Book Co., Inc., New York, N. Y., 1956. 
Manuscript received by ASME Applied 
August 7, 1959. 


356 


Mechanics Division, 


' JUNE 1960 


—0.0009 


—0.0400 


(uy do Un, 
0 


—0.0863 
—0.1672 
—0.3136 
—0.5546 
—0.8999 


—0.0918 
—0.1889 
—0.3978 
—0. 8488 
—1.6096 


1/6 
—0.1138 
—0.21£1 
—0.4005 
—0.6845 
—1.0713 


—0.1236 
—0.2567 
—0.5458 
—1.1382 
—1.9223 


5/6 
—0.2143 
—0.3872 
—0.6473 
—0.9977 
—1.4674 


—0.2604 
—0.5554 
—1.1135 
—1.7485 
2.5232 


(vy)o/um 
0 


—0.0998 
—0.1941 
—0.3687 
—0.6753 
—1.1780 


—0.0528 
—0.1080 
—0.2223 
—0.4529 
—0.8759 


.0497 
-0952 
- 1696 
-2270 
0.0121 


1/6 
—0.1318 
—0.2541 
—0.4761 
—0.8553 
—1.4593 


—0.0710 
—0.1457 
—0.2996 
—0.6007 
—1.1211 


0.0653 
0.1225 
0.2030 
0.1904 
.1933 


—1. 


2 


ec. 


—0. 
—0. 


—1. 
—1. 


0 
0. 
0 


—0. 
=f, 


where (a) and yc) denote the values of the potential functions 
on the boundary, which is described by the mapping function 
w(o). The displacement of points on the boundary of the open- 
ing is given by 

Wa) 


» 


ati 1] + Je) = koi Co —_ 


where g; and g are the Cartesian co-ordinate components of 
displacement (see Fig. 1), and for plane stress, 


fi 12 
in- 
o- 
Therefore, for a 
given strain applied to the plate, the unit displacements of the 


Thus, for a general opening, the boundary displacements are 
dependent of Poisson’s ratio. They depend only upon the 


function and inversely on Young’s modulus. 


boundary of an opening are independent of the elastic constants. 

Equation (3) will now be applied to the consideration of the 
deformation of an elliptical opening to show the relation existing 
between the boundary displacements and the stress concentra- 
tion. The mapping function for an ellipse whose semiaxes, a and 


b, lie on the co-ordinate axes is 


function is simply 


For a uniform stress acting in the direction of the y-axis the ¢- 
* : (3a + b 
oF) = : aeiieane~ haus 


| 


The boundary displacements, easily obtained from 


(3) and (5), 
are given by 
S, : ‘ 

” {[—a cos 8 + i(2a + b) sin B} 


+ 192 


ni 
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Directions of load and displacements 


[a a 


Fig. 1 


and the unit displacements or “‘strains’’ are 


bsin 8 


Thus we have the somewhat surprising result that al! horizontal! 


chords of the ellipse experience uniform strain’’ 
eq ial 


compressive 
in magnitude to the minimum strain around the boundary 
Likewise, all chords in thé 


load experience uniform strain 


of the opening direction of the applied 


‘tensile equal to the maximum 
strain around the boundary of the opening 
the coefficients of Sy E in (7 


known minimum and maximum stress-concentration factors for 


Stated differently, 


ire equal, respectively, to the well- 


this opening and load. 
This result holds for any ellipse in a plate which is uniformly 


stressed by loads which are parallel to the semiaxes of the ellipse. 


Bending of an Isotropic Triangular 
Plate, Two of Whose Edges Are Simply 
Supported and the Third Clamped 





B. D. AGGARWALA' 


WE consider an equilateral triangular plate OAB whose sides 
OA and OB are simply supported and the side AB is clamped 
An isolated load of intensity P is assumed to be acting at the 
center G of the triangle so that OG = 1/+/3 = a. (OA = 1). 

The equation giving the deflection w at any point except G 
of the triangle is 

1 Assistant Professor, Department of Mechanics, Rensselaer Poly- 
technic Institute, Troy, N. Y. 

Manuscript received by ASME Applied Mechanics Division, 
February 4, 1959; final draft received August 6, 1959. 
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Viw = 0 (1) 
with the boundary conditions 
on 6 = +7/6 
on AB 


Vw = 0 


w= Ow/dr = 0 


w= 


Solution 
We write 
— Wi (3) 


w= Wy 
where tz is a solution of (1) satisfying (2a). 

To obtain wo, we notice that A*w, is a harmonic function which 
vanishes on 6 = +7°/6 and (because of a singular load) has a 
logarithmic singularity at r = 1/+/3, @ = 0. Such a function 
may be considered as the stream function due to a rectilinear vor- 
tex inside a cylinder bounded by 6 = +7/6. Satisfying the con- 
dition that the load at the point of application is P, one obtains* 


P z? — g' s* — a’ 


Vu - log - - 

4D ~ 2? + a*z* + a’ 

Integrating this equation and adding to the integral a harmonic 
function in such a fashion that the integral will have a singularity 
of the type r? log r at the point of application of the load and at the 


images of this point in the lines 6 = +7/6, one obtains 


In (z 


z—-ayvi-a 


ae*)(z -+ ae) ln (2 + ae*)(z + ae) 


+ ae)Z + ae*) In (2 + aevé + ae’ 


+a)iln(z+ay\it+a 


— ae*)(Z — ae) ln (z — ae*)(z — ae 


ae*) In (z — ae)(z — ae* 
where 


= —P/16rD 
z=r+ ty 


1, ¢, €? are the three cube roots of unity. Equation 


(2 
. 2Rz In 
> a*) 


— 22a In (2? — a*)(z* — a?) 


+ Ra In (2* + a*z? + a*)(z* + a*é* + at (5) 


We require w, to nullify we and dw)/dz on the straight line 
xz = 3/2, while keeping the moments and deflections on 6 = 
+7/6 zero 

We could proceed by writing 


(A s*t8 + B,r®"**) cos (6n + 3)0 (6) 


n=O 


and then determine A, and B, so as to nulify wp and du)/dz at 
xz = ~/3/2. This, however, would be cumbersome 
Instead, we shall write 


t 


- 
: = (Ar? cos 30 + Br*® cos 96) + (Cré cos 36 + Dr™ cos 98) (7) 


R 
and demand 


? B. D. Aggarwala, “Singularly Loaded Rectilinear Plates—1,” 
Zeitschrift fir angewandte Mathematik und Mechanik, vol. 34, 1954, 
pp. 226-237. 
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Table | 


0. 0.25 0.3 0.35 0.4 
0 


(8a) 
atz = +/3/2 (8b) 


ow ' 
w(+1/3/2,0) = (3/2, 0) = 0 
Ox 


This gives the equations 


2.25A + 2.8477B + 2.8125C + 2.610D .186201 


0.6495A + 0.274B + 0.4872C + 0.2005D —0.3472 


0.21654 + 0.0866B + 0.1732C — 0.0787D —0.1049 


A — B+ 1.2C — 1.0909D — 0.0654 


Solving these and substituting in (7), one gets 


Simplified Analysis of a 
Thrust-Augmentation System 


K. L. BERGMAN’ 


Von KaRMAN? has made some theoretical remarks on thrust 
augmentation concerning the system shown in Fig. 1 with the 
omission of the diffuser. The purpose of this note is to show that 
with a diffuser on the exit larger values of thrust augmentation 
and that these values are very sensitive to the 





are possible, 


secondary nozzle and diffuser efficiencies. Incompressible, one- 
dimensional flow is assumed. 

The thrust-augmentation factor a@ is defined as the ratio of the 
thrust produced by the thrust-augmentation system to the thrust 
produced by the primary jet if it were discharging into the en- 
vironment with the same mass rate and combustion chamber 
Thus, applying the momentum law, 


» (1 ‘ ViAy — Vo. s4s) 
: ViAy Wu 4, 
osiied V = (1) 
R 


pressure. 


where V4, V2, Vi, Vo, and Vez are the fluid velocities at the follow- 
ing places, respectively: at exit from the system, at the entrance 
to the mixing chamber from the secondary nozzle, at entrance 
to the mixing chamber from the primary nozzle, at entrance to the 
secondary nozzle, and at the exit from the primary nozzle if it 


! Mechanical Engineer, Aeronautical Research Laboratory, Wright- 
Patterson Air Force Base, Ohio. Currently, Instructor, Mechanical 
Engineering Department, The Ohio State University, Columbus, Ohio. 

?Th. von Karman, ‘Theoretical Remarks on Thrust Augmenta- 
tion,’’ Reissner Anniversary Volume, J. W. Edwards, Ann Arbor, 
Mich., 1949, pp. 461-468. 

Manuscript received by ASME Applied Mechanics Division, March 
20, 1959; final draft received August 18, 1959. 
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2 
-015 0.0279 0.0453 0.0666 0.0906 


)\ = | "D ' B 


Deflection w along y = 0 in units of P/167D 


0.45 0.5 
0.1146 0.1358 0.1491 


0.55 0.6 0.65 0.7 0.85 0.86 0.866 
0.1420 0.1135 0.0785 0.00165 0.00076 0.0006 


(—1.4277r’ cos 30 + 0.0301r° cos 98) 


+ (1.1699r5 cos 36 + 0.0095r"! cos 98) (9 
In fact, r is less than unity throughout the region and therefore 
only the first terms in the two series need be kept. 
The central deflection is found to be 


> 


= (0.003) 
D 


This compares with the central deflection for a simply supported 


plate, in which case® 


I 
w. = (0.0043) 
D 


The deflection along y = 0 is given in Table 1. 


“Theory of Plates and Shells,’"’ McGraw-Hil 
New York, N. Y., 1940, p. 295 


3S. Timoshenko, 
Book Company, Inc., 


were discharging into the environment. A; and A, are the pri- 
mary and secondary jet areas at entrance to the mixing chamber 
respectively. 
Equation (1) can be reduced to equation (2) by applying con- 
servation of energy, 
with shear stress neglected on the mixing chamber walls. The 
pressure decrease in the secondary nozzle is required to equal the 
pressure increase in the mixing chamber plus the pressure increase 
in the diffuser to allow expulsion of the fluid to the environment 


Defining 8 = A,/As, X = V:/Vi, ¥ = Vo/Vi 


| /B + x\3 i\? 1 
2 = 2 
mo(5 y+ 28 (3= :) — 


conservation of mass, and the momentum law 


am a 
Y 2 


\" _ wm (At — 2) 
Ne NN 

where ™, and ny are the efficiencies of the following, re- 
spectively: 
vironment, primary nozzle when it is discharging in the thrust- 
the diffuser, and the secondary nozzle. 

) suggests the terms under the radical 


Ne, No» 
primary nozzle when it is discharging into the en- 


augmentation system, 

The form of equation (2 
in the numerator could be in a critical balance between the posi- 
tive terms with 7p and the negative term with ny. Computation 
with an electronic computer has shown this to be true. 
™m = 1,y = 0,and np = 


Curves 
have been calculated for the case n, = 
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THRUST ‘seen *) ATION FACTOR 


° 


Ny = 7. Shown in Fig. 2 is a sample of the curves. The critical 
dependence of the thrust-augmentation factor upon 7 can plainly 
be seen since a change in 7 of two per cent produces a significant 
change in the thrust-augmentation factor 


For 


\ 2ny8 
the curves in Fig. 2 have been terminated because this is the 
condition at which the pressure decrease in the secondary nozzle 
is less than the pressure increase in the mixing chamber plus the 
pressure increase in the diffuser. Clearly, this situation is 
physically impossible, and a nozzle rather than a diffuser is re- 
quired on the exit. 


For 


se \ 2nxB 


von Karman’s analysis applies, and it is seen that the thrust- 
augmentation factor is larger to the right of the value of given 
by equation (4). Thus, placing a diffuser on the exit of the system 
allows the thrust-augmentation factor to be larger than it is 


otherwise. 


Stress Concentration in a Rotating Disk 
With a Central Hole and Two 
Additional Symmetrically Located Holes’ 





TA-CHENG KU’ 


THE two-dimensional problem of stresses in a rotating disk 
with noncentral holes has been investigated photoelastically by 


1 The results presented in this Note are based upon a dissertation 
submitted by the author to the Graduate Division of the University 
of California, Berkeley, Calif., in partial fulfillment of the require- 
ments for the degree of Doctor of Philosophy, June, 1953. 

? International Business Machines Corporation, Products Develop- 
ment Laboratory, Endicott, N. Y. 

Manuscript received by ASME Applied Mechanics Division, Feb- 
ruary 27, 1959. 
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BRIEF NOTES 


Hetényi*, Newton‘, and Barnhart, et al.6 An approximate solu- 
tion, in which the hole is treated as if it were in an infinite region 
and subjected to biaxial stresses, was used separately in each of 
the latter two references to verify the experimental results. 

The purpose of the present paper is to develop a theoretical 
solution for the plane-stress problem of a rotating circular disk 
with a central hole and two additional holes located on the same 
diameter of the disk and equidistant from the center, Fig. 1. The 
solution in the present paper is obtained by a convergent com- 
bination of stress functions, and the procedure used is parallel to 
that adopted by Howland in his paper. A numerical example 
is worked out to make possible a comparison with Hetényi’s 
photoelastic results obtained on a disk with the same dimensions 
With minor changes, the solution presented in the following can 
be adapted to other loading conditions (such as press-fit pressure, 
internal or external fluid pressure, contact pressure, friction force, 
and so on) of a disk having the hole system shown in Fig. 1 or 
other symmetrical hole systems with more than two noncentral 
holes. 

A stress-concentration factor K is defined as the ratio of the 
circumferential stress og at any point in a rotating disk with the 
two noncentral holes to the circumferential stress at the inner 
boundary of a rotating disk with the central hole only. The 
values of K across a section GHIK are plotted in Fig. 1, where 
comparison is made between the theoretical solution for Poisson’s 
ratios of vy = 0.3 and vy = 0.5. Fig. 2 shows the comparison be- 
tween the results obtained by making only one approximation, 
those obtained by five successive approximations, those from 
the photoelastic method, and those from the approximate solu- 
tion. The concentration factors by the photoelastic 
method are calculated from the data given by Hetényi® in his 


stress 


3M. Hetényi, “The Application of Hardening Resins in Three- 
Dimensional Photoelasticity,"’ Journal of Applied Physics, vol. 10, 
1939, p. 295. 

‘R. E. Newton, “A Photoelastic Study of Stresses in Rotating 
Disks,”’ JourNAL or AppLreD Mecuanics, vol. 7, Trans. ASME, vol. 
62, 1940, p. 57. 

*K. E. Barnhart, Jr., A. L. Hale, and J. L. Meriam, “Stresses in 
totating Disks Due to Noncentral Holes,”’ Proceedings of the 
Society for Experimental Stress Analysis, vol. 9, 1951, p. 35. 

*R. C. J. Howland, “On the Stresses in the Neighborhood of a 
Circular Hole in a Strip Under Tension,”’ Transactions, Royal Society 
of London, series A, vol. 229, 1930, p. 49. 
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Fig. 10. The values from the approximate solution are based on 
the method proposed by Barnhart, Hale, and Meriam.° 

From the close agreement of the curves for vy = 0.3 andy = 0.5 
in Fig. 1, it can be seen that the effect of Poisson’s ratio is very 
small and can be neglected for practical purposes. 

There is a general good agreement between the theoretical and 
Hetényi’s experimental values of the stress concentration factor K 
for vy = 0.5 throughout the section GHIK (Fig. 2), except in the 
region between G and H. 

The error due to not proceeding beyond the fifth approximation 
in the numerical example of this paper is much less than 1 per 
cent. The error in K max from a single approximation is only 4.65 
per cent of K max at point H. The approximate solution by 
Barnhart, Hale, and Meriam® is acceptable in most engineering 
problems with an expected error in the neighborhood of 11 per 


cent. 
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Viscous Damping in Flexural 
Vibrations of Bars’ 


J. M. McCORMICK, Jr.2 One of the curves given by the 
author in his Fig. 2 (that for the upper mode for large damping) 
appears to be incorrect. The author shows the phase velocity, 
2, decreasing monotonically as the reciprocal of the wave length, 
Kus, increases. Further, the author asserts in the text that “‘if 
the range of Ky, is extended indefinitely, c: tends to zero pro- 
ducing short-wave-length vibration cutoffs.’ It would seem, 
however, that while c, initially decreases with increasing Kyo, 
it eventually reaches a minimum and then increases monotoni- 
cally and without a bound as Ky; increases indefinitely 

That this is so may be seen by a rather simple calculation 
[putting a wave form with real frequency and complex wave 
number into the governing differential equation, the author’s 
Equation (7), and solving for the ratio of the frequency to the 
real part of the wave number as a function of the frequency], 
but it is perhaps more illuminating to reason qualitatively from 
consideration of the way in which the viscoelasticity is brought 
into the problem. 

The author has assumed the extensional law to be of the Kelvin 
type while retaining the elastic law for the shear components 
(These two laws are consistent with each other only if they are 
derivable from which 
must then exhibit viscoelastic compressibility, whereas most 


three-dimensional stress-strain laws, 
favor using viscoelastic 
deviatoric relations with elastic compressibility.) It is thus to 
be expected that the viscoelastic effects will be evident only 
where the extensional law substantially influences the behavior 
tend to confirm this view 


recent work in viscoelasticity seems to 


The author’s damping curves (Fig. 3 

As the author points out in his introduction, the damping in 
both modes increases at first with increasing Ky, but as the 
a pure shear mode, the 
The upper mode, 


lower mode becomes more and mort 
damping decreases and becomes negligible. 
however, continues to be influenced strongly by the extensional 
law and the damping continues to increase with increasing 
Kuz. Qualitative predictions can also be made concerning the 
dispersion curves (Fig. 2). The lower mode becomes essentially 
a shear mode for large values of Kyu. and the phase velocity 
accordingly approaches the velocity of shear waves in an infinite 
The upper mode, on the other hand, approaches a 
the elastic case] which depends on the 


medium. 
velocity [(E/p)'/2 in 
complex modulus, a quantity proportional to the real part of 
the wave number for Kelvin-type damping. Thus the phase 
velocity for this mode, with Kelvin-type damping, must increase 
without limit if Ky, is taken large enough, as long as the viscosity 
The author’s curves for the upper mode in Fig. 2 
his low damping curve is 


is nonzero. 
do not indicate behavior of this type; 
not extended far enough to tell and his high-damping curve 
exhibits a quite different behavior 

The author’s choice of stress-strain laws was apparently 
motivated by a desire to obtain damping curves which agree 
with experimental results, like those for the lower mode in Fig. 3. 


! By M. K. Newman, published in the September, 1959, issue of the 
JOURNAL OF ApPpLIED Mecnranics, vol. 26, Trans. ASME, vol. 81, 
series E, pp. 367-376. 

2 Institute of Flight Structures, Department of Civil Engineering 
and Engineering Mechanics, Columbia University, New York, N. Y. 
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Accordingly, it is noted that the same behavior for the lower 
mode, namely, the hump-backed damping curves and the phase 
velocity approaching c, for large values of Kye, is obtained if, 
instead of putting Kelvin damping in the extensional law, one 
were to put Maxwell-type damping in the shear law. In this 
case, then, the behavior of the upper mode would also be ac- 
ceptable. The author’s approach, Laplace transform, would 
probably be unmanageable for Maxwell-type damping and the 
objection would again have to be made concerning the necessity 
of viscoelastic compressibility in the three-dimensional laws 
if the Maxwell-type shear relation and an elastic extensional 
law are to be consistent. To that both laws have 
standard-solid type behavior seems to be the only simple, physi- 
Again 


assume 


cally meaningful representation for the viscoelasticity. 
the Laplace-transform approach would probably be unmanage- 
able mathematically for this type of law. 


Author's Closure 

The solution of the beam equation presented in this paper is 
written for specified initial and boundary conditions, the excita- 
tion chosen being that of a half-period sine wave impact. The 
response consists of the sum of the transient vibrations and the 
forced vibrations. 

The emphasis in the analysis is on the free vibrations since they 
represent the really significant part of the boundary-value prob- 
lem. 

The object of the dispersion curves shown in Fig. 2, including 
the one for large damping, is to exhibit the effect of damping on 
the free vibrations of the system. This can be done effectively by 
plotting as a continuous curve the wave velocity of free vibra- 
tions as function of a real wave number. The wave velocity of 
free damped vibrations is simply defined as the product of the 
frequency of damped free vibrations and the corresponding wave 
length as given in Equations (38) and (39) of the paper. 

Damped frequencies of free vibrations are the imaginary parts 
of the roots 2.2 and 2, of the quartic equation (36b). These 
roots are defined in Equation (37a), where 2.» corresponds to the 
lower mode of wave motion and z,, to the upper mode of wave 
motion. 

These so-called frequencies of damped vibrations are not the 
natural frequencies but form, when plotted as a continuous 
curve, the locus for the discrete frequency spectrum characteristic 
of a particular beam. The characteristic values are governed 
by the boundary conditions and determined as explained in the 
paper. 

The discussion and analysis of the quartic equation (36b) for 
real values of Ky are therefore essentially an analysis of the 
effects of damping on the frequency response in free vibrations of 
the system. The terminology used when referring to “short- 
wave-length vibration cutoffs,” or to “frequency cutoffs” 
means of course “cutoffs of free vibrations.” 

The object of Fig. 2 and of Fig. 3 thus is to show that, no 
matter how small the damping is, as long as p, > 0, the upper 
mode ¢; will eventually reach critical damping as the wave length 
is diminished indefinitely. This means, of course, that wave 
velocities of free vibrations, which are the object of this discus- 
sion, tend to zero as wave lengths are diminished indefinitely. 

It is also to be noted that frequency cutoffs may occur in the 
case of the wave velocities c, of the lower mode of wave motion, 
provided p, > M;. In that case, there will exist a range of wave 


june 1960 / 361 





DISCUSSION 


numbers Ky for which the damping factor 8, > 1. In other 
words, the humpbacked §,-curve in Fig. 3 may cross the value 
8; = 1 twice. For the range of values of Ku: where 8; > 1, no 
free vibrations exist. It was, however, pointed out in the paper 
that the values of the viscosity coefficients ¢ corresponding to 
values of p; < M, cover a very large range of values that can be 
made to satisfy every conceivably practical condition of damping. 

All this is in no way in contradiction to the argument advanced 
by the discusser. A wave form with real frequency and complex 
wave number presupposes a forced excitation of the system, 
When substituted into the governing differential equation (7), 
»wave velocities will be obtained that tend to infinity as the real 
part of the wave number is allowed to increase indefinitely. The 
effect of damping, however, is, in this case, completely obscured 
because the forced frequency response of the viscoelastic system 
is insensitive to damping, or, in other words, the viscoelastic dis- 
persion curve in forced excitation is the same for all values of 
damping. 

The same result can also be obtained by substituting p = iw 

into Equation (20a) of the paper and allowing w to become very 
large. The complex wave number y; will then be of the form 
1+i wl 
V2 ef; 
The wave velocity c, which is the ratio of the frequency to the 
real part of the wave number is then seen to tend to infinity as 
wave lengths are diminished indefinitely. This can also be seen 
by noting that the wave velocity c; of the upper mode depends 
on the complex modulus, a quantity proportional to the real part 
of the wave number for Voigt or Kelvin-type damping. 

The choice of extensional viscoelasticity of the Voigt type to- 
gether with elastic shear components of stress is an approxima- 
tion made necessary by the fact that viscoelastic damping in 
shear introduces into the partial differential equations of motion, 
Equations (5) and (6) of the paper, coupling terms which make 
it impossible to eliminate the rotational co-ordinate Y and thus 
to combine Equations (5) and (6) into one Equation (7). 

In viscoelasticity of the Voigt-Kelvin type, the coefficients 
of viscosity are derived from the three-dimensional stress-strain 
laws as coefficients of first-order approximations in the time 
rates of strain. These coefficients of viscosity cannot be ex- 
pressed in a consistent manner as is the case with the elastic 
constants for a homogeneous, isotropic, and perfectly elastic 
solid. This is inherent in the assumption of viscoelasticity. 

Nevertheless, viscoelasticity can be looked upon as a reasona- 
ble approximation to the processes of dissipation of mechanical 


Mh = 


energy. 

For example, in a specific case, viscous energy dissipation in 
shear may be negligible when compared to energy dissipation 
in normal strain. This may happen over a whole band of fre- 
quencies where some particular phenomenon such as the thermo- 
elastic effect is to be approximated and where transmission of 
shearing strain is insignificant. 

In addition, it may happen that the phenomenon to be approxi- 
mated does not extend over that part of the frequency spectrum 
where the shearing strains transmitted are the predominant part 
of the wave motion. 

The aim in this problem is to devise a viscoelastic model of 
thermoelastic damping in flexural vibrations of reeds. 

In the case of thermoelasticity, the friction arises from tem- 
perature relaxation across the reed. Irreversible conversion 
of mechanical energy into heat appears as internal friction in 
the range of frequencies where periods of vibrations are com- 
parable with the relaxation time for conduction of heat across a 
specimen. 

In the viscoelastic model, a similar mechanism is used. Fric- 
tion arises from strain relaxation in extensional viscoelasticity. 
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Dissipation occurs in the region of the frequency spectrum where 
periods of vibrations are comparable with the time of relaxation 
of extensional strain. 

The governing differential equation (7) of the paper, with 
damping taken zero, is known to be a good approximation to 
flexural wave propagation up to the very high frequencies. 

The relative content of extensional and shearing strain trans- 
mitted by the lower mode of wave motion depends on the wave 
length or frequency. 

In the range of frequencies starting at zero, and where the 
wave velocities exhibit considerable the 
propagated are predominantly extensional. The shearing strains 
that are transmitted in this range of frequencies are of the order 
of small neglecting viscoelastic 
damping in shear in this range can have only small effects even 


dispersion, strains 


corrections. Consequently, 
though the coefficient of shear viscosity is not zero. 

An approximation to thermoelastic damping in flexure can 
therefore be obtained by relying entirely on extensional visco- 
elasticity provided the relaxation period of the strain 1s properly 
chosen to fall within the range of frequencies where the exten- 
sional strain is the predominant component of the wave. 

Beyond this range, as wave lengths diminish still further, 
this mode tends to become more and more a pure shear mode. 
Thermoelastic damping in pure shear is zero when steady vibra- 
tions are applied. 

Very few solids behave in fact, even approximately, like the 
Voigt or the Maxwell model. For this reason, it has been sug- 
gested that the dynamic behavior of materials might be approxi- 
mated more adequately in terms of a spectrum of relaxation 
times rather than by a single relaxation time. 

In the simpler model described in this paper, advantage is 
taken of the dispersion characteristics in the lower mode of 
wave motion of the Timoshenko beam equation in conjunction 
with a properly chosen single relaxation of extensional strain. 
The governing differential equation (7) may therefore be con- 
sidered, in the absence of the coefficient of shear viscosity, as an 
approximation to thermoelastic damping in flexure which applies 
in the region of the spectrum where propagation of shearing 
strain is negligible. 

An estimate of the range of validity of this analysis can be 
established by a comparison of the damping curves, obtained for 
various materials using extensional relaxation, with the results 
obtained from thermoelasticity in flexure. 


On Supersonic Wind Tunnels With 
Low Free-Stream Disturbances 


THOMAS VREBALOVICH.?, The author describes clearly the 
problem of trying to reduce and determine the causes of free- 
stream disturbances in supersonic wind tunnels. He has much 
experimental evidence to indicate some of the sources of these dis- 
turbances, and describes the manner in which many of these 
disturbance sources may be eliminated, or at least minimized. 

Some of the results of a series of experiments conducted at the 
Jet Propulsion Laboratory’ in the 12-in. and 20-in. supersonic 


1 By M. V. Morkovin, published in the September, 1959, issue of 
the JourRNAL or AppLiep Mecuanics, vol. 26, Trans. ASME, 
vol. 81, series E, pp. 319-324. 

2 Jet Propulsion Laboratory, California Institute of Technology, 
Pasadena, Calif. 

3 This paper presents the results of one phase of research carried 
out at the Jet Propulsion Laboratory, California Institute of Tech- 
nology, under joint sponsorship of the Department of the Army, 
Ordnance Corps (under Contract No. DA-04-459-—Ord 18), and the 
Department of the Air Force. 
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Fig. 1 Mass-flow fluctuations in test section 


wind tunnels add proof to the ideas presented in the paper 
Other results indicate that our understanding is not complete. 

The supply section of the Jet Propulsion Laboratory supersonic 
wind tunnels has velocity fluctuations of less than 1 per cent at 
all Mach numbers, and all other fluctuations are small compared 
to this. 
6 per cent caused the transition Reynolds number to decrease 
at Mach numbers below 2.5 and had no effect on transition above 
M = 2.5, references [1, 2].‘ 


measurements in the 


Increasing the supply-section turbulence level to about 


From hot-wire test section of these 
wind tunnels, it is possible to determine the types of fluctuations 
that are present [3, 4]. The result of the free-stream fluctua- 
tion measurements was that the mass-flow fluctuations (m2) /?/m 
increased with Mach number and with turbulent wall bound- 
ary-layer thickness. as can be seen in Fig. 1 of this discussion 
In addition, the mass flow and total temperature fluctuations 
had a minus one correlation coefficient [5, 6]. Sound waves 
satisfy this rather restrictive condition, and it would seem proba- 
ble that the turbulent wall layers do radiate sound 


Assuming then that these fluctuations are sound waves, 


boundary 
energy. 
it is found that the sound intensity p’?/p? is proportional to 
M‘. Details of these measurements will be found in [6]. 

Recently it was found possible to operate the 12-in. supersonic 
wind tunnel at such low supply pressures that the wall boundary 
layers became laminar. By placing tripping devices upstream 
of the sonic throat, it was also possible to have a turbulent wall 
boundary layer at the same pressure level. Preliminary results 
show that the free-stream fluctuation levels are much smaller 
when the wall boundary layer is laminar than when it is turbu- 
lent. This indicates that the turbulent wall boundary layer in a 
supersonic wind tunnel is indeed a major source of disturbances 
in the free stream at high Mach numbers. As was expected, 
the fully turbulent tripped boundary layer introduced less fluc- 
tuations into the wind-tunnel free stream than the case in which 
transition from laminar to turbulent wall boundary layer oc- 
curred between the sonic throat and the test section of the tun- 
nel. Further work is being done in order to determine the 
source of the fluctuations when the wall boundary layers are 
laminar. 

Obviously it is difficult to reduce any fluctuations originating 
from the turbulent wall boundary layers; but the large amplitude 
of these fluctuationsat the higher Mach numbers may have 
significant effects on supersonic wind-tunnel model testing and 
should be investigated. The author’s suggestions for reducing 

* Numbers in brackets designate References at end of this discus- 
sion. 


Journal of Applied Mechanics 


DISCUSSION 


disturbance levels and their effects in wind tunnels should be 
considered as part of good supersonic wind-tunnel design. 
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Author’s Closure 

The author wishes to thank Dr. Vrebalovich for his most 
informative discussion. In fact, his and Dr. Laufer’s delicate 
experimentation provide the most complete and consistent source 
of information on disturbances in supersonic wind tunnels, 
keeping in mind that their tunnels belong to an “‘aristocratic’”’ 
class in that they are extraordinarily smooth and aercdynamically 
clean. 

The reported experiment in which the only 
was in the nature of the tunnel-wall boundary layer proves con- 
clusively that at higher Mach numbers even in their smooth 
facility the aerodynamic sound from the wall layer is a dominant 
source of free-stream disturbances. The details of their measure- 
ments (discusser’s Ref. [6]) indicate that in their tunnel the sound 


‘ 


‘external’ change 


waves appear to be generated by pressure sources moving along 
the tunnel walls with 40 to 50 per cent of free-stream velocity. 
Although the source velocity is rather low, the presence of relative 
motion identifies this sound as primarily of Lighthill type. Actu- 
ally, the experiment of Fig. 13 of same reference suggests that the 
hot wire may not resolve well enough the signals from a super- 
position of moving sound waves and shivering Mach waves so 
that the measurements in question may well correspond to 
Lighthill sources traveling with higher speed together with a 
smaller contribution from nonmoving shivering waves. In less 
clean facilities the contribution from the nonmoving waves is 
larger and often dominates. 

Whatever the actual distribution of the types of sound, Vreba- 
lovich’s Fig. 1 indicates that the net sound level increases as the 
wall boundary layer thickens. This finding suggests that, for 
smooth walls, lengthening of the nozzle and test section would 
not help to decrease the free-stream sound disturbances even 
though the mean shear in the boundary layer would be less. 

Since the publication of the original paper, the author has had 
‘‘free-stream”’ disturbances in shock tubes 
which are erroneously assumed to be absent because the condi- 
tions ahead of the shock are indeed very uniform. The nonuni- 
formities here come from two sources of sound, one being again 


some queries about 


the wall boundary layer growing behind the moving shock. 
Except for the difference in the boundary-layer profiles, most of 
the comments of the paper on the various types of generated sound 
The second source is a tail of the Mach Y reflec- 
shock. As the shock 
straightens and proceeds down tube, this tail becomes increasingly 
more lateral and bounces back and forth from the sides of the 
tube, while keeping an umbilical connection to the principal 


shock 


are applicable. 


tion of the original nonplane “explosive”’ 
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Since the original paper was written in 1946, interest has shifted 
toward hot supersonic wind tunnels in which the nonuniformities 
in the settling chamber are again likely to be the major offenders. 
To the author’s knowledge, no one as yet has measured the steady 
and unsteady disturbances in either the settling chamber or the 
test section of a hot facility. Without such information, the 
precautions counseled in the paper remain as the main guide for 
design or improvement of such a facility. However, the low- 
speed study of Mills and Corrsin’ (Fig. 11) furnish some experi- 
mental information on decay of temperature-density-entropy 
disturbances relevant to the conditions in the settling chamber 
and associated ducts in supersonic tunnels. These authors found 
no effect of density spottiness upon the turbulence dynamics 
when the flow was accelerated from 14 ft/sec to 56 ft/sec, as one 
would expect at these “incompressible’’ speeds and low density 
changes. By contrast, Rudinger and Somers® observe experi- 
mentally and calculate approximately the buoyancy effects of 
accelerated, isolated density spots produced by a spark discharge. 
The application of these lessons to nonisolated density spots 
produced by differential heating in hot supersonic tunnels as they 
are accelerated through the nozzle has yet to be made. This 
interaction may have been negligible for cold supersonic tunnels, 
as the original paper suggests, but should definitely be examined 
as an additional source of sound and vorticity for hot supersonic 
tunnels. 

In the hot tunnels, the location of transition from laminar to 
turbulent boundary layer again assumes increased importance. 
Many a design depends critically on local heat-transfer rates 
which may reach a maximum in the transition region. Besides 
this important though indirect influence of free-stream disturb- 
ances, the high level of random pressure fluctuations (sound of 
all types) is likely to affect directly the mechanical abrasion 
of materials in hot facilities. It is very probable that ablation of 
re-entry vehicles is less than would be indicated in hot facilities 
such as rocket exhausts, are jets, etc., because of the absence of 
the free-stream “differential pounding and scrubbing”’ in flight. 


The Determination of Safe Loads of 
Beams Subjected to Combined Twisting 
and Biaxial Bending Moments’ 


L. E. MALVERN.? The authors are to be congratulated for 
their excellent contribution to the literature on limit analysis. The 
writer would like to raise one question and make a few comments. 
Would it be difficult to extend this work to cross sections more 
common in structures than the square cross section considered? 
In practice, of course, a designer would have to be more cautious 
about lateral instability of members subjected to bending and 
twist, if thinner sections were used. However, it would not seem 
too difficult to make the plastic-limit analysis, even though the 
bending interaction curve would be more complicated. 

It was tacitly assumed that the areas on the two sides of the 
curve y = f(x) in Fig. 1 were equal, in order that the resultant 
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Rept. 76-P, March, 1958. : 

1 By P. G. Hodge, Jr., and R. Sankaranarayanan, published in the 
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of the axial stress would be merely a couple, which could be 
evaluated by taking moments about the co-ordinate axes. For- 
tunately, the optimum curve f(z) = —Az satisfies this condition, 
though no such restriction was put on admissible functions f(z). 

If the Mises condition were used instead of the Tresca, as sug- 
gested in footnote 3 of the paper, the expression for 7) in Equa- 
tion (5b) would also be different. 

A factor ¢ was omitted in the last term of the formula for D, 
given at the end of p. 443 of the paper. 

It is not clear from the statement of the example that the force 
P acts in a plane parallel to the yz-plane, although the solution 
evidently assumes that it does. 


Authors’ Closure 


The authors would like to thank Professor Malvern for his 
comments and questions. It should be reasonably straightfor- 
ward to find the interaction curve for biaxial bending for any 
section and then to find bounds on the interaction surface when 
twist is present. As long as the resulting surface can reasonably 
be approximated by the same or fewer number of planes, the 
resulting analysis of a problem would be no more difficult. 

It is intuitively evident that the maximum resistance to bend- 
ing will be accompanied by zero axial force, hence no explicit 
mention of this requirement was made. If appreciable net axial 
force is present it can, of course, be treated by imposing an ad- 
ditional condition. In the example, since axial force is not con- 
sidered, any component of P in the z-direction would be ignored 

Finally, the authors apologize for the two misprints and thank 


the discusser for pointing them out. 


Determination of the Creep Deflection 
of a Rivet in Double Shear’ 


J. E. GRIFFITH.” 
constructive purposes only. 
volved which may require close examination before application is 


The comments by the writer are offered for 
A number of intricate effects are in- 


made of the author’s creep-deflection equation 

First, the inflection point is determined from a moment dia- 
gram based on an assumed uniform load, uniform support, and end 
moments applied to the rivet. Certainly the inflection points 
and the resulting deflections based on this assumed loading condi- 
tion are valid. However, the 
plates and the rivet are complex and involve the properties of the 
plates as well as the rivet. In a practical case, the actual loading 
on the rivet may be quite different from that illustrated by the 


bearing stresses between the 


author. 
approximation to the initial loading pattern between rivet and 
plates. With the progress of time these loads tend to become 
distributed and approach as a limit the uniform load condition 
employed by the author. Thus the load pattern is a function of 
time and the creep deflection thereby is dependent on this func- 
tion. 

Another important consideration is the effect of highly local- 
ized stresses. For short beams, these stresses produce large 
localized strains which in turn affect the deflection. In addition, 
such localized stresses in the inelastic range of the material may 
produce a discontinuous neutral plane which forms the deflection 
curve. Therefore a restriction of the theory might be provided 
by defining a range of ratio values of L/ p, rivet half-length to rivet 


In fact, concentrated loads would appear to be a closer 


1 By Joseph Marin, published in the June, 1959, issue of the 
JOURNAL OF APPLIED Mecuanics, vol. 26, Trans. ASME, vol. 81. 
series E, pp. 285-290. 

? Assistant Professor of Engineering Mechanics, 
Florida, Gainesville, Fla. Assoc. Mem. ASME. 
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diameter, for which the analysis is valid. Some principle might 
be employed for the inelastic range which would determine the 
regions of the rivet where end effects are negligible (similar to 
Saint Venant’s principle in the theory of elasticity) 

Imposing the condition of plane sections produced by an 
applied bending moment, which has been verified for many ma- 
terials in the inelastic range, does not necessarily imply similar 
material behavior in tension and compression. This dissimilarity 
also may be exhibited in the stress relaxation which occurs in the 
outer portions. These dissimilarities will shift the neutral axis. 
For large deflections, however, this shift is probably of negligible 
magnitude. 

A reader of this interesting paper becomes aware of the com- 
plexity of inelastic problems. Assumptions, which are sometimes 
questionable, and approximations are usually needed to solve a 
Even for elastic theory many problems in- 
The author has pro- 


practical problem 
volving connections remain to be solved 
vided a reasonable approach for determining the creep deflection 
of a rivet and perhaps for solving many other practical engineer- 
ing problems concerned with inelastic behavior 


Author's Closure 


The author appreciates the comments by Prof. Griffith re- 
garding the complexities of the problem considered. It should 
be noted, however, that in order to obtain an engineering answer, 
assumptions of the nature made in the paper are necessary. 
There are many other assumptions involved in such a problem as 
the one considered, which may lead to greater error than the ones 


noted by Prof. Griffith 


Production of Rotation in a Confined 
Liquid Through Translational Motion 


of the Boundaries’ 


E. W. GRAKAM.? This presents an interesting anal- 


ogy between the motion of a conical pendulum and the motion of 


paper 
liquid in a circular cylindrical tank. In this analogy the rotary 
motion of the conical pendulum is compared to the rotary motion 
of the CG of the 


tank 


center of gravity liquid about the axis of the 

This analogy says nothing directly about rotational motions of 
the liquid (rotation of the liquid particles as distinguished from a 
rotary motion of the CG of the liquid The rotary motion of the 
CG about the axis does not necessarily imply rotation of the liquid 
particles. For example, if the amplitudes are small the rotary 
motion of the CG can be produced by the superposition of two 
properly phased oscillatory motions lying (essentially) in planes 
at right angles to each other. These oscillatory motions may be 
individually (vanishing viscosity is assumed) irrotational and, if 
so, their sum is irrotational. If the amplitudes are large it is 
still possible theoretically to obtain a rotary motion of the CG 
of the liquid without rotation of the liquid particles. 

At this point it is not clear why the author introduces a vortex 
into the liquid to produce rotational kinetic energy and angular 
momentum for comparison with the pendulum. Such energy 
and momentum are already theoretically available in the irrota- 
tionally moving liquid just as in the pendulum, and that is the 


analogy. If a vortex is introduced into the liquid then the cor- 


‘By R. R. Berlot, published in the December, 1959, issue of the 
JOURNAL OF AppLiED Mecuanics, vol. 26, Trans. ASME, vol. 81, 
series E, pp. 513-516. 
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responding feature in the pendulum would probably be a rota- 
tion of the pendulum mass about its own axis. 

It may well be that rotary motion of the CG of the liquid pro- 
duces rotation of the liquid particles, but this relationship has not 
been established quantitatively. Possibly it might be necessary 
to go to the walls of the cylindrical tank to see how rotation of the 
liquid particles is actually generated. It is believed that the 
explanation of some such mechanism was the stated purpose of 
the paper, although the author’s use of the word “rotation’”’ 
makes this uncertain 

G. E. RANSLEBEN, JR.,° AND H. N. ABRAMSON.’ According 
to the results given in the paper, a tank with a fluid depth-to- 
diameter ratio of 1.0 and an excitation amplitude-to-diame- 
ter ratio of 0.0083 (which corresponds to a peak-to-peak 
amplitude of 0.2 in. in Fig. 2 of the paper) should exhibit rota- 
tional fluid motions for frequencies in the range 0.94@) < w < 
1.22w5. The larger value is reduced to 1.16w, if the conical pen- 
dulum boundary is employed. In a rather extensive series of ex- 
periments, we have consistently been able to narrow the range of 
frequencies resulting in rotational fluid motions to 0.97@») < w 
< 1.04@. This was accomplished by approaching the resonant 
frequency from both above and below very slowly and carefully, 
and by our fortunate circumstance of possessing a test facility in 
which all components are very carefully aligned and in which the 
We have had equally good 
Consequently, in 


excitation is a sinusoid of high quality. 
results with a tank of considerably larger size. 
addition to the implications regarding the effects of viscosity 
given by the author in his Conclusions, we should like to empha- 
size that the stability boundaries will be greatly influenced by the 
mechanical design of the test equipment and the resulting quality 


of the translational motion. The implications for prediction of 


“in-flight” characteristics are obvious. 

We also would like to point out that for a 1.0-ft-diam tank the 
fundamental resonant frequency is 1.73 eps, whereas the author 
gives the maximum driving frequency attainable with his equip- 
ment as only 1.2 cps. The latter figure must be incorrect 


Author's Closure 


The author thanks Messrs. Graham, Ransleben, and Abramson 
for their comments on his paper. The 1.2 eps figure challenged 
by the latter two is indeed an error 

Concerning the point raised by Graham as to the necessity 
of introducing a vortex into the liquid to produce angular mo- 
mentum, the author does not agree that such momentum can be 
produced by the superposition of two properly phased ( scillatory 
motions lying in planes at right angles to each other. Since each 
wave by itself contains no angular momentum, the superposi- 
tion cannot create any such momentum. The analogy in this 
case is with two linear pendulums swinging at right angles and 
90 deg out of phase. Then the CG will rotate about the center 
line but there will be no angular momentum associated with the 
motion of this mathematical point. For a conical pendulum 
there will, of course, be angular momentum, and it is for this 
reason that a vortex has to be added to the linear wave motion 
to carry this momentum. 

The author had previously examined the question of the im- 
portance of the walls in producing the observed rotation and 
does not believe they are responsible for the phenomenon. Some 
rotation could be produced in a single oscillation and the only 
place where the viscous stresses are of sufficient magnitude for 
this is at the vortex core, where the velocity gradients approach 
infinity. 

*Senior Research Engineer, Department of Applied Mechanics, 
Southwest Research Institute, San Antonio, Tex. 

* Director, Department of Applied Mechanics, Southwest Research 
Institute, San Antonio, Tex. Mem. ASME. 
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The author congratulates Messrs. Ransleben and Abramson on 
the quality of their equipment and hopes that, by publishing 
their results, they will make their tantalizingly obvious implica- 
tions for predicting ‘‘in-flight’’ characteristics even more obvious. 


Transient Analysis of Stress-Wave 
Penetration in Plates’ 


K. B. BROBERG.? The analysis carried out by the author is 
quite interesting and shows the advantage of Cagniard’s method, 
which enables solution of rather complicated boundary-value prob- 
lems in dynamic elasticity. The first part of the paper, which 
deals with load-time functions not specified, seems to be correct, 
whereas in the second part, where particular cases are studied, a 
delta-function singularity has been omitted. It is the writer’s 
opinion that this delta function is essential for the conclusions of 
the possibility of spalling in the plate. On the other hand, the 
inclusion of the delta function does not change the author’s 
numerical results for the nonsingular parts of the stress waves. 

When comparing equations (48), (50), and (51) in the paper, 
it is evident that the function 


f((0))6(¢ — (0)) 


should be added to equations (50) and (51). This means, for in- 
stance, a delta-function singularity in the front of the waves 
shown in Fig. 5 of the paper. 

The physical meaning of this delta function is somewhat ob- 
scure. The writer believes that an understanding of such a 
singularity in this case is achieved either by widening the front 
of the load-time relation or by widening the area of application of 
the load. Let us study these two cases for a step-pulse input and 
a semi-infinite solid 

Widening of the Front of the Load-Time Relation. 
input 


For a step pulse 


P(t) = PoH(t) 


where H(t) is the unit step function, we obtain on the line of sym- 
metry of the semi-infinite solid, z > 0, the following expression: 


292? 


d a 
— T 
Po dr 


o, = —O(r — 1) — H(r — 1) 


l d 
+H (- - +) s R(r) (1) 


where 


(c, = velocity of irrotational 
k 


velocity of equivoluminal waves) 


1 2 
T (~ + OK? _ 1) 


= bel “anes 
— t(r? — (7+ —— 1) 
k2 


1 By Norman Davids, published in the December, 1959, issue of the 
JOURNAL OF ApPLLED Mecuanics, vol. 26, Trans. ASME, vol. 81, 
series E, pp. 651-660. 
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and 


( - 3) 


This is in agreement with the author's results (although in a 


different form) after the delta function has been included. 


If now the input is changed to 
0 
qt 
qAt 
the response obviously will be 


2m 42 


C, —Hir — 1)Q(r) — H(r — Ar — 1)Q(r — Ar 
: l 1 
+H (+- 1) Re ~H(r— ar - t) Re 


cgAt 
.* 


q 


— Ar 


where 
Ar 


Comparing this equation with equation (2) we detect that the 
part of the stress wave that corresponds to the delta function is 
approximately when At< z/c, 


n(- £)-a(-a~2) 


Jr iz 
7.=- 
Py At 


if gAt = Po. This means a compressive rectangular stress wave, 
the amplitude of which decreases like 1/z and the duration of 
which is constant = At. 

Widening the Area of Application of the Load. 
load, characterized by the function 


Instead of the point 


we change t’ 


To 
A(r) = - (4 
2m(r? + 107) ”* 
which means that the load is essentially spread over a circular 
area of radius ro [when ro — 0, equation (4) — equation (3)}. 
Then making use of the relation 


f Te 
- — 7, Jol yr dr 
0 2r(r? + 7r9?)7? 


we can use the author's method of calculating ¢, The result 


shows that the part of 0, that corresponds to the delta function in 


equation (1) of this discussion will be, approximately, for 


(eg/z 


= —H(r - i= 


2rro?, we obtain for 7 — 1< 1: 


+) | | ; 
- 1 (o) 
Pr Po 
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Writing pp = r/z and a = Po 








Fig. 1 


+ 0 and that a, has de- 
i.e., the “‘duration”’ of 


We observe that o, = —GlorT 
creased to oo/2+/2 when rt — 1 
this part of the stress waves is approximately equal to ro?/2c,z. 

The two different methods to avoid the delta-function singu- 
larity thus give different results: Widening of the front of the 
load-time relation gives a pulse with constant duration and an 
amplitude that decreases like 1/z, whereas widening of the area 
of application gives a pulse with a constant amplitude and a 
duration that decreases like 1/z. It may be observed that the 
character of the later pulse can be interpreted without compli- 
cated analysis (this fact has been pointed out to the writer by 
Prof. J. S. Rinehart). Consider a step-pulse input, producing 
uniform stress — 0» inside a circular area with radius 7, as shown 
in Fig. 1 of this discussion. A simple geometric construction 
shows the wave front A-B-C-D-E at a certain time. In the region 
B-C-D-F-B there exists a plane wave with the stress o, —o 
and a duration (at the z-axis) which is approximately r,?/2c,2z for 
z>ro. 

In a real material short pulses with very high stress amplitude 
cannot exist, and other mechanisms than the afore-mentioned will 
also be responsible for widening of the delta function. Assuming 
that in any case the product of the duration and the stress ampli- 
tude decreases like 1/z, the important question regards how 
‘dangerous”’ such a short pulse is, when it has been converted 
Ata 
certain position, the impulse is known, whereas there can be some 
In the ab- 


into a tensile-stress pulse after reflection at a free surface 


doubt as regards the amplitude and the duration. 
sence of experimental data of fracturing produced by very short 
pulses, it can be interesting to study the initiation of yielding 
by pulses of the same impulse but different duration. Then data, 
obtained by Clark and Wood? for mild steel, indicate that the 
pulse will be less dangerous when its duration increases. This 
fact indicates that short pulse peaks cannot be neglected in 
studies of spalling, at least not without further investigation 
about the fracture behavior for such pulses. 

Finally, it may be noted that delta-function singularities also 
oceur for the displacements in a plate when the pulse input is a 
deita function. This fact has been studied theoretically and ex- 
perimentally by the writer in a recent paper.‘ 


Author’s® Closure 


The author thanks Prof. Broberg for correctly pointing out 
the role of the 6-function and feels that his calculations on the 
widened time front and area substantially extend our understand- 

’D.8. Clark and D. 8. Wood, ‘“‘The Time Delay for the Initiation 
of Plastic Deformation at Rapidly Applied Constant Stress,” Pro- 
ceedings of the American Society for Testing Materials, vol. 49, 1949, p. 
717. 

4K. B. Broberg, “‘A Problem on Stress Waves in an Infinite Elastic 
Plate,"’ Transactions, The Royal Institute of Technology, Stockholm, 
Sweden, 1959. 

5 Department of Engineering Mechanics, The Pennsylvania State 
University. 
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ing about this problem. Ove of the issues that have been raised 
and which is implied in the use of the 6-function idealization, is 
how sensitive the wave is to slight changes of distribution near 
the source. This would be essentially the question of extending 
Saint Venant’s principle (which postulates static equilibrium) to 
dynamic conditions. One can attack this problem by extending 
Boussinesq’s method of replacing the infinite stress (and dis- 
placement) of a concentrated load by a small, statically equivalent 
hemisphere cut out of the material. The extension in question, 
which can be shown to reduce to the Boussinesq solution as the 
radius or the time tends to zero, is built up from solutions to the 
Pochhammer equations in spherical co-ordinates of orders n = | 


and n 0: 
A : R 
“= COS 6 


+ ¥y:7A,hi(iyiR) cos 6 


2 sin 0 — y2*Byhyiy2R 


sin 6) 2 lb 


ws = V2? Boke yeh 1 


where /#, 6 are spherical polar co-ordinates, A the dilatation, wg a 
component of the rotation, h,; the spherical Hankel functions, and 
the remaining symbols defined as in the paper. The term con- 
taining B, is a distortion wave of exceptional type, since the 6-fac- 
tor is not of the form dP,)/d8@. However, it plays its part in pro- 
viding the additional independent function needed to construct 
When the coefficients 


the proper boundary stresses are chosen 


a8 


tP/2mr(X\ + p) 


‘ vanish close to 


Sand Rk 


the origin, and the resulting stresses are given by 


all terms in the stresses containing R 


Orr ™ —itAi|p — (3A + 4p) cos 6) /R? 


C0 ~ —ipA;|cos 6 1 — cos @)/sin? 6) /R* 


Ore™ ~—ip 1, sin 6 cos 6 — | sin 6 R? 


Coe ™ —ipA;[cos 6 (cos 6 — 1)/sin® 6} /R? 
which are precisely in agreement with the stresses given by 
Boussinesq (see, e.g., Timoshenko and Goodier, ‘‘Theory of Elas- 
ticity,”’ pp. 362-365) when converted te spherical co-ordinates. 
The construction of this wave implies physically that the result- 
ing stress is insensitive to the small area over which the stress is 
distributed This 
qualification unfortunately affects the transient zone between the 
Here the inverse Laplace trans- 


but after some time interval has passed. 


dilatation and distortion fronts. 
form of equation (1) leads to 6-function fronts in some of the 
stress components, all of which decay as 1/R, as well as step-func- 
tion fronts decaying as 1/R*. This is in accordance with Bro- 
berg’s comments also. 


The work described here is under further study. 


The Drag on Spheres and Cylinders 
in a Stream of Dust-Laden Air’ 


A. R. KRIEBEL.?. As the authors state, the drag force on tar- 
gets due to suspended particles is of current interest and ap- 

1 By Thomas Gillespie and A. W. Gunter, published in the Decem- 
ber, 1959, issue of the JourNnaL or Appiiep Mecuanics, vol. 26, 
Trans. ASME, vol. 81, series E, pp. 584—586. 

? Mechanical Engineer, Physics Department, Stanford Research 
Institute, Menlo Park, Cal. 
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parently has received little previous study. Work similar to that 
of the authors is mentioned in reference [1]* of this discussion, 
however, and a project has been initiated at SRI with the spon- 
sorship of the Defense Atomic Support Agency, Department of 
Defense, which includes detailed investigation of the pressure dis- 
tribution about a cylinder in a heavily dust-laden air stream. 

The authors appear to have assumed that in their tests the 
suspended particles had the same vertical velocity into the test 
This assumption is criticized as fol- 
lows: The terminal velocity of a spherical particle (for free fall 
with gravity through a fluid where drag force is equal to weight) 
is given by 


section as the air stream. 


y2 = 40Py4 
3pC 


where 


particle terminal velocity (relative to air) 
particle density = 2.5 gm/ce for glass 
air density = 0.0765 pef 
particle diameter 
particle drag coefficient 
g acceleration of gravity = 32.2 ft/sec? 


To make use of measured values of C, reference [2] suggests re- 
arranging the equation to be 


P 2 
- (a f — oR: = 190P ot? _ 
rm 3p? 
v here 


D iat 
L= 


Reynolds number 


air viscosity = 3.72 X 1077 slug/ft-sec 


By plotting x versus R, R (and V) then may be found for a 
From such a plot based on data from [3] and 
500 


F , 
R = ( ) +15 per cent 
20 


indicated range of Reynolds number and ac- 
curacy, the terminal velocity may be found simply from the fore- 
going equation, which when rearranged gives 


aes (#)” (24) 
be 15p 


For glass beads in air 
° 8/, 
_.~- {@ — microns \ ’ 
= 0.765 ( = one) 
47.6 


given value of z. 
4), for 1.5 R< 


Thus, within the 


d — microns ft 


R= Ce = — 


47.6 sec 
For the conditions indicated in the authors’ Fig. 5 (Table 1, 


Table 1 
d, J ’ i Up, 
microns fps R cm/sec cm/sec 
170 10.4 317 109 
155 2.9 89 337 
55 0.9 A 27 399 


herewith) UU 


» is the upward velocity of the particle in the air- 


* Numbers in brackets designate References at end of discussion. 
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stream which moves upward with velocity U, = 426 cm/sec 
(U, =U, —V). 

The total force on their targets correlated with the authors’ 
equation (1), “provided that the two-phase density p*, is used for 
p,”” and “there were no particle size effects” on the measured 
force. Thus the target drag coefficient for each phase (Cp, for 
air and Cp, for particles) apparently was equal to that for a fluid 
with the same total density. However, for these conclusions C p, 
is based on the air velocity U,. 

If Cp, is based on the actual particle velocity in the free stream, 
U,, there is a marked effect of particle size on Cp,, and Cp, 
Cya- The ratio Cp,/Cp, is then proportional to (U, U,)*? for 


Da 


Fig. 5 as follows: 


d, 

microns Cpp/C da 
170 15 
155 : 1.6 
55 a 


The fact that Cp, for the 470-micron particles is unreasonably 
large indicates that the actual value of V was less than calculated 
in the foregoing (possibly due to free-stream turbulence or mutual 
Nevertheless, it 
reasonable to neglect V in interpreting the test results. 


interaction of particles). does not appear 

The conclusions of the authors (that drag force can be calcu- 
lated for dust-laden air by replacing p by p* and neglecting the 
effect of particle size) can be made only under the identical test 
conditions used by the authors (upward flow, velocity range, 
In fact, their results 
indicate that these conclusions cannot hold under other condi- 
tions. It is suggested that some of their tests should be repeated 
with flow downward through the test section to determine the 
effect of terminal velocity V. 

Since the authors do not state what the particle size was, except 
in Fig. 5, it is not possible to judge the importance of V in the re- 
mainder of their tests 


particle-size range, target size, and so on.) 


Since they also do not give the diameters 
of their target cylinder and sphere, the customary inertia parame- 
ter [5] cannot be calculated. 
small enough 


However, the targets appear to be 
and the particles large enough) that particles 
probably impinged on the targets without appreciable decelera- 
tion or deflection by the air stream before impingement (judging 
from the results of [5]). 
tion of free-stream velocity and/or particle distribution during 


Furthermore, the effect of radial varia- 


their tests is not discussed by the authors. 

Thus the interesting but inconclusive results reported by the 
authors indicate a need for further study of the flow of heavily 
dust-laden air over bluff bodies to determine drag force during 
specific conditions. 
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The possibility of a significant difference between U, and U, 
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is of importance in analyzing the data in Fig. 5 and makes the 
conclusion that there were no particle size effects doubtful 
All of the other data presented were obtained using 55-micron 
particles at relatively high air velocities. For these, the dif- 
ference between U, and the calculated value of U, is too small 
to affect the results significantly. 

One cannot calculate the ratio Dp,/Cp, as indicated because 
the dust-concentration values given in Fig. 5 would be incorrect 
if /,/U, The dust concentration 
was determined by dividing the measured value for the dust 


is much greater than unity. 


flow in gms/sec by the quantity of air pushed through the tube 
multiplied by 
Taking this factor into account, the values of Dp,/Dod, 


per sec. To be correct, each value should be 


U./U, 
calculated by assuming there are no particle interaction effects 


would be as follows: 


d 
(microns) Cp,/C de 
47 3.8 
155 1.26 


55 1.03 


U, for the 470 micron particles must be about one quarter of 
the theoretical value for dust-free air or there is some particle 
size effect or some experimental error tepeat experiments in 
which U’, is measured are needed. 

The Reynolds number for flow in the tube leading to the 
sensing unit was always greater than 4000. This would indicate 
that it would not be necessary to take into account the velocity 


profile. 


A Photoelastic Approach to 
Transient Stress Problems 
Employing Low-Modulus Materials’ 


E. VOLTERRA.*? The authors are to be congratulated upon 
their excellent paper which represents a very important contribu- 
tion in the field of dynamic photoelasticity. Since the early 
1940’s much work has been done on the dynamic characteristics of 
low-modulus materials. Perhaps it is correct to state that the 
study of this subject started in Cambridge, England, during the 
Second World War when, under the supervision of Sir Geoffrey 
Taylor, research on the dynamic properties of some plastics and 
rubberlike materials under impact loading was carried out for 
the British Admiralty [1, 2, 3].4 

The main object of the early experiments was to derive, from 
a rheological point of view, the dynamic stress-strain relation- 
ships of these materials under impact loading. This was the 
object also of experiments which were carried out in later years 
at the Illinois Institute of Technology and at Rensselaer Poly- 
technic Institute in this country under the sponsorship first of the 
Office of Naval Research and later of the Air Force Office of Scien- 
tific Research [4-8]. 

In all the earlier experiments mentioned, the apparatus used 
to produce impact loading on the specimens was the same as that 
used by the authors of the present paper. On the other hand, in 
all the experiments, methods of recording stress and strain were 


1 By J. W. Dally, W. F. Riley, and A. J. Durelli, published in the 
December, 1959, issue of the JourRNAL or AppLiep Mecuantcs, vol. 
26, Trans. ASME, vol. 81, series E, pp. 613-620. 
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continually being improved. In fact, whereas in the early Cam- 
bridge experiments optical methods were used to record the dis- 
tance between the pendulums during impact (which involved a 
double differentiation to be performed in order to derive the stress- 
strain relationship), in more recent experiments, performed at 
Rensselaer Polytechnic Institute, a more exact method based on 
the use of an accelerometer fixed to one of the pendulums was 
used to record stresses and strains. In this paper the authors, in 
addition to the accelerometer, use a linear differential transformer 
mounted between the pendulums and a Fastex motion-picture 
It is interesting to learn that the three methods give the 
However, there are three 


camera 
same results as to stress-strain curves. 
questions in which the writer requests comment: 


1 What is the influence of the end conditions of the specimen? 
How were the ends of the specimens lubricated? 

2 During impact did barreling of the specimens occur and, if 
so, how did it affect the assumption of uniform stress distribution 
in the specimen? 

3 Is the assumption justifiable that lateral inertia of the speci- 
men during ini pact can be neglected? 
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Experimental Stress 


Authors’ Closure 


The authors are very grateful to Prof. Volterra for his kind 
comments and constructive criticisms. 

The validity of the dynamic stress strain determination from 
the double pendulum method depends upon the assumption that 
the stress distribution is uniform over the entire specimen. 
Three factors may influence the validity of this assumption: 


Frictional constraint at the ends of the specimen. 


1 
2 Lateral inertia of the specimen. 
3 Viscoelastic characteristics of the specimen material. 


The first factor is strongly dependent on the lubrication at the 
interface between the specimen and the pendulums. In this 
experiment a liberal quantity of a silicone grease was applied to 
the right-hand pendulum and a thin layer of the same grease to 
the left-hand pendulum. The photographs shown in Fig. 4 in- 
dicated almost no frictional constraint on the right-hand side, 
yet they do indicate some effects of friction on the left-hand side 
Barreling will be dependent on frictional effects at the ends, and 
the magnitude of the strain applied to the specimen. The photo- 
elastic fringe patterns were obtained at low values of strain and 
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the barreling of the specimen were not large enough to be noticea- 
ble. 

The authors believe the effects of lateral inertia are small and 
much less serious than the end conditions. Referring again to 
Fig. 4, the 1.5, 4.5, 6.5, and 7.5 fringes are nearly uniformly dis- 
tributed over the width of the specimen. The other fringes are 
not as well distributed, but it is believed that the conditions at 
the ends of the specimen produced the irregularities rather than 
lateral inertia effects. 

If the material were perfectly elastic and if one neglected lateral 
inertia effects, the fringes would build up as a consequence of 
wave propagation and reflection. Thus a difference in the fringe 
order over the length of the specimen would always exist. Inspec- 
tion of Fig. 4 shows this wave-propagation effect for the first 
6 frames as the one-half fringe propagates down the specimen 
and reflects from the right-hand pendulum. However, from 
frame 7 on there is little evidence of wave propagation and the 
Any local 
differences in the fringe order at the ends of the specimen may be 
attributed to frictional effects. 

It is the authors belief that lateral inertia and wave propaga- 
tion effects wil! not influence the distribution of the stress in a 
specimen of a low-modulus material to any appreciable extent. 
Frictional constraint is the greatest factor which introduces ex- 
perimental error and it should be the first concern of the inves- 


fringe order at both ends of the specimen is equal. 


tigator. 


Response of a Nonlinear String 
to Random Loading’ 


R. H. LYON.? In his paper, Caughey has presented calcula- 
tions for the mean square displacement of a string governed by the 


equation of motion (his notation ) 
L f du \2 O*u 
dx ; 
0 Or dx? 


( zu +8 = ; [7 4 AE 
P\ on “e/ LL 2 
+ f(z,t) (1 


where f(z, ¢) is governed by the correlation function 


f(z, t)f(n, &) = 4D6(x — 9)(sin w,7)/r. (2) 
It is the purpose of this discussion to show that his results may 
be obtained by elementary considerations and to suggest that 
recent work of the present author® has discounted the validity of 
using equation (1) in this problem. 
The mean square displacement of the 7** linear mode may be 
easily found to be [see Caughey’s equation (21) ] 


Gio? = 2DL/i*x*BT. (3, 


The effect of the total motion is merely to increase the average 
tension by an amount 


EAD 
(4) 


1 By T. K. Caughey, published in the September, 1959, issue of the 
JOURNAL OF APPLIED Mecnanics, vol. 26, Trans. ASME, series E, 
vol. 81, pp. 341-344. 
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Minnesota, Minneapolis, Minn. 
Science Foundation Postdoctoral Fellow at the 
Mathematics, The University, Manchester, England. 

*R. H. Lyon, “The Random Vibration of Elastic Strings— 
Theoretical,"” WADC Technical Report 58-570, September, 1958. 
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Since 


DL 
387» 


DL 
38(T, + AT) 
one has 


U2/U,? = (1 + AT/T> lL + ao;..2N)- (5) 
which is Caughey’s result for @o;.o?N small, which it must be for 
the analysis to be consistent. It is obvious that the new linear 
system with tension 75 + A7' will satisfy equipartition 

The work just referred to does not use equation (1) but rather 
more general equations similar to those developed by Carrier.‘ 
Although the assumption is made that EA > 7», the result does 


not reduce to (5) but rather 
0,2/o4.0? = (1 + 2Q,AT/T>)= 6) 


where Q; is the quality factor for the i* mode. Since for a large 
number of systems Q; > 1, the reduction in displacement is 
stronger than (5) would indicate. This result, when traced 
back, occurs by an interaction between longitudinal and trans- 


verse motions of the string. 


Author’s Closure 

The author wishes to thank Dr. Lyon for his interesting com- 
ments on the paper. The author would like to refute the claim 
that equation (1) of the above paper is invalid. To this end, con- 
sider Carrier’s equations for the string,‘ modified to include damp- 
ing and external forces. 


f(z, ty) = Puy + rh, — 0,[T sin 6) 


O = pV, + nV, o, [T cos 6) 


sin 6 


where 


and the local strain e is given by 


e = ((1 + V,)? + u,? 


z 


T = T) + EAe 


If the following assumptions are made: 
a) V, = Oju,?)< 1 
(b) To. < EA 


(c) we < Q 


where w, is the highest frequency excited in transverse vibration 
and Q, is the lowest eigen value for longitudinal vibrations. 
If assumption (c) is satisfied, the time derivative terms in (2) 


may be neglected. Hence, 


d, [T cos 6] = 0 
“. T cos 6 = g(t) 


where g(t) is independent of z. 
Using assumption (a) and equations (3) and (4), 


i!) (8) 


4G. F. Carrier, ‘On the Nonlinear Vibration Problem of the Elastic 
String,’ Quarterly of Applied Mathematics, vol. 3, 1945, pp. 157-165. 
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~ 


cos 9= | 


7 cos 0 = T, + EAV, + (EA To)! (10 


2u,? = g(t) 


Now the boundary conditions require that the axial displacement 


V vanish at both -nds of the string. 


Thus, integrating (10), 
g(t) = T, 4 


Using assumption (b), 


Substituting (7) into (1 
f(z, t) = pug + ru, — g(t)d, (tan 8) 


Using assumption (a) and equation (: 


tan 6 


Hence, equation (14) becomes 


EA ' 
= Pilg, T TU, , u,*dz (16 
2l 0 


This re- 


fiz,t 
Equation (16) is identical to equation (1) of Caughey.’ 
sult was "rst proved by Carrier’ in a somewhat different manner 
Having established the validity of equation (1) of the paper, 

it is necessary to explain the differences between the results ob- 
tained in Caughey' and those obtained by Lyon.* If equation 
(2.11 
(b), and (ce 


of Lyon? is examined in the light of the assumptions (a), 
above, it may easily be shown that: 


T b(t 


| t 
f u,*Ydz 
2l Jo 


If equations (17) and (18) are substituted into equation (2.11) of 


EA 
ne 2.) a 9) 
21 J oe 


This equation is exactly what one would expect by applying 
Lyon’s perturbation scheme to equation (16). Hence, the dif- 
ferences between the two theories cannot be explained by the 


where 


b(t) = (18 


Lyon,’ there results the equation: 


@ @— 7  - 
Pug’? + ru, Tou, = 


coupling between the transverse and longitudinal motions as sug- 
gested by Lyon. The difference must therefore be due to the per- 
turbation method used by Lyon. 

Examination of the perturbation scheme used by Lyon reveals 
the following disturbing facts: 

1 Examination of equation (2.10) of Lyon* reveals that the 
quantities are not all of the same magnitude. For example, ru,’ is 
retained in the equation along with pu,,' and Tyu,,' despite the 
fact that r is assumed very small, making ru,’ a quantity of 
second order, whereas pu,,' and Tyu,,' are quantities of first 


order. Similar remarks apply to equations (2.11) and (2.12). 


5G. F. Carrier, ‘A Note or the Vibrating String,”’ Quarterly of Ap- 
plied Mathematics, vol. 7, 1949, pp. 97-101. 
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2 The perturbation scheme used by Lyon perturbs the trans- 
verse and longitudinal displacements; however, the frequency is 
left unperturbed. This is highly unusual in nonlinear problems 
unless one retains all the secular terms as Carrier did.‘ For 
further discussion of this point, the reader is referred to J. J. 
Stokes. 

It would therefore appear that the methods used by Lyon are 
somewhat questionable. 


Nonlinear Creep Deformations of 
Columns of Rectangular Cross Section’ 


H. G. McCOMB, JR.2 The contribution of this 
the development of easily calculated upper and lower bounds 
for the creep collapse time of rectangular section columns. In 
recent work at the Langley Research Center, NASA [1],* the 
variational theorem referred to by the authors has been utilized 
with direct methods to make some very accurate calculations for 
this problem. In [1] the power creep law was used as in the pres- 
In addition, the stress distribution through the thick- 
The results of 


paper is 


ent paper. 
ness was allowed to take on a nonlinear shape. 
[1], therefore, represent a refinement of the previous work men- 
tioned by the authors [2] which utilized the variational theorem 
but in conjunction with a linear stress distribution. An interest- 
ing comparison between the results of [1] and the authors’ results 
is shown in Fig. 1 of this discussion. This figure is like Fig. 4 of 
the paper where Tcr is plotted against z)/h, the initial deflection 
parameter. Only the case k = 3is shown. The dashed and solid 
lines are the upper and lower bounds for tc from the authors’ 
The dash-dot lines are from [1]; the upper one is for 
The results of {1] 


paper. 
0o/g = 0.2 and the lower for o/ag = 0.8. 
lie between the authors’ bounds, and therefore are consistent with 
them. The figure gives some idea of the accuracy of the authors’ 
conjecture that for 0)/ag < 0.2 the upper bound should be a good 
approximation to the collapse time and for o)/a, > 0.8 the lower 


bound should be a good approximation. 


———— UPPER BOUND ON Top 
LOWER BOUND ON Top 
VARIATIONAL 





dtitits 
OS 10 


h 


Fig. 1 Comparison betweon variational results and bounds on 1, 


* J. J. Stokes, ‘‘Nonlinear Vibrations,”” Pure and Applied Mathe- 
matics, vol. II, Interscience Publishers, Inc., New York, N. Y., 1950. 


' By H. H. Bleich and O. W. Dillon, Jr., published in the December, 
1959, issue of the JourNAL or Appitiep Mecuanics, vol. 26, TRANS. 
ASME, vol. 81, series E, pp. 517-525. 

? Langley Research Center, National Aeronautics and Space Ad- 
ministration, Langley Field, Va. 

’ Numbers in brackets designate References at end of discussion. 
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Substantial discrepancies in collapse time exist between creep- 
buckling theories such as this one and experiments. Calculations 
based on rather simple creep-buckling hypotheses such as those 
proposed by Shanley [3] and Gerard [4] show up just as well or 
better in comparisons between theory and experiment as the more 
refined analysis, even though these simple hypotheses seem to 
have relatively little physical or rational basis. The analysis 
of this paper and of [1] and of the great majority of other papers 
on this problem (and there are many) are based on creep relations 
which are really only valid for creep under constant stress. That 
is, the constants in the creep relation (A and k in this paper) are 
determined from constant stress-creep data. Actually, of course, 
the stress at some points in the column varies considerably as 
creep progresses. In [3] and in Libove’s papers, [5] and [6], an 
effort was made to account for this fact that the stress varies dur- 
ing creep of ihe column. Perhaps it is time to reappraise the 
creep relations that are being used in analyses of this type and 
determine whether or not they adequately represent the material 
behavior. 
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Analysis of Plane Stress in Polar Co- 
ordinates and With Varying Thickness’ 


Vv. S. MUSICK.? In May, 1958, the writer submitted in 
partial fulfillment for a Master of Science degree in Engineering 
at Union College, Schenectady, N. Y., a thesis entitled, “On 
the General Solution of Variable Thickness Plane-Stress 
Problems in Polar Co-ordinates With a Special Solution of a 
Variable Thickness Stodala Type Disk With Nonuniform, Radial 
Boundary Loading.’”’ The solution given in the present paper 
closely parallels the writer’s earlier work. 
The author has observed that the characteristic equation 


2(m — 2)A* + (4 — 5m — vm — 2n? + m?)X? 


—(m — 2)(m + vm + 2n?)d 


At + 


— n*4 + vm — 3m — vm? — n*?) = 0 (13) 


is easily factorable for m = 2. In the writer's investigation of 
this same characteristic equation, it was discovered, for n = 2 
and vy = 0.3, in the cases checked, the roots were real for 0 << m < 
2 and for m > 2 some roots were found to be conjugate complex 
of the form: 


1 By H. D. Conway, published in the September, 1959, issue of 
the JouRNAL or AppLiED Mecnanics, vol. 26, Trans. ASME, 
vol. 81, series E, pp. 437-439. 

? Turbine Bucket and Rotor Engineering, Large Steam Turbine- 
Generator Department, General Electric Company, Schenectady, 
N.Y. Assoc. Mem. ASME. 
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4 C,r™ + D,r™ 
will change to 


R,’' = 


a A,r" cos (b, In r) + B,’r sin (b, In r) 


+ C,’re" les (b, Inv) + D,’r sin (b, In r) 


As a point in passing, one should make note of the fact that 
m > 2 represents a fairly high flare of cross section 


Direct Determination of Stresses in 
Plane Elasticity Problems Based on the 
Properties of Isostatics’ 





GUSTAV MESMER.? It is well known (references [4, 5, 7] of this 
paper) that all systems of equipotential lines and the correspond- 
ing orthogonal streamlines can be considered to be isostatics 
(stress trajectories) of certain elastic plane-stress systems. These 
stress systems belong obviously to a peculiar limited class, ful- 
filling specific boundary conditions. This means that the tra- 
jectories of only a few exceptional cases of elastic problems can be 
considered to be potential lines or, which is equivalent, of the 
“square’’ type (differential parameters Ah, and h. being equal). 
To mention one important point; the ‘“‘closed’’ type of internal 
isotropic points, very often appearing in stress trajectories, has 
no counterpart in the potential network. The method of the au- 
thor can therefore be used with reliability only in some peculiar 
The circular plate between two singular forces belongs to 
Most real problems, for example, the problems of the 


cases. 
this group. 
simple tension and bending bar with holes or notches, do not be- 
long to this class, and one cannot expect accuracy or reliability in 
the stress results based upon a partly similar but nonetheless 
wrong network of trajectories. Some comparative numbers of 
Table 3 of the paper are significant. 


Author’s Closure 
The author wishes to thank Mesmer for his 
As it was pointed out in the paper, and it was men- 


Professor G. 
comments. 
tioned in the discussion, the necessary and sufficient condition 
for a network of isostatics of a plane-stress elastic system to be 
represented by a network of equipotentials and the corresponding 
stream lines is to be isometric. This restricts the rigorous appli- 
cation of this analogy only to those cases fulfilling this condition 

But, following Wegner,’ we can express the Cartesian stress 
components in a plane-stress elastic field by the following rela- 


tions: 


¢, = 


—r*R- [F(z)] + R- Lf. 2F(z)dz + » | — R-[N(z)] 
20 J 


r*R-{[F(z)|] + R- Lf. zF(z)dz + | + RIN(z 
zo 


Ta, = rl: [F(z)] + I+ [N(z)] 


ny 
1 By P. 8. Theocaris, published in the June, 1959, issue of the 
JouRNAL oF APPLIED MeEcHANICs, vol. 26, Trans. ASME, vol. 81, 
series E, pp. 227-234. 
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Fig. 1 


ind J- denote the real and imaginary parts ol two arbi- 
and N(z) of the complex variable z 


where R 
trary analytic functions F(z 

Therefore any plane-stress elastic field with no body forces can 
be considered as resulting from two inde pendent tsometric stress 
systems, one of which, defined by the function N(z), is a harmonic 
stress system whose first invariant 20 = (a, + o;) is everywhere 
zero Phe superposition of the two systems is possible only ul 
certain criteria exist relating either the functions F(z) and N(z) or 
the difference of the principal stresses 

However, it may be noted that, in general, the contribution of 
the analytic function N(z) on the resultant stress field is secondary 
and its influence in deviating the principal stress field correspond- 
ing to the analytic function F(z) is negligible in regions far from 
singularities. This explains the isometric character of the field 
of isostatics in these regions. In cases of plane-stress fields con- 
taining singularities, these can be determined accurately from a 
photoelastic fringe pattern. The singularities correspond either 
to points of transition from one isostatic to its orthogonal or to 
isolated points belonging to one type of isostatic surrounded by 
the two extreme isostatics of the other family. 

The determination of the isotropic points or lines on the 
boundaries or in the interior of the field allows the separation of 
the boundaries into two groups from which each belongs to one 
family of isostatics and the determination of the extreme iso- 
statics. Each family of isostatics can be traced by using the ex- 
treme isostatics of the family as electrodes of application of 
the potential in the electrical analogy method. The parts of the 
boundaries corresponding to this family and not belonging to 
the extreme isostatics must have also electrodes. The potential of 
these electrodes is regulated to corre spond to a limiting vaiue of 
potential which makes this electrode an equipotentiil 

Since the boundaries of the traced field of isostatics are com- 
pelled to correspond to those of the real problem, and since the 
greater discrepancies due to the function AN (z) are encountered in 
the vicinity of the singularities, which are forced to correspond 
to those of the rigorous problem by the placing of the electrodes, 
the deviations from the correct network are insignificant. There- 
fore the traced network of isostatics, by this analogy, is in many 
cases more accurate than the corresponding network constructed 
by a purely graphical process on the basis of isoclinics which, 
moreover, are, in general, very badly determined photoelastically. 
As an example, we give in Fig. 1 the one family of isostatics 
traced by this analogy in the case of a circular ring subjected to a 
diametral compression because this case contains all kinds of 
singularities. For the sake of comparison, the same network of 
isostatics, traced graphically, is given in the book by M. M. 
Frocht, ““Photoelasticity,’’ vol. 1, page 209. 
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Velocity and Temperature Fluctuation 
Measurements in a Turbulent Boundary 
Layer Downstream of a Stepwise 
Discontinuity in Wall Temperature’ 





S. J. KLINE? and P. W. RUNSTADLER.? The author has indi- 
cated that perhaps the most novel result of this investigation 
is the observed intermittency of the temperature fluctuations 
within one region of the fully turbulent boundary layer as distin- 
guished from measurements of the velocity fluctuations. This 
intermittency is shown in Fig. 6 of the paper for a value of y = 
2.2 in. A possible explanation of this phenomenon may lie in 
the results of studies performed at Stanford University and 
described in a recent paper.‘ These visual studies have indicated 
that a repeated instability exists in the wall layers of the turbu- 
lent boundary layer; this instability gives rise to a flow model 
which is repeated over the entire wall and in turn creates the 
large fluctuations which are responsible for the continuance of 
the turbulent shear layer over a solid surface. 

In order for this flow model of the wall layers to explain the 
phenomenon reported by the author, it must account for the 
following observations: (a) The intermittency of the thermal 
measurements; (b) the one-sided spikes of the thermal intermit- 
tent measurements; (c) the lack of intermittency in the velocity 
measurements at the same place where there is intermittency in 
the thermal measurements 

The author’s test plate is heated on only the last 6 ft of the 20- 
ft test section, giving a thermal boundary layer which does not 
reach the free stream at the downstream end of the plate. Over 
the heated portion of the wall, the part of the flow extremely 
close to the wall contains very slowly moving fluid which is 
heated by thermal conduction from the plate. Some of this 
high-temperature fluid is then . splaced away from the wall by 
the vortex-like motion of the ‘‘tail’’ of the flow model. These 
vortex tails of fluid break up farther out into “‘bursts’’ of typical 
turbulent motion. These bursts are then carried away from the 
wall and downstream by the mean motion of the fluid. At 
any given location, away from the wall, the fluctuations rep- 
resent the integrated history of bursts created upstream near 
the wall. Since the bursts are moved away from the wall by the 
mean flow, it seems reasonable to assume that far from the wall, 
near the edge of the boundary layer, the fluctuations are bursts 
which have originated far upstream; nearer the wall one would 
expect a mixture of bursts, some from far upstream and some 
originating nearby: close to the wall most bursts will come from 
the nearby wall section 

In terms of this concept of the turbulent shear layer, it is 
then relatively easy to rationalize the author’s results. At the 
downstream end of the plate, very near the wall, most of the 
bursts will have originated on the heated section of the plate; 
in the middle of the boundary layer some bursts will have come 
from the heated and some from the unheated portion of the plate; 
in the outermost portion of the layer almost all of the bursts 
will have come from the unheated section of the plate. Thus for 
1 By D. 8S. Johnson, published in the September, 1959, issue of the 
JouRNAL oF APPLIED Mecuanics, vol. 26, Trans. ASME, vol. 81, 
series E, pp. 325-336. 

2 Associate Professor, Department of Mechanical 
Stanford University, Stanford, Calif. Mem. ASME. 
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the y-location of the intermittent thermal measurements shown 
in Fig. 6, which corresponds to the middle portion of the layer 
just described, the velocity fluctuations are not intermittent 
since bursts from the whole plate cover this region; but since 
only some of these bursts originated on the heated portion of the 
plate, thermal intermittency is observed. Moreover, the 
author’s “‘base line’ represents the energy of the cold fluid and 
all of the thermal intermittencies are due to the arrival of random 
high-temperature bursts and hence are one-sided. 

The writers feel that the author’s results are useful in two 
regards: (a) The work gives strong further evidence of the 
close relation between wall effects and the origin of turbulent 
bursts in the wake portion of the turbulent boundary layer. 
In particular, it tends to verify that the primary origin of bursts 
is in the wall layers and is not due to free-stream interactions. 
(b) The results suggest the use of thermal elements mounted in 
the wall as a means for tracking the history of one or more turbu- 
lent bursts originating in the wall layers. Such information 
should be of aid in describing the path of fluctuations and in 
determining the size and frequency of single bursts as well as 
the frequencies and angle with respect to the wall of the gen- 
erating vortex system. 


Slow Rotatory Motion of a Circular 
Disk About One of Its Diameters 
in a Viscous Fluid’ 


E. M. SPARROW.? The author is to be congratulated on 
his solution of an interesting problem in fluid mechanics. In the 
interests of a concise presentation, a definition of the parameter @ 
and a discussion of its characteristics have been omitted from the 
paper. Apparently, @ is a kind of eigenvalue; but it takes on a 
continuous spectrum rather than the discrete spectrum of values 
as is frequently encountered in boundary-value problems. 
Further remarks about the properties of @ would be of interest. 

It would appear that equations (19) to (23) provide the veloc- 
ity and pressure results corresponding to a given a. To achieve 
the final solution, integration over @ seems necessary, and this 
has been done for w and p in the plane z = 0. However, the in- 
tegrations have not been carried out for z # 0; and in this sense, 
the solution is not complete. Whatever remarks the author may 
wish to make about the integrated results for the condition when 
z # 0 would be helpful. 


Author's Closure 

Professor Sparrow’s comments are very much appreciated. 
His remarks about the parameter @ are quite correct. It may, 
however, be added that this method of solving the boundary-value 
problems is essentially the method of Hankel transforms. 

The reason that the integration of the main results have been 
carried out only in the plane z = O is that the couple on the disk 
Second, the value of w turns 
The values of the 


is thereby completely determined. 
out to be given in an elegant closed form. 
pressure and the velocity components can also be derived for the 
case z # 0. We shall demonstrate it by evaluating the pressure. 


sin aro 


Observing that the expression — cos ary } is related 


ars 
to the Bessel function J2/,(a@ro), as 
! By R. P. Kanwal, published in the December, 1959, issue of the 
JoURNAL oF AppLieD Mecuanics, vol. 26, Trans. ASME, vol. 81, 
series E, pp. 485-487. 
? Professor of Mechanical Engineering, University of Minnesota, 
Minneapolis, Minn. 
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sin aro 
( — cos an) x/2 V ary Ji/, (aro), 


aro 


the value of the pressure, as given by the relations (23) and (26) 
of the original paper, is 


4y Quwory” a ‘ 
- sin 0 ' aud s/,( aro) J (ar e~ © da 
( 


The quantity Ya J:s/,ar)J;\(ar), can be expanded in the 


VT 


series in @, as® 


$2 (% 
(ary)J (ar) = 
3V Tr 


« } }(2n + 3)n + 2) n+ LIF —n, 3 + nn; 


n=0 


alts 


Therefore 


5/2, 2; 7 


LF d—n, 3 + n; 
? « 

<f J on+3( a e~ ** da 
0 


(4/2? + 1 —_ z)2ta 


V2+1 


we have the com’ iete evalua- 


} }(2n + 3) n + 2) n 4 
y 


n=0 


f, J ont3( ae “* da 


Substituting the relation (5) in (4), 
tion of the pressure. 

Incidently, now that the method of evaluation of the velocity 
components for the case z # 0, has been demonstrated in the 
can investigate the shearing stresses 


foregoing analysis, one 


experienced by the disk. 


A New Theory of Elastic Sandwich 
Plates—One-Dimensional Case’ 


J. M. FRANKLAND.? For homogeneous plates, coupling of 
thickness-shear and thickness-stretch modes with the simpler 
forms of extensional and flexural vibration does not occur below 
very high frequencies. therefore of 
minor interest in the dynamic analysis of structures. If sand- 
wich plates are used, however, this paper shows that the coupling 
can be of importance down to much lower frequencies. Sand- 
wich structures subjected to acoustic excitation, for example, 
might show a more complicated behavior than a homogeneous 
The subject deserves further study to make clear 


These phenomena are 


structure. 

3 Bateman Manuscript Project, ‘“‘Higher Transcendental Fune- 
tions,"’ vol. 2, page 99, formula 7. 

4G. N. Watson, “‘Theory of Bessel Functions,’’ Cambridge, 1944, 
page 386. 

1 By Yi-Yuan Yu, published in the September, 1959, issue of the 
JouRNAL or AppLieD Mecuanics, vol. 26, Trans. ASME, vol. 81, 
series E, pp. 415-421. 

2 National Bureau of Standards, U. 
Washington, D.C. 


S. Department of Commerce, 


Transactions of the ASME 





the conditions under which these effects will be important. 
In particular, the writer hopes that the author will consider more 
customary sandwich proportions where the facings are less 
thick than in his numerical example. 


Author's Closure 


The author wishes to thank Dr 
and agrees with his opinion that the subject deserves further 


Frankland for his comments 


study. The numerical example discussed during the presenta- 


tion of the paper was for a ratio of he/h; = '/2. Since then, 
another example in which he/h; = '/io has been calculated, and 


The 


1 18 


both examples have been included in a forthcoming paper.* 
simple thickness-shear frequency in the case of he/h, = ' 
somewhat higher than that in the case of he/h; = '/2 but is still 


much lower than that of a homogeneous plate. 


Thermal Stress Owing to a Hot 
Spot in a Rectangular Strip’ 


CHIH-BING LING.” 
the interesting thermoelastic problem of a hot spot in an infin- 


In this paper the author gives a solution of 


ite strip. It is appreciated that the author also in a footnote 
points out a typographical error in the table of one of the writer's 
recent papers. 

The writer wishes to show that the same problem can be solved 
by using the method of images. This method has been used by 
the writer with advantage in solving many an elastic problem. 
For generality, let \ denote the radius of the hot spot, which may 
be less than, or equal to, a. Consider a series of such identical 
hot spots uniformly distributed in an infinite plate along the y- 
axis with their centers at y = 2na, where n takes all positive and 
negative integral values including zero. By symmetry, the tan- 


gential stress along the lines y +a vanishes identically and 


only traction along these lines is a normal stress given by 


= (Ka 


tn @ 


z 


n= 


cech? 


T?CEa 


w here 


The series are summed with the aid of the following relations® 


a tanh 
1 )?a? far 2a 


(3) 
T Wx Wx . 2 
: tanh — — sech? 
— 1)*a*;? Sar 2a 2a 2 


* Yi-Yuan Yu, “Flexural Vibrations of Elastic Sandwich Plates,” 
to be published in the Journal of Aero/Space Sciences. 


' By C. W. Nelson, published in the December, 1959, issue of the 
Journat or Appitiep Mecnanics, vol. 26, Trans. ASME, vol. 81, 
series E, pp. 488-490. 

Director, Institute of Mathematics, 
China. 

’ The first relation is obtained by replacing 6 with ixz/2a in Formula 
(421), L. B. W. Jolly, “Summation of Series,’’ Chapman and Hall, 
Limited, 1925, p. 126. The second follows at once by differentiation. 


Academia Sinica, Taiwan, 
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DISCUSSION 


The foregoing boundary stress can be annulled by introducing 
a Howland’s integral‘ of type 1. 


~ . 
4 f(m) sinh ma ‘ : 
eg ) my sinh my 
wr Jo m*sinh 2ma + 2ma) 


— (1 + ma coth ma) cosh my} cos mz dm (4) 


where 


TCEa _ wr 
f(m) sech? - cos mx dz 
J 0 2a 


4a? 


marCEa 


2 sinh ma 


Therefore 


° {my sinh my — (1 + ma coth ma) cosh my 
2CEa ‘ _ 
0 


' m(sinh 2ma + 2ma) 
‘ 


- ( dm (6) 
2m*a 


x cos mr + 
in which the term 1/2m‘%a is added to the integrand in order to 
render the integral convergent at the lower limit 

Consequently, the stresses in the strip outside the hot spot are 
given by 
o*x de : x 
i CEa > 7 
o1v* i= Ft 
o*x T’CEa Wr Ty 
_ cosh cos 


oy? 2a? a a 


O*x 


rKa wr / T 
= 7 : ce sh — ] j cosh 
Ox? 2a a j a 


Ty 
— COs 
a 


0*x: x(y — 2na 
— 2CEa ) 
ordy }x? + (y — 2na)*}? 


n= 


o*x: mCEa .. wr. xy / wr ry \? 
— sinh sin / | cosh — cos 
2a? a / a a 


(9 


where the series is summed with the aid of the relation*® 


rr. rx | Wr ry 
= sinh cosh — cos 
Zar a / a a 


(10 


and its derivatives. 

The stresses in the strip inside a hot spot of constant tempera~- 
ture are also given by the foregoing expressions provided that the 
following quantities are added, respectively: 


*R. C. J. Howland, “Stress Systems in an Infinite Strip,’’ Proceed- 
ings of The Royal Society of London, series A, vol. 124, 1929, pp. 89- 
119. The function has been modified in conformity with the present 
notation. 

5 Cf. Formula (3), in Table 267 for p = 0, D. Bierens de Haan, 
“Nouvelles Tables D'Intégrales Définies,"’ G. E. Stechert and Com- 
pany, 1939, p. 390. 

* Cf. Formula (521a), L. B. W. Jolly, ibid., p. 158. 
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DISCUSSION 


Ca 4 z?— y? 1 | 
( 


xz? + y?)? r2f’ 


CE spol ss 

—_ 1a * ° 
Viz? + y?)? 

2CEary 

(2? + y?)? 


Author’s Closure 


The author wishes to thank Dr. Ling for demonstrating the 
solution of the author’s problem by another method, namely, the 
method of images. 

Since Dr. Ling’s solution differs in form from that derived by 
the author, an outline of the main steps in a proof of the exact 
equivalence of the two solutions appears to be worth while and is 
given in the following. 

Subtraction of o, given by one solution from @, given by the 
other solution yields a result which reduces to zero if the following 
equation is true 

w 
"2 W “5 
2 fe wy 
— cosh — cos 
w 2a 


» 


wr Ty 
, ; cosh cos — 1 
a? (x? — y?) a a 


- ia . (1) 


(x? + y?*)? 2 wr wy \? 
cosh cos 
a a 


It will be shown that this equation is true. It can be shown 
that Equation (1) is also obtained by specifying that expressions 
for ¢, from the two solutions are equivalent. In a similar way, it 
can be shown that equivalent expressions for 7,, are obtained 


from the two solutions if the following equation is true: 


wx dw 


2a 2 


«oe 
sinh sin 
2a*ry 1? 


TI 
cosh 


It will be shown that Equation (2) is also true. 
The correctness of Equation (1) follows 


~ (2? + y?)? 2 


from the known 


formulas’ 


y* 


y?)? 


7 Equations (3) and (5) may be derived by differentiating with 
respect to the proper parameter both sides of Formula 521 or Formula 
522, p. 69, “‘A Short Table of Integrals,’’ Fourth Edition, Peirce and 
Foster, Ginn and Company, 1956. Equations (4) and (6) may be 
derived by differentiating both sides of Formula (4), Table 265, p. 
388, “Nouvelles Tables D’Integrales Definies,’’ by D. Bierens de 
Haan, Edition of 1867-corrected, Hafner Publishing Co., New York, 
1957. Formulas (5) and (8) of the same table (265) both contain 
errors. Otherwise they could have been used for deriving Equations 
(1) and (2) of this Closure. 
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sinh z 


Wx wy 
- (cosh — cos _ 1) 
7 a a 


2 Wr Ty \? 
cosh — cos 
a a 


Similarly, Equation (2) is seen to be correct because 


zy P 
- zr 2a*ry 


ze ® sin dz = 


x? + y?)? 


and 


R z sinh (: - 
7/0 


ry 


. Wz. 
sinh sin 
a 


Tr? 


2 Wr wy 
cosh — — cos 
a 


a 


Thus the expected equivalence of Dr. Ling’s solution and the 
author’s solution has been demonstrated by showing that the two 
solutions give exactly equivalent expressions for ¢,, ¢,, and T,,y. 


Symmetric Vortex Separation on 
Circular Cylinders and Cones’ 


problem by the “‘concentrated-vortex’’ approximation contains an 
empirical constant, namely, the position of the separation point 


The author’s treatment of the separation 


Previous applications of this method were restricted to cases in- 
volving sharp corners, which were identified with the separation 
points (Kutta condition) so that the treatment appeared to be 
free of empiricism. However, comparison of these theories with 
experiments revealed that the concentrated-vortex approxima- 
tion isin general inadequate because of the so-called ‘‘secondary”’ 
vortex separation at the sharp corners. A possible way out here 
is to relax the Kutta condition and to replace it with empirical 
information. From this point of view it is evident that in spite 
of the necessity of using some experimental information, the 
author’s work is in the same category as the previous applica- 
tions. 


1959, issue of the 
ASME, vol. 81, 


1 By A. E. Bryson, published in the December, 
JouRNAL oF AppLiep Mecuanics, vol. 26, Trans 
series E, pp. 643 648. 
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Heat Exchangers 


Compact Heat Exchangers. By W. M. 
McGraw-Hill Book Company, Inc., 
pp. $6. 


London, 
1958. 156 


Kays and A. L. 
New York N Y. 


REVIEWED BY E. R. G. ECKERT’ 


Tue book presents friction factors and Stanton numbers for 
88 heat-exchanger configurations together with a text explaining 
the parameters and their use in design calculations. This exten- 
sive compilation is the result of research which has been conducted 
chiefly at Stanford University since 1945. 
following chapters: 1 Introduction; 2 Heat exchanger analy- 
sis; 3 Effects of temperature dependent fluid properties; 4 
Abrupt contraction and expansion, pressure loss coefficients; 5 
Analytical solutions for flow in tubes; 6 
and experiments for simple geometries; 7 Experimental meth- 
ods; 8 Heat transfer surface geometry; 9 Heat transfer and 
flow friction design data 


The book contains the 


Summaries of analyses 


Chapter 2 contains tables and diagrams for the effectiveness of 
heat exchangers with various flow arrangements. The designer 
of heat-transfer equipment can either use the results in Chap. 9 
if his geometry is identical with one of the investigated surfaces, 
or he can deduce heat-transfer performance and pressure loss 
from the information contained in Chaps. 4and6. The presenta- 
tion of the data for a wide variety of geometries on a unified basis 
is of great help to the user; it makes, however, some arbitrary 
decisions unavoidable. Some of the following remarks have to 
be considered in this light. Others concern a few minor short- 
comings in the text which can easily be corrected in a new edi- 
tion. 

The Prandtl numbers and heat conductivities for air con- 
tained in Table 25 and Figure 114 are too small, especially at 
higher temperatures, according to recent investigations. Noth- 
ing has been mentioned in Chaps. 5 and 6 on the circumferential 
distribution of the wall temperature in the rectangular ducts. 
Recent research has shown that for some duct shapes even 
average heat-transfer coefficients depend strongly on this bound- 
ary condition, especially in laminar flow. Two methods are to- 
day primarily in use to account for a temperature dependence of 
the properties appearing in the dimensionless parameters—to 
introduce the properties at a reference temperature, or to include 
a temperature ratio in the relation describing Nusselt number and 
friction factor. The reference temperature method has proved 
its value in high-temperature heat transfer for boundary-layer 
The 
critical remarks about this method contained in the book appear, 


flow and it has also been successfully applied to duct flow. 
therefore, unjustified. The term “number of exchanger heat 
transfer units’’ and the notation NTU appear somewhat lengthy 
and may even lead to confusion in equations. This reviewer 
feels that it would be very desirable to replace it by a simpler 
name and notation. 

The reports and publications on which this book is based are 
being used extensively by companies manufacturing heat-ex- 
changer equipment. 
welcome that this 
available in book form. 


Design engineers will therefore certainly 
valuable information is now conveniently 


1 Professor, Department of Mechanical Engineering, University of 
Minnesota, Minneapolis, Minn. 
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Structures 


Hyperstatic Structures, Vol. 1. By J. A. L 
Press, Inc New York, N. Y., 1959. $15.50 


Matheso 


REVIEWED BY D. C. DRUCKER® 


THE student of the theory of structures taught in the conven- 
tional way as a myriad collection of unrelated theorems and tech- 
niques will welcome this text. As the author states, “the pur- 
pose of this book is to show how all these theorems fit together 
into a coherent pattern,’’ some based on equilibrium and some on 
compatibility approaches. 

s assumed 


A knowledge of the elementary theory of structures 1 


and the principle of minimum potential energy for conservative 
systems is chosen as the starting point. Although inelastic ac- 
tion is then somewhat troublesome to handle and the reviewer 
much prefers to start instead with the general theorem of virtual 
work, there is no question but that this is one of the outstanding 
texts on structures written in English. 

The main part of the book consists of the interrelated sections 
Mohr’s, and Maxwell’: 


ment distribution, slope deflection, and plastic 


on Castigliano’s, Bettis’, orems, mo- 
collapse tech- 
They 
are supplemented by a chapter on elastic stability written by 
N. W. Murray, and a chapter on matrix and computing methods 
by R. K. Livesley 


Volume 2 will contain worked examples and problems for solu- 


niques, and the discussion of trusses, frames, and arches 


tion. 


Mechanisms 


Mechanism and Motion. By K. H. Hunt. John Wiley & Sons 
New York, N. Y., 1959. Cloth, 5'/; X 9 in., xiv and 114 pp., 
$4.25. 


Inc., 


illus. 


REVIEWED BY BURTON PAUL’ 


IN REFERENCE to the study of mechanisms the author states 
in his preface: ‘This small subject has been becoming smaller; 
it has been suffering a decline at a time when nearly every part 
of the engineering curriculum has been going through a process 
The work in inalysis of 
mechanisms is often uninspired and antiquated This quota- 


of active rationalization. kinematic 
tion reflects a state of affairs equally true of the situation in 
this country as it is of the British universities, for which the book 
has been primarily designed. 
the situation will be warmly welcomed by all those seriously con- 
inalysis and 


Therefore any attempt to correct 


cerned with the teaching or practice of mechanical 
design 

The book commences with a chapter on vector methods and 
consistently uses Gibbsian vector notation in the following chap- 
ters which cover the vector equations of relative motion, velocity 
and acceleration images, criteria of freedom and constraint, 
analysis of specific plane mechanisms, and space mechanisms. 
The concluding chapter deals with additional topics in plane 

? Professor, Division of Engineering, Brown U1 Provi- 
dence, R. 1. 

* Assistant Professor of Engineering, Brown 
dence, R. I 


versity, 


University, Provi- 
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mechanisms and includes discussions of instant centers, the Euler- 
Savary equations, substitute mechanisms and the acceleration 
center. 

The most important aim of the book (as stated in the preface) 
is ‘to show that our conventional methods of mechanism analysis 
may be rationalized.’’ That the book is only partially successful 
in achieving this goal is due in a large measure to its extremely 
modest size (slightly over 100 pages of text and problems) which 
precludes coverage of many important topics. For example, 
there is no treatment of the complex number (phasor) notation 
which is so prevalent in the current literature. There is, by 
intent, extremely little material on the central problem of the 
designer, viz., direct synthesis of mechanisms. Finally, there is 
a very concise discussion of the Euler-Savary equation and the 
inflection circle, but there is practically no indication of what use 
these tools may be put to. 

The book contains an interesting assortment of exercises which 
are intended to supplement the text, as well as a number of 
“extended exercises’ or drawing room projects. 


Hypersonic Flow 


Hypersonic Flow Theory. By Wallace D. Hayes and Ronald F. Prob- 
stein. Academic Press, New York and London, 1959. Cloth, 
6'/4 X 9'/,in., xiv and 469 pp., illus. $11.50. 


Robert Wesley Truitt. Ronald 


Hypersonic Aerodynamics. By 
Cloth, 6'/¢ 9'/,in., xiiand 462 


Press, New York, N. Y., 1959. 
pp. $10. 


REVIEWED BY MILTON VAN DYKE‘ 


THESE first two books on hypersonic flow to appear represent, 
despite their outward similarity, the extremes between which all 
others now in preparation will certainly fall. One is a scholarly 
monograph, concerned with fundamental concepts and avoiding 
empirical results no matter how accurate, and might be used in an 
advanced graduate course. The other is a textbook suitable for 
undergraduate instruction, which emphasizes an engineering ap- 
proach to a variety of practical aerodynamic problems. 

The difference between these aims is illustrated by the attitude 
to that bulwark of hypersonic-flow theory, the Newtonian ap- 
proximation. Truitt enthusiastically embraces simple New- 
tonian impact theory which, neglecting Busemann’s correction for 
centrifugal forces, predicts surface pressures proportional to the 
sine squared of the local angle of incidence. This simple rule can 
fairly be said to be his basic weapon (although he discusses many 
other methods), and in writing chapters on complete configura- 
tions and on stability and control he has, of course, no other. 
By contrast, Hayes and Probstein immediately dismiss that rule 
as having no logical basis in theory, and hence erroneous. In- 
stead, they analyze in detail the somewhat more complicated 
Newton-Busemann theory, which yields the limit of the exact 
solution as Mach number becomes infinite and the adiabatic ex- 
ponent approaches unity. In so doing, they uncover some ex- 
traordinary anomalies. The hypersonic engineer has become ac- 
customed to the thought that, in Newton’s approximation or its 
more sophisticated successor, the oncoming fluid condenses into a 
sheet of zero thickness and infinite density wrapped about the 
nose of his body. He may be startled to learn, however, that this 
sheet may in some circumstances undergo a further condensation 
into a line, and finally even into a point. Hayes and Probstein 
stoutly defend the theory and, although admitting that such pre- 
dictions are unrealistic, suggest that they may correspond to 
significant real phenomena. 


‘Professor of Aeronautical Engineering, Stanford University, 


Stanford, Calif. 
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Aside from this basic difference in attitude, both books treat the 
same subjects to a considerable extent, particularly for inviscid 
flows. Each devotes a chapter to hypersonic small-disturbance 
theory and the associated similarity rules and simple solutions, to 
the notorious blunt-body problem as attacked by both approxi- 
mate analytical and numerical methods, and to minimum-drag 
bodies using their respective Newtonian approximations. Hayes 
and Probstein cover viscous hypersonic flows much more thor- 
oughly, and include a chapter on the numerical method of char- 
acteristics and related methods. Truitt considers real-gas effects 
(including magnetohydrodynamics), and is alone in attacking 
complete configurations and stability and control. 

Hayes and Probstein have written with care and discrimination; 
the result is a sound scholarly treatment bearing the strong mark 
of their own personalities. They are particularly to be com- 
mended for having critically covered the recent literature, in- 
cluding the Russian. On the other hand, Truitt has to some ex- 
tent simply assembled his book, which is always hazardous 
Thus the hypersonic similarity rule is deduced early in the book by 
reproducing Tsien’s old faulty derivation, and again much later 
when a paper of the reviewer appears almost verbatim as chapter 
8. There are a number of inexact or misleading statements and 
infelicities of expression; to cite only one, the governing differen- 
tial equations for inviscid flow are on page 34 termed the Navier- 
Stokes equations 

The difference in level is so great that few prospective readers 
will buy both books. 
not hesitate: he will reject Truitt as elementary and unseund, and 
choose Haves and Probstein to study and criticize. The prac- 
ticing engineer, on the other hand, will find the latter book com- 
pletely unreadable, and applaud Truitt for giving him the answers 


The advanced student and researcher need 


he needs 


Structures 


Plastic Analysis of Structures. By P.G. Hodge. McGraw-Hill Book 
Co., Inc., New York, N. Y., 1959. Cloth, 6 X 9 in., xiv and 364 pp., 
illus. $10.50. 


REVIEWED BY ARIS PHILLIPS® 


Tuts excellent text is the newest of a number of books on plas 
tic analysis and design of structures which have appeared during 
recent years. The appearance of these books shows the increas 
ing interest of engineers toward plastic methods of structural 
analysis 

The book of Professor Hodge is based on the concept of col- 
lapse of a structure of a perfectly plastic material. Contained 
plastic deformations and strain hardening are not discussed. 
Therefore its scope is more narrow than the scope of the previous 
texts on plasticity by Hill, Prager-Hodge, and Phillips. On the 
other hand, its coverage is much wider than that of the books by 
Beedle and Neal because it covers plates and shells also. 

This is a well-written book and it proceeds at a brisk pace so 
that in its 364 pages a considerable amount of material is covered. 

The book is divided into two parts. The first part considers 
the plastic analysis and design of beams, frames, and arches from 
the point of view of the elementary bending theory. It includes 
seven: chapters on limit analysis of beams and frames, displace- 
ments of plastic beams and frames, general loading, limit design, 
and axial forces on frames and arches. The first part should be 
useful to practicing civil engineers. 

The second part is devoted to the collapse of structures under 
combined stresses. In this part the following topics are covered: 
General theory of combined stresses, beams under combined 
stresses, bending of plates, limit analysis of shells, problems in 
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plane stress, impact loading of plastic structures. Due to the 
nature of the subject the second part is written at a level consid- 
erably more advanced than the first part. It is based on recent 
research work and should be of great interest to research engi- 
neers. 

The extensive bibliography and abundant problems add to the 


value of this book. 


Photoelasticity 


Praktische Spannungsoptik. By L 
Verlag, 1959. Cloth, 6'/2 * 9'/2 in 
30. 


Féppl and E. Ménch 


illus., vii and 209 pp 


Springer 


DM 


REVIEWED BY GUSTAV MESMER‘ 


THE second edition of this book is thoroughly revised and com- 
pleted. As before, the authors describe their own pertinent re- 
search at some length, reporting more briefly on other publica- 
tions 

Chapter I of Part 1 deals with the instruments (including a 
new projectory arrangement of lenses and mirrors) and the basic 

The materials Araldit 
and VP 1527 (made by 


are recommended and discussed. 


photoelastic facts and measurements 
CIBA, Basel, Switzerland 
Dynamit, Troisdorf, Germany 

Chapter II covers three-dimensional photoelasticity, especially 


made by 


the use of Araldit B in the freezing method 

Chapter IIT discusses some theoretical and practical aspects of 
model-similarity, the choice of scale, and the magnitude of errors. 

The second part of the book includes short paragraphs con- 
cerning mechanical and optical measurements of the sum of the 
principal stresses, measurement of bending moments in plates, 
and photoplasticity 

The third part describes some test methods and results of the 
Munich Photoelastic Laboratory. Some stress problems in gears, 
foundations, and a plexiglas dome are repeated from the first 
edition. New deal three-dimensional 
helical gears, in the area of a pipe intersection, in 
block of a turbine Interesting two- 


dimensional examples are a swavbracing wall 


tests with stresses in 


a three-di- 


mensional part of the 


gravity stresses 
in a gelatine model of a dam, and stresses in reinforced concrete. 
Summarizing, the reviewer recommends the book to the photo- 
elastic beginner as containing a short, clear, reliable, and rather 
complete introduction, and to the expert as fairly presenting the 


present (1959) state of photoelasticity in German 
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Addison-W esley 
nN. ¥ 1958. 


Lifshitz 
New York 


Statistical Physics. By Landau and 
Reading, Mass., and Pergamon 


Cloth, 6 X 9 in., viii and 484 pp 


Press 
$12.50 


REVIEWED BY JOHN ROSS 
Tuts is one of a series of volumes on theoretical physics by 
Landau and Lifshitz in an English translation. Other volumes 


‘Fluid 


It has been said, with 


available include “Quantum Mechanics,’ Mechanics,”’ 
and “The Classical Theory of Fields.’’ 
merit, that these volumes are the most brilliant and authoritative 
work on theoretical physics since the classical compendium of A. 
Sommerfeld. 

The topics discussed in this volume include not only the stand- 
ard ones of the Gibbs ensemble distribution, the perfect gas, the 
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real gas and condensation, solids, and solutions, but also excellent 
vignettes of topics such as quantum fluids and superfluidity, the 
properties of matter at very high temperatures, fluctuations and 
their relations to equilibrium as well as transient phenomena, the 
symmetry of macroscopic bedies, and surfaces. In addition, 
there are chapters on the thermodynamics of homogeneous and 
heterogeneous systems. The breadth of applications of statistical 
mechanics in physics is remarkable and given full display in the 
book, from the completely ionized gas to the creation of nuclei 
(in the chapter on surfaces, of course!). 

The authors reject the proposition that statistical physics is the 
least well-founded branch of theoretical physics. They ignore 
the fact that the formulation of its foundations is disputed and 
discussed by a large number of physicists, and dismiss the entire 
issue with the sentence, ‘‘We believe that the difficulties are 
created artificially because the problems are often not stated suffi- 
ciently rationally.’’ There is no fooling around here. The criti- 
cal point is the role of ergodic theory in statistical mechanics 
The authors accept the Gibbsian axioms of ensemble theory, and 
deny the need for solutions of the ergodic problem, at least in 
physics. (My sentiments are with them until they seek a ration- 
ale for the use of ensembles in a thinly disguised ergodic theory 

Fortunately, the structure and predictions of statistical phys- 
ics are independent of the arguments surrounding its foundations, 
and this, the main concern of the book, is given in precise and 
logical sequence. The depth of understanding by the authors and 
their ability to convey this on the written page elicit admiration. 
The highest praise is due the excellent book by Landau and Lif- 
shitz, and it is recommended for its astuteness, insight, and clear 


presentation. 


Heat Transfer 


Vol. V of High Speed Aero- 
Edited by C. C. Lin Princeton 
1959. Cloth, xvi and 549 pp. 


Turbulent Flows and Heat Transfer. 
dynamics and Jet Propulsion. 
University Press, Princeton, N. J., 


$15. 
REVIEWED BY J. KESTIN® 


Tus ts vol. 5 of the twelve volumes of the ‘‘Princeton Series’’ 
which now needs no special introduction to the readers of this 


Journal. As its title lays down, it deals with: 


A Transition from Laminar to Turbulent Flow H 
Dryden 
B Turbulent Flow (G. B. Schubauer and C. M 
C Statistical Theories of Turbulence (C. C. Lin 
1) Conduction of Heat (M. Yachter and E. Maver 
E Convective Heat Transfer and Friction in Flow of Liquids 
(R. G. Deissler and R. H. Sabersky 
F Convective Heat Transfer in Gases (E. R. van Driest 
G Cooling by Protective Fluid Films (8. W. Yuan 
H Physical Basis of Thermal Radiation (S. 8 
I Engineering Calculations of Radiant Heat Exchange (H. ¢ 


Hottel 


Te hen 


Penner 


Most reviewers of the series have agreed that, with the number 
of busy and highly competent contributors, it was not possible to 
attempt to weld the sections in a particular volume into an organic 
treatise. In many of the previous volumes it lead to excessive 
repetition as well as to serious omissions. The present volume is 
a happy exception in the first respect. It is much more unified 
than the others and does not suffer from being repetitive. It is 
not, however, comprehensive and does not give an exhaustive 


treatment under each heading. 


* Professor, Division of Engineering, Brown University, Providence, 


R.I. 
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The existence of turbulent flows was discovered nearly one 
hundred years ago by O. Reynolds, and yet it is still impossible to 
indicate a unified theory of transition. The first article by H. L. 
Dryden pinpoints the reasons for it with great lucidity and in 
minute detail. In particular, the essentially three-dimensional 
character of transition and the relation of transition to boundary- 
layer instability are discussed in simple and clear terms. His 
conclusions carry with them the weight of authority and one can- 
not but agree when he states: “...the principal outlines are 
reasonably clear and the apparently rival ideas are not contra- 
dictory but complimentary,’’ and: ‘Progress in the development 
of a satisfactory conceptual picture and theory is dependent on 
progress in the study of nonstationary solutions of the Navier- 
Stokes equations.’’ 

The second section gives a thoughtful description of fully de- 
veloped turbulent motions, the aim being to “... understand 
the reason for their behavior, not only to formulate laws for 
practical use, but to satisfy our desire to know and to be able to 
explain...’’. Wherever possible, the presentation is carried out 
in terms of compressible flows, but often the authors are compelled 
to revert to the more conventional, incompressible presentation, 
because many of the fundamental concepts have not yet become 
satisfactorily transposed to embrace compressible fluids. The 
contribution includes a well-written section on Reynolds’ anal- 
ogy, a thoughtful discussion of the various empirical laws of wall 
and wake friction, and an excellent bibliography. It is very com- 
plete and informative and constitutes an admirable presentation 
of the subject. It may be inadequate as a handy reference for 
practical engineers, but this would be impossible to achieve even 
in the space alloted to the whole volume. 

The reviewer must refrain from making an) 
Section C. On the one hand, the mathematical equipment re- 
quired is beyond the grasp of average engineers, and on the other, 
the statistical 


comments on 


it is difficult to see which contributions from 
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theories of turbulence can be turned into practical use (in the 
widest sense of the meaning of the word). 

Section D does not attempt to give a general theory of con- 
duction, and readers who expect it might be disappointed, be- 
cause ‘‘the problems discussed . . . have been selected on the basis 
of their immediate applicability to heat flow in combustion 
chambers and nozzles, in skins of high speed aircraft, turbine 
blades, ete. Emphasis is placed on simple ...model prob- 
lems...’’. If the reader bears this in mind, he will find much to 
interest him, but the reviewer is surprised that not a single chapter 
is devoted to dimensional analysis and that the presentation is 
couched in almost exclusively analytic terms. 

Section E is rather disappointing and far too short for its 
scope; it ends with a discussion of nucleate boiling. Problems of 
forced convection in gases, i.e., compressible fluids, have been 
concentrated in Section F. Their treatment is not comprehensive 
but the most important results for laminar and turbulent com- 
pressible boundary layers have been included. The subject is 
developed analytically with careful comparisons with experi- 
mental measurements discussed at every step. Chapter 2 is 
devoted to engineering applications (aerodynamic heating, heat 
transfer in rocket motors) and to a very brief discussion of dis- 
sociation effects. Problems of transpiration cooling are discussed 
in Section G. 

The very short Section H gives a brief summary of the laws of 
radiation as derived from Planck’s distribution law and then con- 
centrates on theoretical calculations of gas emissivities presented 
in the form of a qualitative outline. Section I concentrates on 
the conventional and most practical methods of calculating the 
This section too, is very short 
The 


‘space does not permit”’ occurs 


exchange of heat by radiation. 

The volume, as a whole, is very useful and worth having 
reviewer regrets that the phrase 
far too frequently for a 12-volume work running well into 8000 


pages 
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